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1 Introduction

In this paper, the problem of computing the placement of a object between key positions and
orientations are addressed. In other words, given a three dimensional object that are situated
in space at two key positions, the algorithm of interest, is one that computes all intermediate
placements between the two key positions. A object placement in this context involves both
a position ∈ R3, and a rotation of the object.
Usage of this type of algorithms is relevant in areas such as robotics and computer graphics.
In this paper, the result focuses mostly towards computer graphics. A algorithm than can
interpolate between orientations and placements has many applications in computer graphics.
Example of this, could be to de�ne a motion for objects or for positioning objects in a certain
manner. Associated with this paper, is a algorithm that solves the problem of interpolating
between placements [5]. The algorithm is written in C++, and uses OpenGL as graphics
engine.

The paper is an overview of existing material corresponding to the problem. The main re-
source is from Calin Belta and Vijay Kumars many articles describing the problem [2,3,4,11].
The SVD based interpolation method they presented in [4] is also the method used for imple-
menting the algorithm associated with this paper [5].

A short overview of the context in this paper is here given.
In the �rst section, geometric transformation that can describe a position and orientation in
space is given. The result from this section, is a proper de�nition of the geometric transforma-
tions corresponding to translation and rotation. In the next sections, tools from di�erential
geometry are presented. These tools make it possible to do computation and analysis on the
set of all geometric transformations, resulting in methods to identify certain aspects that the
interpolation should ful�ll, and with this, outline possible algorithms that can solve the prob-
lem. In the last section, the resulting algorithm is presented in short, with some results. The
source code for the interpolation is also included at the end of the document. It is released
under the GNU General Public License (GPL).

2 Geometric Transformations

When describing a position and orientation of a three dimensional object, a Geometric Trans-
formation is used. Geometric transformations is a basic concept in areas such as computer
graphics, robotics and many more. The geometric transformations presented in this paper,
are those that describe physical motion of a rigid body. These types of transformations are
called rigid body transformations.
In this �rst section, the very basic of translation- and rotation matrices are explained. After
this, some requirements of a rigid body transformation is presented. These requirements are
then used to derive at de�nitions for the elements in a rigid body transformation. A reader
familiar with basic geometric transformations, can surely skip this �rst section.

2.1 Introduction to Geometric Transformations

Translation

The simplest sort of transformations are pure translation. A point p, can be translated to
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another point p', by adding a vector d. ( p,p',d ∈ Rn )

p' = p+ d

Rotation

When considering rotations two elements needs to be considered. That is the angle θ of the
rotation, and the axis of rotation. The rotation in R3 around the z-axis will here be explained.
A reader interested in more in detail explanation of the di�erent types of rotations are referred
to [6].
De�ne the angle θ as the angle of rotation of a point p (p = [x, y, z]T ) around the z-axis and
the resulting point as p' (p' = [x′, y′, z′]T ). The angle φ is the angular position of the point
p, that is

x = rcos(φ) (1)

y = rsin(φ) (2)

By use of standard trigonometric identities the following formulas for a rotation around the
z-axis can be derived.

x′ = rcos(φ+ θ) = rcos(φ)cos(θ)− rsin(φ)sin(θ)

y′ = rsin(φ+ θ) = rcos(φ)sin(θ) + rsin(φ)cos(θ)

z′ = z

Substituting for the angular expression (1,2)

x′ = xcos(θ)− ysin(θ)

y′ = xsin(θ) + ycos(θ)

z′ = z

Writing these equations on matrix form

p' =

 cos(θ) −sin(θ) 0
sin(θ) cos(θ) 0

0 0 1

p = R p,

where R ∈ R3×3

Results for rotation around x and y-axis can be derived in a similar way. The notation that
R is a rotation matrix will be used in the rest of this paper.
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2.2 Homogeneous Coordinates

Above translation and rotation transformations where presented. A translation transformation
involved adding a vector, while the rotation transformation involved a matrix multiplication.
The idea about homogeneous coordinates is to combine these two actions into one single matrix
operation. This is done by extending elements in R3 with one element called the homogeneous
parameter. In our treatment this value will be set to 1. The homogeneous transformation
matrix is a 4 × 4 matrix. The special type of homogeneous transformations matrices discussed
in this paper consisting of the 3 × 3 rotation matrix R and translation vector d ∈ R3, in the
following manner: [

R d

0 1

]
(3)

Noting the informality of de�ning this type of matrix as a homogeneous transformation matrix,
since the transformation itself has nothing to do with a homogeneous transformation. Also, for
convenience, when "homogeneous transformation matrix" is refered for the rest of this paper,
it means the special transformation matrix with rotation and translation part as described
above.
The transformation matrices for pure translations T1 and pure rotations T2 will then look as
follows

T1 =
[
I d

0 1

]
T2 =

[
R 0

0 1

]
By multiplication of di�erent types of T1 and T2 matrices we can achieve a matrix that both
translate and rotates [6]. By combing these types we can also compute transformation matrices
for more complex actions, like rotations around an arbitrary axis [6]. The composition of a
rotation around a straight line, and translation in the lines direction was proved to be able to
represent the transformation between any two positions, by Chasles and Poinsot in the early
1800s.

2.3 Rigid Body Transformations

The transformations we are describing in this paper is structure preserving transformations.
That is, if we have a solid object represented by a multiple of points, doing a transformation
on these points, should not alter the structure of the object, only move it. This type of
transformation is called a rigid body transformation. In this section some key requirements
for a rigid body transformation is given.
It is convenient to de�ne a new description of the rigid body transformation, when de�ning
these requirements. De�ne the points representing the object to be transformed as a subset
O (O ⊂ R3). The transformation can then be de�ned as a single mapping g, of the elements
in O.

g : O → R3

Distance preserving

It is clear, when considering that a rigid body motion describes a physical movement, that

3



a transformation of O, should not alter the distance between elements in O. The distance
between points before the transformation, should equal the distance after.

||g(p)− g(q)|| = ||p− q|| for all points p,q ∈ R3

The cross product preserved

The requirement o� a distance preserving map is not su�cient to ensure that the transfor-
mation is physically possible. An internal re�ection, could still occur, and it is clear that this
type of transformation is not physically realizable. A requirement that meet this problem is
to make the cross product between vectors in the body preserved [7]. That is,

g(v×w) = g(v)× g(w) for all vectors v,w ∈ R3

2.3.1 Translation

It is easy to show that the distance preserving requirement is ful�lled for a translation trans-
formation. Considering a transformatin g(p)

g(p) = p+ d p,d ∈ R3

Inserting this transformation into the distance preserving requirement

||g(p)− g(q)|| = ||p+ d− (q+ d)|| = ||p− q||

This clearly proves that a translation transformation ful�lls the distance preserving require-
ment.

2.3.2 Rotation

For the rotation part, two key results will be derived using the rigid body requirements. First
a two frame coordinate system representation of a transformation will be explained. Next,
speci�c requirements for the elements in a rotation matrix will be stated.

Two frame representation

Considering the expression for the dot product with the polarization identity [7] for two vectors
p,q ∈ R3

pTq =
1
4

(||p+ q||2 − ||p− q||2)

Since the mapping g should be distance preserving, it is clear that

||p+ q|| = ||g(p) + g(q)|| ||p− q|| = ||g(p)− g(q)||

Inserting this result into the polarization identity, a relation between the original inner prod-
ucts and the transformed ones are given.

pTq =
1
4

(||g(p) + g(q)||2 − ||g(p)− g(q)||2

pTq = g(p)T g(q)

By this result, it is clear that two orthogonal vectors, are transformed to orthogonal vectors.
Using the two facts that the mapping both preserves the cross product and orthogonality, we
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can state that a orthonormal reference frame get mapped into another orthonormal reference
frame [7]. This result give us a new method of describing the motion of a rigid body.
Since the mapping is both distance preserving, and that the cross product is preserved, points
on the rigid body can rotate with respect to each other, but not translate. With this, a
motion of the rigid body can be presented by use of two Cartesian coordinate frames. One
is �xed under the motion, F, and one is �xed to the rigid body in motion, M. The mapping
then involves translating points with the vector from the origin in F to origin in M, and then
rotation corresponding to the rotation displacement between the two frames.

Requirements for the rotation matrix

Proposition 2.1. Every rotation matrix is orthogonal, and have determinant of value +1.

Proof Using basic linear properties, the distance preserving requirement and the property
that a rotation transformation is linear [8] to prove the preposition. Considering a linear
rotation transformation L[v]

L[v] = R v (4)

where R ∈ R3×3,v ∈ R3.
By linearity and the distance preserving requirement, the following relation between the trans-
formation of two elements p,q ∈ R3 is given

||L[p]− L[q]|| = ||L[p− q]|| = ||p− q||

By de�ning v = p - q, the requirement for a linear function, preserving distance gets reduced
to

||L[v]|| = ||v||

Evaluating the dot product of the rotation transformation (4), this requirement imposes that
the following equation must hold.

||Rv||2 = (Rv)TRv = vTRTRv = vTv = ||v||2

It is clear, that for this relation to hold, RTR = I. That is, the rotation matrix must be an
orthogonal matrix.

Now knowing that a rotation matrix is orthogonal, information about its determinant can
be achieved. To de�ne the determinant, two results from Linear Algebra will be used. First,
the relation between the determinants of two square matrices A,B of same size is given as

det(AB) = det(A)det(B) (5)

Secondly, the determinant of a orthogonal matrix R transposed, equals the determinant of the
matrix R itself

det(RT ) = det(R) (6)

Using these relations, the following equation can be expressed.

1 = det(I) = det(RTR) = det(RT )det(R) = det(R)det(R) = det(R)2
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It is clear then that det(R) = ±1.
From Linear algebra, the following equation for the determinant of a 3 × 3 matrix can be
derived [7]

det(R) = rT1 (r2 × r3),

where r1, r2, r3 corresponds to the column vectors of R. Now limit the coordinate systems to
right handed. That is, for three orthogonal basis vectors [r1, r2, r3] of a rotation matrix, the
following relation must hold.

r2 × r3 = r1

With this, the determinant of a rotation matrix can be expressed as

detR = rT1 r1 = 1

wish concludes the proof.

Matrices both orthogonal, and with determinant +1 is denoted SO(3), special orthogonal
matrices, and corresponds to rotations. Orthogonal matrices with determinant of value -1 on
the other hand, are obtained by re�ection in a mirror. [8]

3 Group Theory

With the Rigid Body Transformations identi�ed, tools for working with the set of all rigid
body transformations needs to be de�ned. This is done, by use of group theory. In this
section, group theory is represented in short. Also, the rotation matrices and homogeneous
transformation matrices for rigid body placement is proved to have group structures.

De�nition 3.1. A group is a set G, equipped with a operation ◦, if it satis�es the following
axioms:

1. Closure, if p1, p2 ∈ G then p1 ◦ p2 ∈ G

2. Identity, There exist an element e, such that for every p ∈ G, p ◦ e = e ◦ p = p

3. Inverse, For every p ∈ G, there exist an unique element p−1 ∈ G, such that p ◦ p−1 =
p−1 ◦ p = e and z of X;

4. Associativity, if p1, p2, p3 ∈ G then (p1 ◦ p2) ◦ p3 = p1 ◦ (p2 ◦ p3)

Proposition 3.2. Both the set of rotation matrices, and transformation matrices equipped
with matrix multiplication ful�lls the structure requirements of a Group.

Proofs are stated when de�ning the two groups SO(3) and SE(3) in the next to sections.
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3.1 SO(3) - Rotation Matrices

1. Closure, As stated in the last section a rotation matrix R is orthogonal, and have
determinant +1. To prove closure, �rst the result of a matrix multiplication of two
orthogonal matrices, is shown to be a orthogonal matrix

(R1 ·R2) · (R1 ·R2)T = R1 ·R2 ·RT2 ·RT1 = R1 · I ·RT1 = I

Using (5), the matrix multiplication is shown to result in a matrix of det = +1

det(R1 ·R2) = det(R1)det(R2) = +1

2. Identity, The identity matrix I, is the identity element

3. Inverse, Since a rotation matrix is orthogonal, its transpose is its inverse. It is also
easy to prove that the inverse of a rotation matrix R is also a rotation matrix.

4. Associativity, Follows from the associativity of matrix multiplication

With all the group axioms ful�lled for the rotation matrices, the Special Group of Rotations
in three dimensions SO(3) can be de�ned as a Group with the following requirements

SO(3) =
{
R ∈ R3×3, RRT = I, detR = +1

}
(7)

3.2 SE(3) - Transformation Matrices for Rigid Body Positioning

A transformation matrix for rigid body positioning has the form as presented in (3).

1. Closure, Multiplying two homogeneous matrices S1, S2, with rotation part R1, R2 ∈
SO(3) and translational parts d1,d2 ∈ R3 respectively results in the following matrix.[

R1 ·R2 R1d2 + d1

0 1

]
From last section, R1 ·R2 ∈ SO(3). It also clear that R1d2 +d1 ∈ R3. This proves that
homogeneous transformation matrices for rigid bodies are closed under matrix multipli-
cation.

2. Identity, The identity matrix I, is the identity element

3. Inverse, Can show that the inverse of a homogeneous transformation matrix for rigid
bodies can be given as [

RT −RTd
0 1

]
From this it is clear that the inverse always exists, and is a homogeneous transformation
matrix for ridig bodies itself

4. Associativity, Multiplying homogeneous matrices, the resulting matrix can be easily
shown to be associative by the fact that matrix multiplication is associative.
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With the axioms ful�lled, the homogeneous matrices for ridig bodies can be de�ned as a group
under matrix multiplication. Denote the group SE(3) (Special Euclidean Group), the group
of transformations corresponding to rigid body displacements.

SE(3) =
{
S|S =

[
R d

0 1

]
, R ∈ SO(3),d ∈ R3

}
(8)

4 Manifolds

The de�nition of SO(3) (7) and SE(3) (8) shows clearly that their are restrictions on elements
in the transformation matrices. Not all values are possible, and it can easily be shown that
SO(3) and SE(3) are not vector spaces. Rather, the two set of transformations SO(3) and
SE(3), can be identi�ed as manifolds [7]. In this section, the de�nition of a manifold and asso-
ciated elements are presented. These de�nitions make it possible to de�ne a curve γ(t), (t ∈ R)
on the manifold, that describes a physical motion of a three dimensional object. The value of
the curve at di�erent parameter values corresponds to di�erent elements of SO(3)/SE(3).

A set (of points) M is de�ned to be a manifold if each point of M has an open neighborhood
which has a continuous 1-1 map onto an open set of Rn for some n. [9]. Another way of
de�ning it, is to consider the manifold embedded in Rn. With this, the manifold can be
imagined as a d-dimensional surface (d ≤ n ), in wish globally is curved and not suited for
euclidean geometry, but locally the manifold is 'like' Rn.

Visualization of SE(3) as a manifold, with a curve representing a motion.

4.1 Smooth Manifold

De�ne coordinate charts on the manifold M. That is, a pair (φ,U). φ is a function mapping
the neighborhood of a point p ∈ U ⊂ M to Rn. When studying the overlapping areas of
these coordinate charts, equations describing a relation between the mapping functions from
the two coordinate charts can be found. If the partial derivatives exist for all orders, the
overlapping charts are said to be C∞ related. A collection of C∞ related coordinate charts
that completely cover the manifold is de�ned as a smooth manifold. A more in depth analysis
of this concept can be found in [7].

4.2 Smooth Mapping

Considering the mapping F between two manifolds, M and N (F : M → N). The manifolds
M,N has coordinate charts (U, φ) and (V, τ) respectively. The mapping can be de�ned as
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smooth or not by the composite mapping F ′ = τ ◦ F ◦ φ−1 : φ(M) → τ(N) [9]. If this
mapping is smooth, then the mapping is said to be a smooth mapping.

4.3 Tangent Space

Denote the tangent space at a point p, on the manifold M, as TpM . The tangent space TpM is
the collection of tangent vectors at that certain point. Intuitively, a tangent vector at a point
x could be imagined as the the direction, in wish it is possible to pass x. Thus, the tangent
space at a point would be the set of all possible directions at the speci�c point.

A formal de�nition of the tangent vector on a manifold can be derived using di�erent methods.
The de�nition presented here is obtained from [1]. Here di�erentiation, and the fact that a
manifold is locally like Rn is used to de�ne the tangent vector. That is, we have a set of
smooth real valued functions Fx de�ned on a neighborhood of a point p, on the manifold M .
With this, the tangent vector ξp to a manifold M , at a point p, is a mapping from Fp(M) to
R such that there exist a curve γ on M , with γ(0) = p satisfying

ξpf = γ̇f :=
d(fγ(t))

dt

∣∣∣∣
t=0

,

for all f ∈ Fp(M).

4.4 Vector Fields and Integral Curves

A vector �eld can be considered as a rule for assigning tangent vectors at each point on an
manifold in a smooth manner. One type of vector �eld/rule for vector �eld, is a left invariant
vector �eld. Considering the vector �eld X, on the manifold M. The value of X at a point p
∈M can be found by left translating p with a element from the vector space at the identity.

De�ne a curve on a manifold M, with the vector �eld X.

γ(t) : R→M,
dγ(t)
dt

= X(γ(t))

, where X(γ(t)) denotes the value of the vector �eld, at points on the curve γ(t).
A curve with this property with respect to X, is called the integral Curve of the vector �eld
X.

5 Lie groups and their Lie algebra

More tools are given when working with the groups SO(3) and SE(3) by introducing Lie
groups. A Lie group, is a group G, which is also a smooth manifold, where the operator ◦
gives a smooth mapping between elements in the Group [7]. The inverse mapping p−1 for all
p ∈ G should also be smooth.
The Group operation of SO(3), and SE(3) are matrix multiplication, and inverse is given by
the matrix inverse. Considering the operations element wise, it is clear that they are smooth
operations [7]. Knowing that both SO(3) and SE(3) are manifolds from the last section, it is
therefor clear that they are both Lie groups.
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Studying the structure of the tangent space at the identity of a Lie group, give rise to some
useful tools when dealing with SO(3) and SE(3). We can show that the tangent space at
the identity has the structure of a Lie algebra. Further, this can be used when de�ning tan-
gentspaces on the manifolds SO(3)/SE(3), which will be usefull when de�ning motions/curves
on SO(3)/SE(3). That is, the Lie algebra is usefull to study the Lie groups SO(3)/SE(3). A
short de�nition of the lie algebra will be given here.

De�nition 5.1. A Lie algebra g, is a vector space endowed with a bilinear operation (bracket)
satisfying the following conditions, on [A,B]

• [A,B] = −[B,A], skew symmetric

• [αA+ βB,C] = α[A,C] + β[B,C], bilinearity

• [A, [B,C]] + [B, [C,A]] + [C, [A,B]] = 0, Jacobi identity

The relation between Lie algebra and a Lie group is through the tangent space at the identity
of the Lie group [10]. One way of describing the Lie algebra, is by introducing a left invariant
vector �eld on the Lie group. Denote the vector �eld X, and de�ne it over the Lie group G
by left translation of a tangent vector g at the identity of G.

X(P ) = Pg, (9)

where P ∈ G
Considering integral curves γ(t) on the vector �eld.

γ(t) : R→M

For the left invariant vector �eld, such a curve would satisfy the following di�erential equation.

dγ

dt
= γg (10)

This di�erential equation has an analytical solution [10]. For a curve that passes through
the origin the solution is given as

γ(t) = exp (tg) (11)

This matrix exponential can be extended by use of Taylor series [8]

exp(tg) = I + tg +
1
2
t2g2 + ....

Di�erentiating γ(t), and assigning t=0, it is clear that the the element g actually is the tangent
space at the identity.

dγ(t)
dt

= g + tg2...

dγ(t)
dt

∣∣∣∣
t=0

= g

Summary of this result is that the Lie algebra g of a Lie group G is the tangent space at the
identity, and that it can be studied by using a Taylor expansion of the exponential of elements
in the Lie group. In the next section, this result is used to �nd the Lie algebra for SO(3) and
SE(3).
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5.1 Lie algebra for SO(3)

Considering an integral curve γ(t) on the Lie group SO(3). Elements on this group is orthog-
onal, hence

γ(t) ◦ γ(t)T = I

Writing this relation with the Taylor expansion

(I + tg +
1
2
t2g2 + ....) ◦ (I + tgT +

1
2
t2g2 + ....) = I

Multiplying

(I + tgT + tg +O(t2) = (I + t(gT + g) +O(2) = I ⇔ gT + g = 0

This result proves that the Lie algebra for SO(3) consists of skew symmetric matrices.
The Lie algebra for SO(3) is denoted so(3), using the convention of capital letters for Lie
groups, and small letters for their Lie algebra.

so(3) =
[
ω̂|ω̂ ∈ R3×3, ω̂T = −ω̂

]
5.2 Lie algebra for SE(3)

The Lie algebra for SE(3), contains the lie algebra of SO(3). That is the Lie algebra of the
rotational part of SE(3) is so(3). The Lie algebra of translational part of SE(3), has no more
requirements, than that it should be R3 [7]. With this, the de�nition of the Lie algebra se(3),
of SE(3) is given as

se(3) =
[
S =

[
ω̂ v
0 0

]
|ω̂ ∈ R3×3, v ∈ R3, ω̂T = −ω̂

]

5.3 Basis for the Lie algebra o� SE(3) and SO(3)

With the requirements for the Lie algebra for SE(3) and SO(3) given in the last section, it
is easy to show the basis of their Lie algebras. First looking at how to present the skew
symmetric matrix ω̂ with a vector ω ∈ R3. Using notation standard from Belta and Kumar
for the basis de�nitions.
A skew symmetric matrix has the requirement ω̂T = −ω̂. With this requirement, it is easy to
see that every skew symmetric matrix ω̂ can be written on the form

ω̂ =

 0 −ω3 ω2

ω3 0 −ω1

−ω2 ω1 0


De�ne ω as

ω = [ω1, ω2, ω3]T

Since so(3) consists of skew symmetric matrices, the basis can be associated with the euclidean
three dimensional basis [e1, e2, e3]. Using theˆoperator to de�ne the skew symmetric matrix
corresponding to a arbitrary vector in R3, we obtain the standard basis for so(3), given by
matrices L0

1, L
0
2, L

0
3 :
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e1 = [1, 0, 0]T , ê1 = L0
1 =

 0 0 0
0 0 −1
0 1 0


e2 = [0, 1, 0]T , ê2 = L0

2 =

 0 0 1
0 0 0
−1 0 0


e3 = [0, 0, 1]T , ê3 = L0

3 =

 0 −1 0
1 0 0
0 0 0


For se(3) the basis is represented in a similar way. The standard basis for se(3) is given by
matrices L1, ....L6:

L1 =
[
L0

1 0
0 0

]

L2 =
[
L0

2 0
0 0

]

L3 =
[
L0

3 0
0 0

]

L4 =
[

0 e1
0 0

]

L5 =
[

0 e2
0 0

]

L6 =
[

0 e3
0 0

]

6 Exponential Map

The mapping from the so(3)/se(3) to SO(3)/SE(3) and opposite can be useful is some inter-
polation algorithms. In this section, a e�cient method of doing the mapping is presented. As
described earlier (11), the solution to the di�erential equation describing a integral curve on
a left invariant vector �eld is given as,

γ(t) = exp (tg),

where γ(t) ∈ SE(3)/SO(3), g ∈ se(3)/so(3), t ∈ R

In other words, exp (tg) is the mapping from a element of a Lie algebra, to the corresponding
Lie group. Know that matrix exponential can be extended by use of Taylor series

exp(tg) = I + tg +
1
2
t2g2 + ....

If computation of the mapping is needed, this formula is not e�cient. In this section, properties
of the elements in se(3) and so(3) is used to derive at closed-form formulas for these Taylor
series.
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6.1 Closed-form formula for so(3)

Proposition 6.1. The exponential map of a so(3) element ω̂, can be written on the form:

exp ω̂ = I3 + sin(||ω||)V + (1− cos(||ω||))V 2,

where ||ω|| =
√
ω2

1 + ω2
2 + ω2

3, V = ω̂
||ω||

This formula for the exponential map is called a Rodrigues' Formula.

Proof Identifying �rst an important relation with a skew symmetric matrix ω̂ ∈ R3×3. By
simple matrix multiplication it can be proved that the following relation holds

ω̂3 = −(ω1 + ω2 + ω3)ω̂

De�ne a matrix V ∈ R3×3 as

V =
ω̂√

ω2
1 + ω2

2 + ω2
3

Important property of V is that V 3 = −V

V 3 =
ω̂3

(ω2
1 + ω2

2 + ω2
3)

3
2

=
−(ω1 + ω2 + ω3)ω̂

(ω2
1 + ω2

2 + ω2
3)

3
2

= − ω̂√
ω2

1 + ω2
2 + ω2

3

= −V

Evaluating the exponential exp (θV ), θ ∈ R

exp θV = I3 + θV +
θ2

2!
V 2 +

θ3

3!
V 3 +

θ4

4!
V 4 +

θ5

5!
V 5 + ....

With the relation V 3 = −V ,it is easy to show that odd power of V parts equals either -V or
V, and pair power parts equals either −V 2 or V 2 , that is

exp θV = I3 + (θ − θ3

3!
+
θ5

5!
− θ7

7!
...)V + (

θ2

2!
− θ4

4!
+
θ6

6!
...)V 2

These series can be expressed by use of the Taylor expansion for sin and cos. Using this results
in

exp (θV ) = I3 + sin(θ)V + (1− cos(θ))V 2

Now, by assigning θ =
√
ω2

1 + ω2
2 + ω2

3 = ||ω||, the resulting expression is

exp θV = exp ω̂ = I3 + sin(||ω||)V + (1− cos(||ω||))V 2,

which proofs the preposition

6.2 Closed-form formula for se(3)

Proposition 6.2. The exponential map of a se(3) element Z, with skew symmetric matrix ω̂
and translation vector d can be written on the form:

expZ = I3 + ||ω||S + (1− cos(||ω||))S2 + (||ω|| − sin(||ω||))S3

expZ =
[

exp ω̂ ||ω||d+ (1− cos(||ω||))V d+ (||ω|| − sin(||ω||))V 2d

0 1

]
,

where ||ω|| =
√
ω2

1 + ω2
2 + ω2

3, V = ω̂
||ω|| , S = 1

||ω||Z

Justi�cation for this Rodrigues' theorem and formulas for the mapping from a Lie group
element, to their Lie algebra element with the logarithmic function can be found in [10].
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7 Metric, Covariant derivative

To identify di�erent properties of a curve on a manifold, a method of comparing elements to
each other on the manifold is needed. Speci�cally, a method of de�ning a global notion of
the length of tangent vectors are of interest. The reason for this will become apparent, when
properties like acceleration is de�ned for a curve.
Since the manifolds of interest are not vector spaces, the standard euclidean way of comparing
elements can not be used. To solve this problem, the concepts o� a Riemannian metric is
introduced. To get a understanding of this, the method of using the dot product in euclidean
space to measure distance will �rst be introduced. These concepts are then used, when de�ning
the length of tangent vectors on the manifolds of interest.

7.1 The Inner Product on Rn

When dealing with distances on a vector space, the inner product is essential. The formal
de�nition of the inner product will be useful when deriving the distance method for our
manifolds.

Proposition 7.1. An inner product on the real vector space V , is a pairing of two vectors
v,w ∈ V , that produces a real number 〈v,w〉 ∈ R. The inner product is required to satisfy the
following three axioms for all u, v,w ∈ V , and scalars c,d ∈ R.

1. Bilinearity, 〈cu+ dv, w〉 = c 〈u,w〉+ d 〈v, w〉 , 〈u, cv + dw〉 = c 〈u, v〉+ d 〈u,w〉

2. Symmetry, 〈v, w〉 = 〈w, v〉

3. Positivity, 〈v, v〉 > 0 whenever v 6= 0, while 〈0, 0〉 = 0

For Rn the most common inner product is simply the dot product. That is, for v,w ∈ Rn,
the inner product is given as.

〈v,w〉 =
n∑
i=1

vi ∗ wi = vT Inw

Given a inner product, the associated norm of a vector v ∈ Rn, is de�ned as the positive
square root of the inner product of the vector with itself.

||v|| =
√
〈v,v〉

The norm of this standard inner product, is usually called the length of a vector in euclidean
geometry. Since Rn is a vector space, it is easy to �nd a vector between two elements of this
space by a simple subtraction. With this resulting vector, and the associated inner product,
the norm can be computed, and thus it is possible to de�ne the distance between two elements
in the space.
The expression of the inner product with the use of a matrix will be used when deriving a
concept of distance on the manifold. This matrix, has some speci�c requirements, that can
be derived from the formal de�nition of the inner product.

Theorem 7.2. Every inner product on Rn is given by

〈x,y〉 = xTKy for x,y ∈ Rn

where K is a symmetric, positive de�nite matrix.
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Proof The proof follows from the de�nition of a inner product. Two vectors x,y ∈ Rn can
be written in terms of the standard basis vectors

x = x1e1 + x2e2 + ...+ xnen =
n∑
i=1

xi ∗ ei

y = y1e1 + y2e2 + ...+ ynen =
n∑
j=1

yj ∗ ej

First, by using the bilinearity of the inner product, a expression of the inner product can be
given as.

〈x,y〉 =

〈
n∑
i=1

xiei,

n∑
j=1

yjej

〉
=

n∑
i=1

n∑
j=1

xiyj 〈ei, ej〉

De�ne a n× n matrix K, with entries

kij = 〈ei, ej〉

With this, the inner product can be written as
n∑
i=1

n∑
j=1

kijxiyj = xTKy

This concludes that every inner product can be written on the form xTKy. Applying the
symmetry axiom of the inner product the following relation is apparent.

kij = 〈ei, ej〉 = 〈ej , ei〉 = kji

Consequently, the matrix K is a symmetric matrix. The �nal requirement is achieved by the
positivity axiom.

〈x,x〉 = xTKx > 0 for all x 6= 0, with equality if and only if x = 0.

A symmetric matrix ful�lling this requirement is called positive de�nite. This concludes the
proof.

7.2 Riemannian Manifold

Now the inner product is introduced for the tangent vectors on a manifold. The tangent
space on a manifold is a vector space, thus the general expression for the inner product from
Theorem7.2 can be used here. That is, de�ning a smoothly varying inner product on the
tangent space at each point on the manifold. A inner product de�ned in such a way, is called
a Riemannian metric, and the manifold is called Riemannian [1]. A method to accomplishing
this is to de�ne a inner product on the Lie algebra, and extend it to the rest of the manifold
using left (or right) translation. To illustrate this, consider two elements on the Lie algebra
se(3), S1, S2 ∈ se(3).

〈S1, S2〉I = sT1Gs2

Here s1, s2 is 6 × 1 vector corresponding to the elements from the skew symmetric-, and
translation part of se(3) of S1, S2 accordingly. For a arbitrary point on the manifold A, the
inner product of two tangent vectors V1 and V2 can be de�ned by left translation. Here the
de�ned left invariant vector �eld (9), is used to get the associated Lie algebra element.

〈V1, V2〉A =
〈
A−1V1, A

−1V2

〉
I

= sT1Gs2
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7.3 Choices of Metrics

The Riemannian metric presented in the last section is not unique. The matrix in the inner
product has to be chosen. This choice depends on what properties the metric should ful�ll. In
[12], a metric that makes physical properties be more prominent in the equations are presented.
Another property that one often would like a metric to have is left, right or bi-invariance. A
left invariant metric, means that when translation of an element on the right side, the metric
does not change. In the interpolation this means, that properties of the curve, de�ned by the
metric is not dependent on where the curve starts. Right invariance means that the result is
not dependent of origin of the body �xed reference frame [12]. A bi-invariant metric, is not
dependent on any of these dependencies.
In this paper, a metric for the ambient space Gl(n,R) will be presented. The group Gl(n,R)
is simply all n× n matrices equipped with matrix multiplication. In [9] this metric is shown
to be able to be induced to both SO(3) and SE(3). For the algorithm derived in this paper,
only the ambient metric is used, and thus the induced metric SO(3) and SE(3) will not be
presented hear.

For a point P on the general linear group GL(n,R), a metric is de�ned for X,Y ∈ TPGL(n,R)
as

〈X,Y 〉W = Tr(XTYW ) = Tr(WXTY ) = Tr(YWXT ), (12)

where W is a symmetric positive de�nite n× n matrix.
The use of this type of trace expression is just a method of rewriting the form for the inner
product (Theorem 7.2), for matrices. This can be shown by describing the matrices as Rn2

row vectors, using elements from W, to create a extended Rn2×n2
matrix in the inner product

expression [4]. The equality of the traces, is a result of Tr(AB) = Tr(BA), which can be
proved easily.
This metric can be used as a norm for matrices in the ambient space [2]. In section SVD
projection, a method is presented that uses this induced norm to calculate SO(3) and SE(3)
interpolations.

7.4 Covariant Derivative and Parallel Transport

For a curve γ(t) on a manifold, the tangent vectors got de�ned with a left invariant vector �eld
(9). These tangent vectors represents the velocity of a rigid body moving along γ(t) [4]. To
involve in a more detailed study of a curve on the manifold, physical values like acceleration
and jerk is of interest. To de�ne these concepts on the curve, a method of di�erentiating along
a curve needs to be de�ned. Again, to accomplish this, a way of comparing tangent vectors
from di�erent tangent spaces is needed. Since the spaces of interest lie in curved spaces, this
is not trivial. In [9] the non-triviality of transporting a tangent vector at the north pole of a
sphere, along a curve, to the south pole is addressed. This problem can be summarized with
the fact, there is no intrinsic notion of parallelism between vectors at di�erent points on a
di�erentiable manifold [9].
The solution presented in [9], is to de�ne a rule for parallel transporting tangent vectors.
This rule is called an a�ne connection. With this, it can be possible to compare two tangent
vectors at di�erent tangent spaces. For a curve γ(t) on the manifold, with the vector �eld
X(t) (X(γ(t)) de�ned along it, the parallel transport, under the rule of the a�ne connection
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is de�ned as;
Xt0(t)

That is, Xt0(t) is the parallel transport of the tangent vector X(t) at the point γ(t) to the
point γ(t0).
With a method of comparing vectors at di�erent tangent spaces, the derivative at a point γ(t)
on the curve can be de�ned. This derivative is denoted covariant derivative, and is de�ned as

DX

dt

∣∣∣∣
t0

= lim
t→t0

Xt0(t)−X(t0)
t

Now considering two vector �elds, X and Y. If the derivative of X is taken along a integral
curve of the vector �eld Y, the derivative of X with respect to Y is achieved. Denote this
derivative ∇YX and de�ne it as

∇YX =
DX

dt

∣∣∣∣
t0

Using this de�nition, more properties of a curve on the manifold can be expressed.
The velocity is given by the tangent vector �eld, wich whas de�ned earlier using the Lie algebra
(10).

V(t) =
dγ

dt
(13)

Taking the covariant derivative of the velocity along a integral curve of itself the expression
for the acceleration A is achieved

A =
d

dt

dγ

dt
= ∇VV

Further, the jerk of a rigid body moving along a curve on the manifold can be expressed as.

J =
d

dt
A = ∇V∇VV

8 Cost function

Considering interpolation between two matrices. Di�erent solutions to this interpolation prob-
lem, corresponds to di�erent curves on the manifold, with the two matrices as start- and
endpoint. It is easy to see that their are in�nitely many solutions to this problem. That
is, their are in�nitely many curves that can go between the two matrices. A cost function
in this context, is a function that describes how good a certain curve is, according to some
properties it should ful�ll. In this paper, curves that minimizes distance, and acceleration will
be addressed.

8.1 Minimum Distance Curves

De�ning the minimum distance curves among di�erent curve choices, as the one that minimizes
a distance cost function. This cost function is simply a integral computing the distance of
the curves. For a curve γ(t), with tangent vectors V = dγ(t)

dt the length of a curve between to
points γ(a),γ(b) is given by

L(γ) =
∫ b

a
〈V, V 〉

1
2 dt
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It can be shown [12] that a curve that minimizes the function L(γ) for all possible curves, can
be desribed by the di�erential equations

dω

dt
= −G−1 (ω × (Gω))

d̈ = 0

Here G denotes the chosen metric matrix. ω corresponds to the velocity vector �eld (13), and
d̈ the 2th order derivative ot the translation part.
This system o� equations has an analytical solution for G = αI [12], which will be restated
here. Considering the interpolation problem of interpolating two matrices given as

γ(0) =
[
R(0) d(0)

0 1

]
, γ(1) =

[
R(1) d(1)

0 1

]
at t = 0 and t = 1 respectively. The solutiog is given by

γ(t) =
[
R(t) d(t)

0 1

]
where

R(t) = R(0) exp ω̂0t

d(t) = (d(1)− d(0))t+ d(0)

ω̂0 = log(R(0)TR(1))

From this result it is possible to write an algorithm to interpolate between transformation
matrices, using the Rodrigues' formulas (Preposition 6.1, 6.2) for the exponential map to the
Lie group, and logarithmic map for the mapping to the Lie algebra [10].

8.2 Minimum Acceleration Curves

From physics it is clear that a curve minimizing the acceleration also minimizes the force
used to create the movement. Generating this type of motion can then be done by taking
a minimum acceleration cost function into account. This type of curve, that minimizes the
magnitude of its derivative, also have the property that it has great smoothness [11].
De�ne it in much the same way as the minimum distance, only the cost function takes the
acceleration into account.

La =
∫ b

a
〈∇V V,∇V V 〉 dt (14)

Like for minimum distance curve, a minimum acceleration curve could also be written using
di�erential equations [12].

ω(3) + ω × ω.. = 0

d(4) = 0,

where ω(3) is the 3th order derivative of the skew symmetric part of the velocity vector �eld
(13) and d(4) the 4th order derivative ot the translation part along the curve. For a special
choice of initial and �nal velocities, these equations have a analytical solution. But the normal
case is that numerical methods needs to be used. In [3] the relaxation method is presented for
solving the problem. Another method, that will be presented in this paper, uses a projection
approach. It will presented in the next section.
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9 SVD Projection Method

Calin Belta and Vijay Kumar present in [2] a method to interpolate between matrices in the two
groups SO(3) and SE(3) by use of Singular Value Decomposition (SVD). This method involves
using common interpolation methods for vector spaces, to interpolate between two matrices.
Formally said, the interpolation is done in the General Linear group of matrices GL(n,R),
that is the group o� all n × n matrices equipped with matrix multiplication. The resulting
matrices is then projected to the proper group. The projection of a matrix M ∈ GL(n,R) to
A ∈ SO(n)/SE(n− 1) is de�ned as the matrix being closest to M. The distance is measured
by using a norm induced by the metric de�ned for GL(n,R) (12). In the rest of this paper,
the results derived by Calin Belta and Vijay Kumar will be presented. All the results here are
restatements of their work.

Visualization of Projection Method.

9.1 Projection on SO(3)

Proposition 9.1. The projection of A ∈ GL(3,R) to R ∈ SO(3) is given by UV T , where
U,V corresponds to the matrices in the singular value decomposition of AW (AW = UΣV T )
and W is the positive de�nite matrix of metric (12).

Proof The proof involves two steps. First, the problem of choosing the closest matrix R to
A, is reduced to a maximization problem. The second step, involves using SVD to prove a
closed-form solution to the maximization problem.

Step 1. Considering the projection of a matrix A ∈ GL(3,R) to a matrix R ∈ SO(3).
Using the de�nition of the projection of A as the matrix beeing closest to A, the problem of
selecting R becomes a minimization problem, using metric (12) as norm.

min
R∈SO(3)

||A−R||2W

Evaluating by use of the induced metric

||A−R||2W = 〈A−R,A−R〉 = Tr((A−R)T (A−R)W )

Which by multiplication equals

||A−R||2W = Tr(ATAW −ATRW −RTAW +RTRW )

The expression RTRW = IW and ATAW is clearly constants in the minimization problem,
so they can be ruled out. Also, by use of the relations that Tr(A) = Tr(AT ), W = W T ,
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and Tr(AB) = Tr(BA), the expressions Tr(RTAW ), Tr(ATRW ) can be shown to be equal.
That is,

Tr(RTAW ) = Tr((RTAW )T ) = Tr(WATR) = Tr(ATRW )

With these results, the problem can be reduced to

min
R∈SO(3)

−Tr(ATRW )

Which again can be written as a maximization problem

max
R∈SO(3)

Tr(ATRW )

Step 2, Solving the maximization problem by use of a singular value decomposition.
De�ning �rst the values values in the problem.

• A = AW , where U,Σ, V is the SVD of A, (A = UΣV T )

• Σ = diag {σ1, σ2, σ3}

• C = RTU

• Column wise partitioning, C = [c1, c2, c3], V = [v1,v2,v3]

Using these de�nitions, and the simple rewriting AT = WAT , the expression Tr(ATRW ) in
the maximization problem can be written as

Tr(ATRW ) = Tr(WATR) = Tr(ATR)

Using the SVD of A, and C = RTU → CT = UTR

Tr(ATR) = Tr((UΣV T )TR) = Tr(V ΣUTR) = Tr(V ΣCT )

By use of the outer product the matrix in the trace can be written with a sum

Tr(V ΣCT ) = Tr(
3∑
i=0

σivi c
T
i )

Seeing that σi ∈ R, the expression can be written as

Tr(V ΣCT ) =
3∑
i=0

σi(Tr(vicTi ))

It is easy to see that the trace of the outer product vic
T
i , equals the inner product. With this,

the following relation is obtained.

Tr(ATR) =
3∑
i=0

σi(Tr(vicTi )) =
3∑
i=0

σiv
T
i ci

Studying the expression vic
T
i . Every matrix V in an SVD are orthogonal, thus |vi| = 1. Can

also show that C is orthogonal:

C · CT = (RTU) · (RTU)T = RTUUTR
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Know that R is orthogonal, U in the SVD is also always orthogonal, thus

C · CT = RT IR = I

Whish concludes that also C is orthogonal, and thus |ci| = 1.
Further, bouth ci and vi ∈ R3, so the general relation from euclidean geometry vTi ci =
|vi||ci|cos(θ) holds. From this, it is clear that the expression vTi ci, has it maximum for θ = 0.
Since |vi| = |ci| = 1, this is equivalent of V = C, or V = RTU . With this result, it is clear
that the solution to the maximization problem is R = UV T , which ends the proof.

Refer the reader to [2], for proofs and statements of left and bi invariance of the projection.

9.2 Projection on SE(3)

For a matrix A ∈ GL(4,R) given as

A =
[
B1 B2

B3 B4

]
, B1 ∈ R3×3, B2 ∈ R3×1, B3 ∈ R1×3, B4 ∈ R

the projection to SE(3) A is given as

A =
[
UV T B2

0 1

]
U,V is the matrices from the SVD of B1W , where W is the positive de�nite matrix of metric
(12).
The interpolation of the translation elements of GL(4,R) produces elements that are approved
for the translation part of SE(3). Combining this, with the projection of SO(3) it is clear that
the projection of SE(3), has the result as given above. A formal proof of this projection can
be found in [2]. The result can be interpreted as a method of combining the interpolation of
SO(3) with a euclidean translation interpolating curve. In other words, the rotation interpo-
lation is done between two matrices A,B ∈ SO(3), along a interpolating curve between two
points a,b ∈ R3.

Considering how the projection methods ful�lls the minimum acceleration cost function (14),
the interpolation technique used inn the ambient space GL(4,R) needs to be considered. An
important result in this context, is that a curve generated by a cubic spline minimizes the
integral of the norm of the acceleration [11]. In [4] the projection method is compared to the
relaxation method. The results derived here, show that the minimum acceleration property in
the ambient space, is preserved to a satisfying extent with the projection method, and thus,
making the projection method a good alternative, to a minimum acceleration interpolation
method in SO(3) and SE(3).

10 Interpolation in Euclidean Space

Their are many di�erent techniques for interpolating in the Euclidean Space. As mentioned
above, cubic splines, have the property that it is suited if the minimum acceleration cost func-
tion (14) is to be taken into account. Thus, the interpolation types that posses that property
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would be considered here. It is worth noticing that the projection opens up to any interpola-
tion approved in Euclidean Space, which can give interesting results. In the algorithm related
to this paper [5], the natural cubic spline, Bezier Spline and Cardinal Splines are used. A
short introduction to these types of interpolations will be given. Literature describing these
types of interpolations and other in more detail is highly available on the Internet, and also
in books concerning for example computer graphics [6].

Natural Cubic Spline A Natural Cubic Spline is basically a curve, that goes through all
the points speci�ed in the interpolation, in a manner that has a great smoothness. That is,
it is C2 continuous [6]. The algorithm for computing this type of interpolation is derived by
introducing the equations describing all the limitations C2 continuity imposes. The primary
results of these limitations, is a tridiagonal matrix system that needs to be solved, for every
part polynomial of the interpolation. In the context of interpolating between matrices, the
values in this matrix equation is interesting. The SE(3) has totaly 12 elements in each matrix,
that needs to be interpolated. Denote each of these elements as a dimension. In a subinterval
between two input matrices, the three diagonals are not dependent on the dimensions, thus
the elements in the matrix with the row operations for solving a tridiagonal system can be
computed only once for each part polynomial of the interpolation. This improvement has been
done in the code associated with this paper.

Cardinal Spline The Cardinal Spline involves estimating tangent vectors at a certain point
by the two adjacent points, and using this as input to create a piecewise cubic polynomials.
A useful property of the Cardinal Spline is that it can be adjusted locally. That is, the curve
created, will only change in the neighborhood of a point inserted. Worth noticing is that the
�rst and last point in a Cardinal Spline interpolation only specify the tangent vectors at the
beginning and end of the code, and are not a point on the curve.

Bezier Spline A Bezier Spline is actually not de�ned as a interpolation curve. It is rather
a approximation curve, that is, the points inserted are more weights, and the curve is not
needed to actually go through them. The weighting of a speci�c point is determined by the
Bezier Blending function [6]. For a given parameter curve parameter u, and a point index k,
this function gives the weighting of point k, at parameter u. The Bezier Spline has degree one
less than the designated number of control points, and is thus not necessary a good choice for
the minimum acceleration cost function. It is included in the implementation, purely to see
what a�ect this type of approximating curve will have on the projection method.

11 Implementation and usage of algorithm

A short introduction to the usage of the algorithm will here be given. This involves a short
explanation of the main function calls of the algorithm. Note that the di�erent parameter
values in the function calls are not presented here. Speci�c implementation details can be
found in the code at the end of this paper and at [5].

Input of data to the interpolation can be done by inserting manually a matrix through the
inputdata() method. Output of interpolation data is through the function getGLInterpola-
tion(). Speci�c methods, that uses OpenGL convention for input of interpolation data is also
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available, they will brie�y be explained here.

Adding Rotation and Translation

In OpenGL, the function calls glTranslated() and glRotated() will left multiply the current
matrix with a translation or rotation matrix respectively. The function calls IglTranslated()
and IglRotated() serves the same purpose in the implementation. A call to one of them,
will left multiply a matrix m_activeMatrix with a rotation or translation matrix. A call to
IPushMatrix(), will add the current m_activeMatrix to the interpolation data. The method
ILoadIdentity() will replace the current m_activeMatrix with the Identity Matrix. With this
implementation method, rigid body transformations created by combining translation and ro-
tation matrices, can easily bee added to the interpolation data.

Adding Camera Position

In OpenGL the camera position can be de�ned with the gluLookat() method. What this
method actually does, is to rotate and translate the entire world while the camera is kept at
the same position. The matrix doing this transformation consists of rotation end translation
element, and is therefore suited for use in the interpolation algorithm. In the implementation
a function called IgluLookat() with the same parameters as the standard gluLookat OpenGL
function, only this method adds the corresponding transformation matrix as input data for
the interpolation. A call to the function IgluLookat(�oat parameter) will apply a transforma-
tion matrix at the given parameter value, and thus give exactly the same e�ect as calling the
standard gluLookat function. Only di�erence is that the transformation matrix being applied
corresponds to one computed in the interpolation.

A sample of the source code is available in the last pages of this document. Full source code
with binary examples can be downloaded at [5]. The external library, The Template Numer-
ical Toolkit was used when implementing the SVD, and for storing and computation with
matrices. This library was developed at the National Institute of Standards and Technology
(NIST), and the code is not subject to copyright protection and is in the public domain. Ac-
knowledgment to their contribution is hereby given.

12 Results and Conclusion

The results are presented in a graphical manner, as screen shots from a OpenGL environment.
A more mathematical explanation of the properties of the SVD projection can be found in
[4]. In all the screen shots, the color read indicates orientations and positions corresponding
to input data to the algorithm. Black lines, and objects corresponds to orientations and posi-
tions computed by the interpolation algorithm. A black line has also been drawn between R3

computed positions.
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The input data for these three interpolations are the same. For the red cubes, from left
to right, the rotation around the x axis is increased by 120 degrees, starting at 0. The po-
sitions of the cubes are given from left to right by the following vectors in R3, (4, 0, 5.5)T ,
(2, 1, 1.5)T , (1, 2, 1.5)T , (0, 4, 5.5)T . 11 projections are computed on each �gure. The matrix
W in the metric (12), was the identity matrix.
From looking at the screen shots it is clear that what one would intuitively think the inter-
polation would compute, is the actual result. Also, the concepts from the di�erent types of
euclidean interpolation, seems to have been adopted quite well in the interpolations. Figure
1 is the result from using a Natural Cubic Spline in the ambient space. See that the inter-
polation is �tting with the start and endpoint. Figure 2 is the result of using the Cardinal
Spline. Se here that the second and third input data have been nicely interpolated, and the
intermediate computations corresponds to what one would expect. Finally, �gure 3 is the
result of the bezier spline. The approximation in the positions is clear to see, and the rotation
seems reasonable.

As a description of how fast the algorithm works, a small informal test was done. The input
data was just the same as above, only the amount of points/projections to compute was set
between 10 and 100 000. The testing method involved simply using a clock when running the
algorithm on a average personal computer. For projections amount between 10 to 1000 no
more time than 1/60 of a second was used for the computation. I took about 1/6 of a second
to compute 10 000 projections, and 100 000 projections took about 1.5 seconds. This test,
although informal, shows that the algorithm is suited for use in real time applications.

Conclusion

In this paper the problem of interpolating between points with placement in R3 and rotation
where addressed. Di�erent tools from di�erential geometry have been de�ned to be able to
do analysis of the di�erent interpolation solutions. Results from the work of Vijay Kumar,
and Calin Belta where used when de�ning solutions to the interpolation problem. By apply-
ing a cost function, two di�erent interpolation types where de�ned, minimum distance and
acceleration. As an approximation to the minimum acceleration, the SVD projection method
presented in [2] where restated and implemented. The implementation was based on well
known interpolation techniques in the ambient space GL(4,R), together with a projection to
SO(3) involving an SVD. This implementation method was relatively simple to implement,
and gave a great deal of freedom, by the ability to use di�erent interpolation techniques in
the ambient space. In a informal test, the algorithm showed promising results, with respect to
real time applications in computer graphics. To show the use of interpolating transformation
matrices, the implementation includes function calls resembling OpenGl standard function for
programing with transformation matrices. With this, the interpolation algorithm should be
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easy to understand for a OpenGL software developer. This includes both when placing objects
with rotation and translation transformations, and for camera movement.
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