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ABSTRACT

The aim of this thesis is to describe the construction of the Sato Grassmannian on an
infinite dimensional separable Hilbert space and to study some of its main geometric, analytic
and functional properties. First infinite dimensional Grassmannian appears in work of M. Sato
and Y. Sato published in 1982 as an inductive limit of a finite dimensional Grassmann manifold.
The thesis is based on the work of G. Segal and A. Pressley and provides the careful and
detailed description of the Sato Grassmannian in its most recent interpretation. We start by
introducing classes of operators that will be used throughout of the thesis and discuss their
main properties and relations. We consider linear spaces of Hilbert-Schmidt operators and
the operators of trace class, that are analogous of L? and L', respectively, in mathematical
analysis. Then we present the description of the class of Fredholm operators, that provides the
class of invertible operators up to a compact operator and we end up with study of operators
with a determinant, that used in the construction of the determinant bundle over the Sato
Grassmannian. The introductory part also contains an overview of the restricted general
linear group and provides the construction of its central extension.

In the main part of the thesis, we give the general definition of the Grassmannian Gr(H)
on an arbitrary infinite dimensional separable Hilbert space H and endow it with a natural
Hilbert manifold structure, that is a consequence of the Hilbert structure of the space of
Hilbert -Schmidt operators. After this, we focus on the Grassmannian over the Hilbert space
H = L*(S',C), that widely used in physical applications. Then we discuss some particularly
interesting dense submanifolds, given by real analytic, smooth and polynomial functions. The
stratification and its cellular decomposition provide finer structure of the Grassmannian and
it is also the subject of our thesis. Furthermore, we study an infinite dimensional analogue of
the Pliicker coordinates, and the action of one dimensional rotation group T on Gr(H). The
consideration of determinant bundle Det on Gr(H), the Kéhler metric and possible physical
applications of the Sato Grassmannian in quantum mechanics finishes the thesis. We add a
short Appendix collecting the fundamental definitions and theorems used in thesis.

To the best of the author’s knowledge this is the first time in literature that the description
of the Sato Grassmannian is presented in a detailed and expanded manner, collecting all the
necessary preliminaries. The text of the thesis can be used by students and researchers as an
introduction to this modern, highly used and rapidly developing subject.
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The history of infinite Grassmannians starts with the paper of M. Sato
and Y. Sato published in 1982 [20]. They were interested in introducing the
infinite Grassmannian in order to describe the structure of solutions to the
Kadomtsev-Petviashvili equation

Buyy + (—4ur + upyy + 6uuy), = 0.

They showed that the Kadomtsev-Petviashvili equation has a natural struc-
ture of Grassmann manifold of infinite dimension; that is e.g. generic points

of the Grassmann manifold give generic solutions of special types.
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2 CHRISTIAN AUTENRIED

They defined the infinite Grassmannian just by the limit of finite di-
mensional Grassmannians, which are well known objects in mathematics.
His definition is cited as following: "the infinite dimensional Grassmannian
(GM) and its standard line bundle (GM), which we need to parametrize
the solutions of the Kadomtsev-Petviashvili hierarchy, are obtained as the
topological closure of the inductive limit of GM (m,n) and GM (m,n) as m
and n tend to co” [20]. Here GM (m,n) is the standard finite dimensional
Grassmannian of m-dimensional subspaces of a (m + n)-dimensional vector
space and G M (m, n) is its standard line bundle. Furthermore, he mentioned
the role of the general linear group of infinite dimension

GL :={A:GM — GM | A linear, invertible, bounded}

as the automorphism group of the Grassmann manifold. It plays the role of
group of transformations of Kadomtsev-Petviashvili equations. In his first
definition Sato didn’t state anything about the stratification, Schubert cells
or Pliicker coordinates of the infinite Grassmannian. For him it was more
important to study the characteristics of the action of the general linear
group on the infinite Grassmannian.

The structure and properties of infinite Grassmannian have been applied
in a wide range of topics, such as microlocal analysis [6], loop groups [21],
conformal and quantum field theories and string theory [11, 15, 23], represen-
tation theory of infinite dimensional lie algebras [10], Verlinde formula and
Fock spaces [4], abelian and non-abelian reciprocity laws on curves [2, 14]
and supersymmetric analogues [5, 13].

This thesis is based on the book ”Loop groups” of A. Pressley and G. Se-
gal [16], which in its turn is based on the paper of G. Segal and G. Wil-
son [21]. The aim of the paper was to describe a construction which assigns
a solution of the KdV equation to each point of a certain infinite dimensional
Grassmannian, to determine the class of solutions obtained by this method,
to illustrate in detail how the geometry of the Grassmannian is reflected in
properties of the solutions, and to show how the algebra-geometric solutions
fit into the picture.

In the paper of E. Witten [23], the author described some aspects of the re-
lation between Riemann surfaces and infinite Grassmannians making use of
physical terminology. This relation is essential in recent studies of the Schot-
tky problem and its relation with quantum field theory and string theory
that have been the subject of recent discussions from a physical viewpoint.
Furthermore, he pointed out the existence of a close analogy between confor-
mal field theory on Riemann surfaces and the modern theory of automorphic
representations.

In 1990 M. Mulase stated in his paper [12] the interesting equivalence be-
tween a category of arbitrary vector bundles on algebraic curves defined over
a field of an arbitrary characteristic and a category of infinite dimensional
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vector spaces corresponding to certain points of Grassmannians together
with their stabilizers. The contravariant functor between these categories
gives a full generalization of the well-known Krichever map, which assigns
points of Grassmannians to the geometric data consisting of curves and line
bundles. We will find a similar construction idea in the chapter about de-
terminant bundles.

Some of the above cited works are strongly based on the algebraic struc-
ture of the Sato Grassmannian, which is pointed out in all its particulars
in the paper of A. Alvarez Azquez, J. M. Munoz Porras and F. J. Plaza
Martin [1]. They offered an algebraic construction of infinite dimensional
Grassmannians and determinant bundles. Previously, G. Anderson [2] had
constructed them by making use the theory of p-adic infinite determinants.
A. Alvarez Azquez, J. M. Munoz Porras and F. J. Plaza Martin changed
this point of view completely and the formalism used by them is valid for an
arbitrary base field. They begin by defining the functor of points Gr(V, V™)
of the Grassmannian of a k-vector space V' (with a fixed k-vector subspace
V* C V) in such a way that the points Gr(V, V1) (Spec(k)) are precisely the
points of the Grassmannian defined by G. Segal and G. Wilson [21], although
the points of an arbitrary k-scheme have not been considered previously by
other authors.

We see that the construction of the infinite Grassmannians, which origi-
nally were constructed to handle the space of solutions of a special partial
differential equation, rapidly developed into a helpful tool in a wide range
of mathematical areas.

In this thesis we will have a look on one of the first special studies on
Grassmannians, which are applied to a better understanding of special so-
lutions of the Kadomtsev-Petviashvili equation. The main aim of the thesis
is to provide a careful and detailed description of the Sato Grassmannian in
its most recent interpretation, that is closer to the functional analysis ap-
proach, but nevertheless widely used algebraic and group theory language.
We present proofs of numerous details, omitted in [16], that sometimes are
very far from the trivial and that could take a lot of time to verify them.
The structure of this thesis is the following. For the beginning in Sections 2
and 3 we remind the well-known definitions and main properties of Hilbert-
Schmidts and Fredholm operators that are essential tools for the definition
of the infinite dimensional Grassmannian. These chapters are mainly based
on the lecture notes of B. K. Driver [8] and the books of W. Arveson [2]
, R. G. Douglas [7], and M. Reed M, B. Simon [17]. The reader who is
familiar with foundations of the operator theory can skip these two sections
and proceed to Section 4 that is dedicated to the study of the general linear
group of the infinite dimensional separable Hilbert space since it is a group
of automorphisms of infinite dimensional Grassmannians. This is based on
Chapter 6 in the book of A. Pressley and G. Segal [16] and a collection of
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books about group theory [18, 19, 22]. Section 5 is devoted to the careful
definition and treatment of infinite dimensional Grassmannians themselves
based on Chapter 7 in the book of A. Pressley and G. Segal [16].
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2. HILBERT-SCHMIDT AND TRACE CLASS OPERATORS

2.1. Hilbert-Schmidt operators.

The notion of the Hilbert-Schmidt operator is one of necessary tools to de-
fine Sato Grassmannians, so it is important to be familiar with its definition
and most important properties.

We assume from now on in Section 2 that R and H are separable Hilbert
spaces. The space of all linear operators from H to R will be denoted
by L(H,R). The subspace of all linear bounded operators is denoted by
B(H, R). In the case H = R we write L(H) and B(H) for the corresponding
spaces.

Definition 1. A bounded operator K: H — R, i.e. K € B(H, R), is called
compact operator if for all bounded sets U C H the closure of the range
K(U) is a compact set in R. It is equivalent to state that for all bounded
sequences {x, 22, C H the sequence {Kx,}5°, C R contains a convergent
subsequence in R.

The equivalence of both definitions is obvious. We also refer the reader
to [17].

Lemma 1. Let K(H, R) denote the space of compact operators from H to R.
Then K(H, R) is closed subspace of L(H, R) in the operator norm topology.

Proof. We start by showing that K(H, R) is a vector space. Consider two
operators K, T € K(H,R), A € C and a bounded sequence {z,}°, in H.
Then

(K +T)(x,) = K(x,) +T(z,).

Since there exists convergent subsequences { Kz;} and {T'z;}, we conclude
that there exists a convergent subsequence {(K +T')x,, }, which is equivalent
to say that the operator K + T is compact.

We claim that AK is compact. This is true since A is a complex number
and so AK is also compact.

We finish to show that K(H, R) is a vector space. Let K,,: H — R be
compact operators and K : H — R be a linear operator such that

lim || K, — Kllop = 0.
n—oo

We need to show that K is compact. Let U be a bounded set in H. To
prove that K (U) is pre-compact we will use the equivalent definition of pre-
compact sets in a Hilbert space and we will show that K (U) can be covered
by finitely many balls of fixed radius. Given & > 0, choose N = N(¢) such
that ||Kn — Ko < £. We can choose a finite subset V' of U such that

1 in ||y — Ky
(1) min[ly — Kyi|lr < e
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for all y € Kn(U), since Ky(U) is pre-compact. Then for an arbitrary
zeV, forze K(U), z= Kz, x € U, we get

Iz = K[| = || Kz — Kz
=|[|Kz+ (—Kyz + Knz) + (—KyT + KnT) — KZ||
= (K = Ky)r + Ky(z = 2) + (Ky — K)7|
< (K = Ky)e| + [[Kn(z = )| + | (Ky = K)Z|
<2+ |Knx — KnZ|| + ¢
by using the triangle inequality. We conclude that gg‘l} |z — KZ|| < 3¢ since

|Knyz — KnZ|| < e by (1). This shows that K (U) can be covered by a finite
number of balls of radius 3e. We conclude that K is compact. U

We remind that a finite rank operator F': H — R is a linear operator,
such that any vector y € im(F'), im(F) is the image of H under F, can be
N

written as a finite sum y = Fo = Y p;9;, where {y;}¥, is some fixed family
i=1

in R and u; € C for all ¢ € {1,..., N}. We denote the space of finite rank

operators from H to R by FR(H, R).

We also recall the definition of the orthogonal projector. A linear operator
P € B(H) such that P? = P and P = P* is called an orthogonal projection.
The range of P is always closed. The operator P acts as the identity operator
on im(P) and as the null operator on im(P)* = kern(P). So there is a one-
to-one correspondence between orthogonal projectors and closed subspaces
of H.

Proposition 1. A linear operator K: H — R is compact if and only if
there exists a sequence {K,}nen of finite rank operators with K, : H — R,
s.t. || K — Kpllop = 0 as n — oo.

Proof. Suppose that K: H — R is a compact operator. Then K(U) is
compact in R and it contains a countable dense subset for any bounded
U € H. It follows that K (H) is a separable subspace of R. Let {e,}>>, be
an orthonormal basis for K(H) C R and

N

PNy = Z <y7 €n>€n

n=1

be the orthogonal projection of y onto the space span{ej,...,enx}. Then
A}im |Pvy —y|| = 0 for all y € K(H). We define K,, := P,K, which is a
—00

finite rank operator on H. If we suppose, on the contrary, that K is not a

limit point of a sequence of finite rank operators, then limsup || K — K|, >
n—oo

e. In this case there exists a sequence {z,} C H such that ||(K —K,,)z,| > ¢
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for all big enough n. Since K is compact, there is a subsequence {z,, } of
{z,} such that {Kx,, }32, is convergent in K(H). Letting y = klim Kz,
— 00

we get

e <||(K = K )an, || = (1= P K, |
= [|(1 = Po) K, — (1= Po)y + (1 = Pyl
< (1= Po)(Kan, — y)ll + (1= Po,)yll
<N K, —yll + 111 = Pyl =0

as k — oo. This contradicts the assumption that € is strictly positive. Hence
we proved hm |K — Kyllop =0, i. e. K is an operator norm limit of finite

rank operators {K,}5°,.

Conversely, we assume that a sequence {K,}>° ; of finite rank operators
converges in operator norm to K. Since we know that every finite rank
operator is compact, we have a sequence of compact operators {K,}>2,
converging to K. As K(H, R) is a closed vector space we conclude that K
is a compact operator. U

Corollary 1. If K is compact, then so is K*.

Proof. Let K, := P, K be as in the first part of the proof of Proposition 1.
Then K} = K*P, is still of finite rank. Furthermore,

”K* K*HOP_ ||K K, ||0p nﬁooo

as n — oo, since ||T*||,, = ||T||op for any compact operator . We see that
K* is the limit of a sequence of finite rank operators and so it is compact
by Proposition 1. O

After this short introduction to the compact operator theory, we define
Hilbert-Schmidt operators.

Proposition 2. Let K: H — R be a bounded linear operator, {e,}°, and
{um}°_, be orthonormal basis for H and R. Then

(2) S IKeall? = 11K unl*.
n=1 m=1

Proof. We will use Parseval’s identity, Pythagorean theorem and Fubini’s
theorem for sums with positive terms (which can be found in the Appendix)
to get the following equation'

S
S 1Kl ZZ\ (Ketn)
n=1 n=1 m=1

00 00
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for any orthonormal basis {u,, }5°_; of R. Since the choice of an orthonormal
basis {e,}>°_, of H was arbitrary, we deduce that the equality is true for
any orthonormal basis of H and R. U

Corollary 2. The equality (2) is independent of the choice of the orthonor-
mal basis of H and R.

This corollary is important for the well-defined property of the following
definition.

Definition 2. The Hilbert-Schmidt norm of K is defined by,
1K s =Y 1)
n=1

for any (and then for all) orthonormal basis {e,}>>, of H. We say that K
is a Hilbert-Schmidt operator (H-S operator) if | K||gs < co. The space
of Hilbert-Schmidt operators from H to R is denoted by HS(H, R).

Proposition 3. Let K: H — R be a bounded linear operator. Then
(1) |K||gs = || K*||us for any K and
(3) 1K s = 1K lop,

where | K||op := sup{||Kh|| : h € H A ||h| =1},
(2) HS(H, R) is a subspace of K(H,R) with the norm || - ||gs and the
inner product (-,-Yys: HS(H,R) x HS(H, R) — C defined by

(4) (K1, Ka)ps ==Y _(Kien, Kae,)

n=1

for some (and then for any) orthonormal basis {e,}5°,. The space
(HS(H,R),(-,-)us) gets the structure of a Hilbert space.

(3) Let Pyx := ZnNzl(as, en)en be the orthogonal projection onto the space
span{ey,..,en} C H and let Ky := KPy for K € HS(H, R). Then

1K — Knllop < 1K — Kyllzs — 0

as N — oco. We conclude that the space of finite rank operators
FR(H,R) is dense in (HS(H, R), | - ||us)-

(4) Suppose L is a Hilbert space, operators A: L — H and C' : R — L
are linear bounded, then

I KA las<|| K l[sll Allop, | OK [las<|| K |[as] C lop -

We can conclude by equation (3) of Proposition 3, that the space of
Hilbert-Schmidt operators HS(H) from H to H is a two-sided ideal in B(H):

BK € HS(H) and KB e HS(H)
for all B € B(H) and K € HS(H).
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Proof. We shall prove the proposition step by step.
(1) The equality | K||gs = || K*||ns follows from Proposition 2. To show (3)

we take any x € H \ {0}, normalize it by z; := Tay> and assume that it is

an element of an orthonormal basis. Hence

1Kz || < |[K]|as-

We get 12l < || K| ys from the last inequality and hence 1K lop < |1 K| 1s

ll]

by taking the supremum.
(2) Let us show the triangle inequality. For K, Ky € HS(H, R) we estimate

1K+ Kallms = (| D 1 Kien + Koenl2 < | ) (1Kaenll + [ Kaen))?
n=1 n=1

= |{lIKenll + [[Kaenll }n: i,
< [H{lIK el }nzillin + {1 K 2enll oz
= [[Killgs + | K2 ms-

Now we can conclude that || - || s is a norm, since all the other norm axioms
are obvious.

By making use of the triangle inequality we can show that K, := P, K
converges to K in the H-S norm and since K, is a finite rank operator, we
conclude that

e finite rank operators from H to R are a dense subset in HS(H, R),
e HS(H, R) is a closed subspace of K(H, R), since the convergence in
H-S norm implies the convergence in the operator norm by (2).
Since {||K1en }nen; {|[K2en| }nen € *(N), we get the scalar product of
I*(N) by

| {1 K el nen: (I Krenl nen)rea [= Y K]l Kaenll.
n=1

Furthermore we know that || {||Kien|/}nen [leay=| K1 [|#s. Now we use
the Cauchy-Schwarz inequality to get

S (Kren Koea) | < 3 1Krenlll Kaeall < | S KealP | S 1Ko
n=1 n=1 n=1 n=1

= | K1l as|| K|l ms-

This implies that the sum (4) is well defined. Furthermore, it is obvi-
ous that the inner product of HS(H, R) is compatible with the H-S norm:
HKH%{S = <K7 K>HS-

We claim that HS(H, R) is complete with respect to the metric defined
by its inner product. Suppose {K,,}>°_; is a || - ||ms-Cauchy sequence in
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HS(H,R). Since the space B(H, R) is complete, there exists an operator
K € B(H, R), such that || K,, — K||,, = 0 as m — oco. Thus, we obtain

N N
D K = Kneo|* = Jim D K = Kpea|” < lim sup 1K) = Kol s
n=1 OOn:l 0

for any positive integer N and

o) N
1Ko = Kllizs = 3K = Kon)en|* = ngnmz_; I(K = Kon)en|?

n=1

<limsup |K; — Kpllws =+ 0 as m — oc.
l—o0

(3) We just notice that
1K = Kyl < 1K = Knllfs = Y [Keal® 50 as N = oo

n>N

(4) We observe

ICK[5s = Y ICKea|> < ICI2, Y I1Kenl* = ICI5I1K 175
n=1

n=1

and

1K Alms = [[AK |as < [[A™[op|[ K" |s = | Allop | K| s

2.2. Trace class operators.

Definition 3. A bounded linear operator A: H — H is of trace class if
and only if
Ax = Z Ak (ug, T)wy,
keN

where x € H and {uy}ren and {wy}ren are orthonormal families of H,
X € C such that Y, | Ay | < oo. The space of trace class operators is
denoted by L*(H).

We state properties of the trace class operators, which will be used later
in this thesis.

Proposition 4.
(1) The space of trace class operators L'(H) in B(H) forms a two sided
ideal, i.e. for A€ B(H) and C € L'(H):

AC € L'(H) and CA € L'(H).
(2) If A,B € HS(H), then AB € L*(H).
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(3) The trace class operators are also Hilbert-Schmidt operators, i.e.
L'(H) c HS(H).

Definition 4. An operator A: H — H has a determinant if and only if
A —1 is of trace class. The determinant is defined by

det(A) := [T (1 + (A - 1))
kEZ
where A\, (A — 1) is the k-th eigenvalue of the operator of trace class A — 1.
Proposition 5.
(1) If A has a determinant then it is invertible if and only if det(A) # 0.
(2) If A and B have determinants, then so does AB and det(AB) = det(A) det(B).

(3) If A has a determinant and q is bounded and invertible, then qAq~" and
g YAq have determinants.
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3. FREDHOLM OPERATORS

The Fredholm operators are another necessary tool to define the Grass-
mannians, and to be familiar with properties of Fredholm operators is es-
sential for the comprehension of the Grassmannians.

For the beginning we state two propositions about properties of compact
operators, whose proofs can be found in [7, 17].

Proposition 6. The space K(H) is a minimal closed two-sided ideal in
B(H) and for the separable Hilbert space H the space K(H) is the only
proper closed two-sided ideal in B(H).

Proposition 7. An operator K belongs to K(H) if and only if the range of
K contains no closed infinite dimensional subspaces.

Remind that only for finite dimensional Hilbert spaces we have the coin-
cidence K(H) = B(H). In the case of infinite dimensional Hilbert spaces,
the quotient algebra B(H)/K(H) is not trivial and is called Calkin alge-
bra. It has numerous applications in mathematical physics. The natural
homomorphism from B(H) onto B(H)/K(H) is denoted by 7: B(H) —
B(H)/K(H).

Definition 5. An operator T € B(H) is called the Fredholm operator if
7(T) is an invertible element of B(H)/K(H), i. e. there exists an operator
A€ B(H)/K(H) such that AT =TA =1d+K with K € K(H).

The space of Fredholm operators from H to H is denoted by F(H). We
give an equivalent definition of Fredholm operators. The equivalence of the
two definitions is the statement of the Atkinson theorem and can be found,
for instance, in [7].

Definition 6. An operator T € B(H) is called a Fredholm operator if
the kernel and the cokernel of T are finite dimensional , 1. e.
dim(kern(7)) < oo and dim(H/im(7T)) < oo.
Definition 7. We define the index of a Fredholm operator T by
ind(7T) := dim(kern(T")) — dim(cokern(T)).

Proposition 8. Let T, L € F(H) and K € K(H), then

(1) F(H) is an open subset of B(H).

(2) TL and LT are Fredholm operators.

(3) T+ K e F(H).

(4) the adjoint operator T* of T is also a Fredholm operator.

Note that every H-S operator is a compact operator. We can conclude that
the sum of a Fredholm operator and a H-S operator is a Fredholm operator

from Proposition 8. This fact will play an important role in Section 5 where
the definition of Grassmannians will be given.
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Proof. We proceed step by step.
(1) We denote the group of all invertible elements of B(H)/K(H) by A, i. e.
A:={Ae€B(H)/K(H) | 3dBe€ B(H)/K(H) such that
AB = BA = 1d € B(H)/K(H)}.
This group is open since the set of invertible elements of a Banach space is
open. The natural projection 7 is continuous, therefore the space F(H) =
71(A) is open.
(2) The function 7~! is multiplicative since
7T—1((T1 + K)(Th + Ky)) = 7T—1(T1T2 + LK+ T Ky + K1 K5)
=TTy, =7 Ty + K7 YT + K>)
where 71,7, € B(H) and K;,K, € K(H). Furthermore, A is a group and
we can conclude that F'(H) is closed under multiplication.
(3) That F'(H) is closed under addition of compact operators follows easily
from

(T+K)A=TA+ KA=1d4K; + K; =1d+Kj3, since TA=I1d+Kj,

and KA = Ky. Here T € F(H), A € B(H), and K, K, Ky, K3 € K(H)
by using Proposition 6. The conclusion is that 7(T + K) is invertible in
B(H)/K(H) and so it is an element of F'(H).

(4) Suppose T € F(H). Then there exist S € B(H) and K,K, € K(H)
such that

ST =1d+K,, TS=Id+K,
with
(ST)* =T*S* =1d+K;,  (TS)" =S5T" =1d+Kj.

We conclude that 7(7™) is invertible by Proposition 6 and hence, 7% €
F(H). O

Proposition 9. If A and B are Fredholm operators, then
ind(AB) = ind(A) + ind(B).
Proof. We observe that

dim(kern(AB)) = dim(kern(A)) + dim(kern(B))
— dim(kern(A) N H/im(B))

and

dim(cokern(AB)) = dim(cokern(A)) + dim(cokern(B))
— dim(kern(A) N H/im(B)).
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We calculate
ind(AB) = dim(kern(AB)) — dim(cokern(AB))
= dim(kern(A)) + dim(kern(B)) — dim(kern(A) N H/im(B))
— dim(cokern(A)) — dim(cokern(B)) + dim(kern(A) N H/im(B))
= dim(kern(A)) — dim(cokern(A))
+ dim(kern(B)) — dim(cokern(B))
= ind(A) 4 ind(B).
U

One additional property of the index is its invariance under the addition
of a compact operator.

Corollary 3. For every Fredholm operator A| and compact operator K
ind(A + K) = ind(A).

We will not present the proof here and refer the interested reader to the
book of W. Arveson [3], chapter 3.4 The Fredholm index”.
Theorem 1. The index of an adjoint operator T* of a Fredholm operator T
s the negative index of T, i.e.

ind(7") = —ind(7).
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4. GROUPS OF OPERATORS IN HILBERT SPACE

4.1. The restricted general linear group of Hilbert space.
We suppose from now on that a separable Hilbert space H is equipped
with a polarization H, & H_.

Definition 8. The general linear group GL(H) consists of all bounded
invertible linear operators from H to H. Its norm is defined as the operator
norm in the space B(H), 1. e.

I T | semy= supdll T [|u| v € HA || 2 [|a= 1} = [|T|op-

The restricted general linear group GL,., consists of all elements A
of the general linear group GL(H), whose commutator [J, A] = JA — AJ is
a H-S operator, where J: H — H is defined by

Jlg, =1d: H, — H,,  Jlg.=—1d: H. — H_.

An equivalent definition of GL,.s(H) can be given by using (2 x 2)-matrix
representation. This definition will be very useful in the following sections.

Definition 9. Let us write A € GL(H) as

(0}

with respect to the polarization by making use of linear bounded operators
a/:H+—>H+’ b:H_—>H+

c: H, — H_| d: H — H_.

Then GL,.s(H) consists of all (2 x 2)-matrices A € GL(H) such that b and
¢ are H-S operators.

Proposition 10. Definitions 8§ and 9 are equivalent.

Proof. Suppose A € GL(H) is given by (5) with H-S operators b and c.

Then, since
a b —a b 0 2b
[, A] = (—c —d) T (—c d> o (—20 0> ’

we get that [J, A] is a H-S operator in H.
Now suppose A € GL(H) and that the commutator [J, A] is a H-S oper-
ator. Thus, if we write A as in (5), then

[J, Al = <_O2C 20b) is a H-S operator in H.

Taking restrictions of [J, A] on H, and H_ we conclude that b: H_ — H,
and c: H;y — H_ are H-S operators. U
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Proposition 11. The restricted general linear group GLy,.s(H) is a group

with respect to the composition 7o”.

Proof. We omit the symbol ”o” writing the composition as a product. We
verify the group axioms.

(1) We show that if A, B € GL,s(H), then AB € GL,.s(H). Note that
[JLA =JA—-AJ=AAYJA—-J) = (J - AJAHA.
Then we get
[J,AB] = JAB — AB.J = A(A"'JAB — B.J)
=AA'JA-BJBYB=A(A"1'"JA+J~-J—-BJB")B
= AA'JA—-J)B+ A(J — BJBY)B = [J, A]B + A[J, B].

Since operators A and B are bounded and [/, A] and [J, B] are H-S operators,
it follows that [J, AB] is a H-S operator by Proposition 2.

(2) The product is associative by (1) and the associativity of the product in
GL(H).

(3) As an identity element in G L,.s(H) we can take the identity element of
GL(H) because of

[JJIldj=JIld-1dJ=J—-J=0€ HS(H).
(4) All elements of GL(H) are invertible operators, therefore for all A €
GL,es(H) there exists A™' € GL(H). A7 is an element of GL,.;(H) by
(LA =JA - A = AN AT — JA) A = —A7MJ A|A!

and by Proposition 2, since the product of the bounded operator A~! by a
H-S operator [J, A] is a H-S operator. O

Corollary 4. GL,.s(H) is a subgroup of GL(H).

a b

Proposition 12. If A = e d

) and A € GL,es(H), then the operators
a and d are Fredholm.

Proof. We proved in Proposition 11 that

Al = (S {1) € GL,os(H)

with f and g being H-S operators. Then

Id |u, 0 B a1 [a b\ (e f\ _[(ae+bg af+0bh
< 0 Id|H)_IdH_AA ~\e¢ d)\g h) \ce+dg cf+dh)’
Thus

ae+bg=1d|y, = ae=Id|y, —bg=1d |y, +K, K e K(H,),
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since bg is a H-S operator and any H-S operator is compact. Therefore
both of the operators a,e belong to B(H,)/K(H,), they are Fredholm by
Definition 5 and, moreover, they are mutually inverse in H,. By similar
arguments and

cf+dh=1d|y. = dh=1d|y_ —cf=1d|y. +K, KeK(H_ ),
we conclude that d and h are mutually inverse Fredholm operatorsin H_. [

Definition 10. We define the Banach algebra B;(H) by
B;y(H) :={A € B(H) |[J, 4] is a H-S operator },
where the multiplication is the composition of operators. The norm || - ||; is

defined by
I AN=Allop + [ AJ s -

Remark 1. (1) We note that GL,.s(H) is a subset of B;(H), because any
A € GL,.s(H) is a bounded operator and the commutator [J, A] is a H-S
operator by definition of GL,cs(H).

(2) Remind that a unit of an algebra is defined as an invertible, with respect
to the multiplication, element of the algebra.

Proposition 13. The group of units of Bj(H) is G Lyes(H).
Proof. We know that GL,.s(H) C B;(H). We want to prove that
A€GL(H) < 3 BeBy(H) suchthat BA=AB=1Id.

Suppose that A € GL,s(H). As A™' € GL,.s(H) C B;(H), we com-
pleted the proof in one direction.

Conversely, assume that A is a unit of B;(H): there exists B € B;(H)
with AB = BA = Id. We see that A is a invertible bounded linear operator
whose commutator [J, A] is a H-S operator. It follows that A € G L,es(H).

O

Definition 11. The subgroup of GL..s(H), which consists of its unitary
operators, is denoted by U,s(H):

Ures(H) :={A € GLyes(H) | A is an unitary operator}.

4.2. Sequences and extensions.

This subsection collects some auxiliary algebraic notions such as short
sequences, exact sequences, central extensions, and others that we need to
define the central extension of GL,., in Subsection 4.3.

Definition 12. A subgroup H of a group G is called normal subgroup if
and only if

gHg ' CH foral ge€Q@G.
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Definition 13. If H and F are groups, then an extension of F by H
is a group G having a normal subgroup Hy C G such that Hi = H and
G/H, = F. We used the symbol = to denote an isomorphism of groups.

Definition 14. A sequence (G, f;) is defined as a pair of sequences {G;}
of groups and sequences { f;} of homomorphisms from G; to Giy1, i. e.

Cis Y SR (N R Laa S
A sequence is called exact if and only if im(f;_1) = kern(f;) for each i.
Now we can introduce an equivalent definition of an extension of a group.
Proposition 14. A group G is an extension of F' by H if and only if the
following sequence
LY LN R LNy LI |
15 exact, where the map f1 from H to G is an injective homomorphism and

the map fo from G to I is a surjective homomorphism.

Proof. Suppose that G is an extension of F' by H and a group H; is the
normal subgroup of G such that H; =2 H and F' = G/H 1. Denote by fi and
f2 the corresponding isomorphisms f1 H, — H and f2 G/H, — F. We
aim to find an exact sequence

(6) 1% g e B p By

We define the homomorphisms fy: 1 — H and f3: F — 1 by
fo(l)=1pg and fs(z) =1 forall z € F.

Furthermore, we define f,: H — G by

H(H)=Hy, fi(z) = ffl(x)-

The map f; is injective as fi is bijective and hence its kernel is {1g}, so it
is equal to the image of fy. Furthermore, we define fo: G — F by

fo(z) = fo(x mod (Hy)).
We see that it is surjective since
im fy = fo(G/H) = fo(G/Hy) = F
We also see that the kernel of f5 is H, which is the image of f;. Then the
sequence (6) is exact.

To prove the proposition in the other direction we suppose that the se-
quence (6) is exact with injective map f; and surjective map fo. We want to
show that H = Hy C G, where H; is a normal subgroup of G and G/H; = F
Define Hy by H; := fi(H). Then H; is isomorphic to H. Furthermore, we
know that f(H) = kern(fs) and fo(G) = F. We see that the restriction of
fo on G/Hy is an isomorphism and so F' is isomorphic to G/H;. As H; is
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the kernel of a homomorphism on G, we conclude that H; is normal. We
completed to show that G is an extension of H by F. O

Corollary 5. Given a short exact sequence

L4 By
It is equivalent to say that the group B is an extension of C' by f1(A) .

Proof. We know that for an exact sequence the kernel of f;_; and the image
of f; have to be equal. We note that kern(fy) = {1} because fy is a homo-
morphism and its domain is just {1}. Tt gives kern(f;) = {14} and so f; is
an injective homomorphism from A to fi(A).

On the other hand we know that the image of f3is {1} and so f3(C') = {1}.
We conclude that the kernel of f3 have to be C' and so the image of f, has
to be C'. It follows that f5 is surjective.

As f1(A) is the kernel of the homomorphism f, on B, we conclude that
f1(A) is normal in B. It is not known whether A is a subset of B so we just
affirme that B is an extension of C' by f1(A4) = A. O

Definition 15. A central extension H of a group G by Z is an ezxact
sequence

l—27—H—G—1
such that Z (or, more precisely, the image of Z in H) belongs to the center
of H. We say that the group H is a central extension of G by Z.

Remark 2. If H is a central extension of G, then we remind that Z is a
normal subgroup of H and that H/Z is isomorphic to G.

Proof. The remark obviously follows from Definition 14 and properties of
short exact sequences. Il

Definition 16. Let K be a subgroup of a group G. Then a subgroup Q C G
is called the complement of K in G if KNQ =1 and KQ = G.

Example 1. Suppose K is a normal subgroup of G. If we define Q := G/K,
then it follows that

KNQR=KNG/K =1 and  KQ=K(G/K)=G.
So we see that G/K is a complement of K.

Definition 17. A group G is a semidirect product of K by (), denoted
by G =K x @, if K is a normal subgroup of G and K has the complement

Q1= Q.

Lemma 2. If K is a normal subgroup of a group G, then the following
statements are equivalent:

(1) G is a semidirect product of K by G/ K.
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(2) There is a subgroup @@ C G such that every element g € G has a
unique expression g = ax, where a € K and x € Q).

(3) There exists a homomorphism s: G/K — G with vs = 1g/k, where
v:G — G/K is the natural projection.

(4) There exists a homomorphism w: G — G with kern(m) = K and
m(x) = x for all x € im(7).

Proof. We proceed step by step.

(1) = (2) Let @ be a complement of K in G and g € G. Since G = KQ,
there exists a € K and z € () with g = ax. If g = by is another factorization
of gby be K and y € (), then

Qory'=a'be K = wzy'l=a'becKnNnQ=1{1}.

1

Therefore zy~' =1 and a='b =1, and hence b = a and y = x.

(2) = (3) It is given that any ¢ € G has an unique expression g = az,
where ¢ € K and z € Q. If Kg € G/K, then Kg = Kax = Kz. Define
s: G/K — G by s(Kg) = z. This defines a group homomorphism since K
is a normal subgroup (K¢ = ¢K) and
S(Kg1 K go) = s(Kx1Kxg) = s(K (21 K)xs) = s(K(Kx1)xs)
= s(Kz1x9) = 2129 = (K g1)s(Kga).

If we define v: G — G/K with v(g) = v(az) := Kz, then we can conclude
that it is the identity of G/K, i. e. vs = 1g/k by

v(s(Kg)) =v(x) = Kx = Kg.

(3) = (4) Define 7: G — G by m = sv. For all x € im(r) there exists g € G
such that = = 7(g). Then

m(x) = m(m(g)) = svsv(g) = sv(g) = 7(g) ==
as vs is the identity of G/K. If a € K, then 7(a) = sv(a) = 1 because
K = kern(v) implies K C kern(sv).
To show the reverse inclusion, assume that

1 =m(g) = sv(g) = s(Kyg).

Now s is an injection by set theory. It follows that Kg = 1 and we conclude
g € K. Therefore, K D kern(sv). We completed to show K = kern(sv).

(4) = (1) Define @ := im(nw). If ¢ € @, then w(g9) = g. If g € K, then
m(g)=1.Ifge KNQ, then g=1. If g € G, then gr(g~') € K = kern(r)
for w(gm(g~")) = 1. Since 7(g) € Q, we have g = [gr(g7")|7(g9) € KQ.
Therefore, @ is a complement of K in G and G is a semidirect product of
K by Q. O

We denote by Aut(K') the group of automorphisms of K.
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Lemma 3. If G = K x @ is a semidirect product of K by Q, then there is
a homomorphism 0: Q) — Aut(K), defined by
0.(a) = vax™" foral r€Q, acK.
Thus
01,(a) =a and 0,(0,(a)) = Oyy(a)
forallz,y e Q and a € K.
Proof. Normality of K gives us the fact that 6,(K) = K and so it is an

automorphism of K. The other claims follow from (xy)™' = y~'2~! and the
following equations

01(a) =1lal ™' =al =a
0.(0,(a)) = 0.(yay™") = zyay~ o™ = wya(ey) ™ = Oy(a).
O
Definition 18. Let Q and K be groups and let 0: QQ — Aut(K) be a homo-

morphism. We say that the semidirect product G of K by () realizes 6 if

forallz € Q and a € K,

0,(a) = var™.

Definition 19. Given groups @Q and K and a homomorphism 0: (Q —
Aut(K), define the semidirect product G = K Xg Q) with respect to 0 to
be the set of all ordered pairs (a,x) € K X Q equipped with the operation

(a,2)(b,y) = (aby(b), zy).

In the following theorem we show that any semidirect product with respect
to some homomorphism realizes this homomorphism.

Theorem 2. Given groups QQ and K and a homomorphism 0: QQ — Aut(K),
then G = K Xy Q) is a semidirect product of K by () that realizes 6.

Proof. First we have to prove that GG is a group.
We start by showing that the multiplication on G is associative.

[(a, 2)(b, y)](c, 2) = (abz (D), zy)(c, 2) = (afz(b)0ry(c), 2y2)
= (abz(b0y(c)), xyz) = (a, z)(bby(c), yz)
= (a,2)[(b,y)(c, 2)].
The identity element of G is (1,1) by
(1,1)(a,z) = (161(a), 1z) = (a, x).
The inverse of (a,z) is ((6,-1(a))™!, x71), since
(01 (@) 27 (@, 2) = (B4+(0) 6, (a), 2 12) = (1,1).
We conclude that G is a group.
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Define amap 7: G — @ by (a,x) — x. The map 7 is obviously surjective.
The homomorphism property of 7 follows from

m((a,2)(b,y)) = 7((ab(b), y)) = zy = 7((a, )7 ((b,)).

As m((a,1)) = 1 for all a € K, the kernel of 7 is {(a,1) | a € K}. Recall
that the kernel of a homomorphism is a normal subgroup.

We identify K with kern(r) via the isomorphism a +— (a,1). We also
identify @ with {(1,z) | x € @} C G by the isomorphism z — (1,z). We
can see that KQ = G as (a,1)(1,2) = (a,x) for all a € K, = € @ and that
KnNn@ = {1} as (a,1) = (1,2) if and only if a = 1 Az = 1. We conclude
that G is a semidirect product of K by Q.

Finally we see that G does realize 6:

(171:)(@7 1)(1,ZE)_1 = (eav(a)’x)(lax_l) = (Qz(a’)a 1)'
O

Now we can assert that actually any semidirect product is isomorphic to
a semidirect product with respect to some homomorphism.

Theorem 3. If G is a semidirect product of K by (), then there exists
0: Q — Aut(K) such that G = K %y Q.

Proof. Define 0,(a) = raz~'. We know from Lemma 2 that every g € G has
an unique expression g = ax with a € K and x € (). Since multiplication in
G satisfies

(az)(by) = a(zbs ™ )zy = ab,(b)zy,
we can see that the map f: K xy@Q — G by (a,z) — ax is an isomorphism:

f((a,z)(b,y)) = f((abz(b), zy)) = ab.(b)xy = (ax)(by) = f((a,x))f((b,y)).

The map f is surjective by KQ = G.

We will prove the injective property by contradiction. Let us assume
that f is not injective, then the kernel is non-trivial and thus there exists
a € K and =z € @ such that f((a,z)) = 1 with a # 1 and « # 1. Then
r=a!€ K and a € Q implies a~* € Q by the group property of Q. We
conclude that a™' € K NQ = {1} and so a™! = 1 leads to a = 1. This is
a contradiction to the assumption that the kernel is non-trivial. We deduce
that f is injective. O

4.3. The central extension of GL,.,(H).

The motivation of this subsection comes from the last subsection of Sec-
tion 5, where we aim to define an action of the central extension of G L,.s(H)
on the determinant bundle of the Grassmannian that covers the action of
the GL,cs(H) on the Grassmannian. We start from the construction of the
central extension of the identity component GLyeso(H) of GLyes(H).
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Operator A € GL,.s(H) will be written as

a b
A= 1);
where a, d are Fredholm operators and b, ¢ are H-S operators for the rest of

the subsection.

Definition 20. We define the identity component GLyeso(H) of GLes(H)

b
' GLrews(H) = {A € GLy.(H) | ind(a) = 0}.
We define the set T by
T7:={q € GL(H}) | ¢ has a determinant}
and T, by

7 :={q € 7| det(q) = 1}.
We define € by
€ :={(A,q) € GLyeso(H) x GL(H,) | ag~' — 1 is of trace class}.
Corollary 6. The set € is a group.

Proof. We define the group operation of € canonically by the group opera-
tions of GLyeso(H) and GL(H.):

(4,9)(B,p) = (AB, qp).
We define (1,Idy, ) € € as the neutral element. This is true since

(1,Idg, )(A,q) = (1A,1dy, q) = (A,q) = (Al,qldn, ) = (A, ¢)(1,1dn, ).

We have to check whether (A, ¢)(B,p) = (AB, qp) € € for (A, q),(B,p) € €.
We know that ¢qp € GL(H, ) and that AB € GLycs0(H). We write AB by

_(a b\ (e f\ _[(ae+bg af+bh
(7) AB_(C d) (g h>_(ce+dg cf+dh)"
Finally we have to check if (ae +bg)(gp)~' —Idp, is of trace class. We know
that b and g are H-S operators such that bg is trace class operator. We
further know that ag™' —Idy, and ep~' —Idp, are of trace class, a, ¢~! and
—a~'q are bounded and a~'q has a determinant, since —a™*(ag™' —Idp, )g =
a~'q — Idy, is of trace class. It follows that (ep~' —Idy,) — (a™'q — Idg, )
is of trace class and so also
a((ep™ —1dy,) — (a'q—1dy,))g ' =alep™ —a'q—1dy, +1dg, )g"
=a(ep™ —a"'q)q”"
=aep ¢! — Idg,

= (ae)(qp) ™ — Idg, .

1

This implies that (AB, gp) € €.
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Notice that for all (4, ¢) € € there exists its inverse (A,q) ! = (471, ¢! €
¢ because of
(Aa Q)(A_la q_1> - (AA_la qq_l) - <1a IdH+)
= (A7 A, ¢ ') = (A7 ¢ )4, 9).

The operators

A7t = (; i) € GLyeso and ¢ '€ GL(H,)

exist, as both are groups. We know that AA~! = 1 implies
ae +bg =1dy, and ae—Idg, = bg.

This yields that ae — Idy, is of trace class as b and g are H-S operators.
It follows that a~!(ae — Idp, )q is of trace class as a™' and ¢ are bounded.
We already proved in the first part of this proof that a~'q — Idy, is of trace
class. Then (a=!' —Idg, )+ a *(ae —Idy, )q is of trace class and so eq — Idy,
is by

a !(ae — Idg, )g = eq — alqg=eq—a g+ ldg, —Idg,

(a g — Idg, ) + a !(ae — Idg, )g = eq—1dy, .
This implies that (A, ¢)™! € €. O

Proposition 15. We note that T is a normal subgroup of GL(H).

Proof. We claim that 7 is a group. As the neutral element of 7 we choose
Idy, . Every element p in 7 is invertible by definition. This inverse p~! has
a determinant, as p — Idgy, is of trace class and so also

—p p—1dg,)=—1dg, +p ",

as —p~ ! is bounded. We conclude that p~! has a determinant, which implies
that p~t € 7.

We prove that the multiplication of two elements of 7 is an element of 7.
Suppose ¢,p € T, then the product ¢p € GL(H,). Furthermore, it has an
inverse p~1t¢g~!, as

gp g =qq7t = 1dg, .
The operators ¢ —Idy, and p—Idg, are of trace class and since the space of
trace class operators is a two-sided ideal in the space of bounded operators
we get that (¢ — Idg, )(p — Idy, ) is a trace class operator. Furthermore,

we know that the finite sum of trace class operators is again a trace class
operator. It follows that

qp —Idy, =qp —q—p+I1dy, +¢—1Idg, +p —Idy,
= (q - IdH+)(p - IdH+> + (q - IdH+) + (p - IdH+)
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is a trace class operator, as ¢ — Idy, and p — Idy, are trace class operators
as ¢ and p have determinants. We conclude that ¢gp — Idy, is a trace class.
Thus ¢gp is an operator with a determinant and it is an element of 7.

To prove that 7 is a normal subgroup in GL(H, ), we have to show that

BgB'er forall ger, Be€GL(H,).
We know that ¢ — Idy, is of trace class and that
B(q—1dy,)B'=Bg¢B™' — BB™' = B¢B™' —1dp,

is of trace class since B and B~! are bounded. Then BgB~! has a de-
terminant. It is obviously linear, bounded and has the inverse Bq='B~!,
as

B¢ 'B'BgB'=Bq¢'¢B™' =BB ' = Idg, .
We conclude that BgB~! € 7 and so 7 is a normal subgroup of GL(H,). O

We introduced all necessary sets to define the central extension of GL;s0(H).
Before we do this, we examine relations between the sets in more detail.

Proposition 16. (1) The quotient space T/, is isomorphic to C*.
(2) To every Fredholm operator a: Hy — H. of index zero one can add
a finite rank operator t: H, — H, such that the sum q := a +t is

an tnvertible operator in H, .
(3) The set

€, :={(1,q) € GLyeso x GL(H,) | 1¢"* — 1 is of trace class} C €

is isomorphic to T, i.e. €, = {ldg} x 7.
(4) The set €, is a normal subgroup in €.

Proof. We argue as follows.

(1) Consider the determinant function det: 7/m — C* that defines a group
homomorphism by

det(q1q2) = det(q) det(gqz).

It is obviously surjective and since the kernel of det: 7 — C is 7, we conclude
that det is an isomorphism.

(2) We know that dim(kern(a)) = dim(cokern(a)) < oo. Choose the or-
thonormal basis (eq,...,e,) of kern(a) and (by,...,b,) of cokern(a) where
n € N is finite. Then we define t: H;y — H, by

t(e;) :=b; and
t(x) :=0if x € H; \ span(ey, ..., €,)

and get a finite rank operator.
If we write ¢ := a + t, then we see that the kernel of ¢ is empty by

H+ = (H+ \ Span(el, a3 6n)) D Span(ela ) en)
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and moreover
a(z) #0if x € Hy \ span(ey, ..., e,)
t(x) =0if € Hy \ span(ey, ..., e,)
a(x) =0 if = € span(ey, ..., €,)
t(z) # 0 if z € span(ey, ..., €,),
which shows the injectivity of q.
The surjectivity of ¢ follows from

a(H, \ span(eq, ...,e,)) = Hy \ span(by, ..., b,)
t(Hy \ span(ey,...,e,)) = {0}
a(span(ey, ..., e,)) = {0}
t(span(ey, ..., e,)) = span(by, ..., b,)

and
q(Hy) =a(Hy) @ t(Hy) = a(Hy \ span(ey, ..., e,)) @ t(span(ey, ..., e,)) =

= H, \ span(by, ..., b,) @ span(by,...,b,) = H..
It follows that the operator ¢ is bijective and so invertible.
(3) From the definition of &,

¢ ={(1,q) € GLyeso X GL(H,) | 1¢7" — 1 is of trace class}

we know that ¢~ — 1 is a trace class operator and we get that ¢~! has a

determinant and so ¢ has a determinant. Moreover ¢ € GL(H,) implies
q € 7. We get that €, = {1} x 7. Then the map y: 7 — &, defined by

yla) == (1,9)
is surjective. The kernel of y is obviously trivial which yields to the bijectivity
of y. The conclusion is that &; is isomorphic to 7.
(4) Suppose (A, q) € € and (1,p) € €,. Then

(A9 (Lp) (A q) = (A7 ¢ (L, p)(A q) = (AT A, ¢ 'pg) = (1,47 pa)
is an element of €, = {(1,q) € GL,es0 X T}, as ¢ 'pg € T and 7 is normal
in GL(Hy). This implies that &, is normal in €. O

To give the statement of the following proposition we introduce the nota-
tion
€11 :={(1,q) € GLyeso(H) X 11 }.
It is obvious that &;; is isomorphic to 7. We also remind that the quotient
7/7 is isomorphic to multiplicative group C*.

Proposition 17. A central extension GL),,o(H) of GLyeso(H) by C* is

res,0
¢/&1. We write it as the exact sequence:

C* — @/@11 — GLTe&()(H).
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Proof. We first construct the central extension of GL,.s0(H) by 7, i. e.

IS @ B GLeo(H).

We define fi: 7 — € by

file) = (1, 9),
which is injective since the kernel of f; is trivial. We set fa: € — G Lyeso(H)
by f2((A,q)) = A, which is obviously surjective and its kernel consists of
elements (1,q) € €. So we see that the kernel of f5 is {(1,q) | ¢ € 7}. Thus
we got a central extension of GL,.o(H) by 7.
Notice that we get the same result if we take 7/7; = C* instead of 7 and
¢/€,, instead of € and modify fi, fo correspondingly. O

We are interested in the central extension G'Ly, ,(H) and not in the cen-
tral extension &, as we are not able to construct GL;.,(H) as a semidirect
product of €. More precisely, the automorphism of G L,.so which generates
the semidirect product GL,.s(H) from GL,cs0(H) can not be covered by
an automorphism of GL;,, ,(H), which could generate a semidirect product
GL).(H) from GL;., ,(H). There only exists an endomorphism.

res res,0

Recall that the unilateral shift o: H — H is defined by

olg, (zr) = 241 ol =1d g,

where H = span{z;}rez. Roughly speaking the shift operator is a proper
isometry of H, with range equal to all vectors which vanish in the first
coordinate. If we fix a basis zg, 21, ..., of H, it is easy to see that kerno =
{0}, while cokerno = {zp}. Since o is an isometry, its range is closed, and
thus o is a Fredholm operator and ind(c) = —1.

Now define
n_J (@™ if n>0
4 —{ (c*)™ if n<0’
where o* is the adjoint operator of o. Since for n > 0 we have kern o™ = {0}
and
cokern o™ = kern(o*)" = span(zo, ..., 2n—1),

*

it follows that ind(¢") = —n. Similarly, since (o™)
have ind(¢") = —n for all n € Z.

For Z we define the isomorphic group (), which is generated by the shift
operator o by Q :=={q € GL(H;) |3 n€Z:q=0o"}.

= o " forn < 0, we

Proposition 18. The restricted general linear group G L,.s(H ) is the semidi-
rect product of its identity component GL,.so(H) by Q.

Proof. We have to show that G L,.s(H) is equal to all ordered pairs (A, q) €
GL,es0(H) x Q equipped by the operation

(A7 ql)(Bv QQ) = (Ae(h (B)7 QIQ2>
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by using Lemma 2.
We start from the inclusion GL,es(H) O GLyeso(H) x Q. Consider
(A,0™) € GLyeso(H) x Q. If we write

_fa b (o, O
=) =05

then the index of Ao is equal by definition to
ind(Ao) = ind(ao |y, ) = ind(a) + ind(o |y, ) = ind(a) — 1.

To identify elements of GL,es0(H) x Q with GL,.s(H) we define the map
t: GLyeso(H) X Q — GLues(H) by t(A,0") = Ac". We claim that ¢ is
injective and it is true if the kernel of ¢ is trivial. If Ac™ = 1, then A = (¢™)~!
and since A € GLyes0(H) then ¢” also have to be from GL,cs0(H). It is
true only if n = 0, but then ¢ =1 and A = 1 and the kernel of ¢ is trivial.
Let us show the inverse inclusion GL,.s(H) C GL,cs0(H) % (). Consider
A € GLyes(H) with ind(a) = n, then ind(Ac™) = 0. We know that Ao” €
GL,eso(H). We continue to use the identification given by the map ¢. Thus
any A € GL,s(H) can be identified with (Ac™,07") € GLyeso(H) X Q and
SO
GLres(H) g GLT@S,O(-H) X Q
O

Proposition 19. The central extension of GLyes(H) by C* is GL7, (H) :=
ZXGLy,,o(H), i.e.

C* = GL;.,
Proof. We know that

C* = GLy,

res,0

(H) = GLyes(H).

(H) — GLT@S,O(H>
is a central extension. We can conclude that
C* — ZxXGLY, o(H) = ZXGLyeso(H)

res,0
is a central extension. We know that ZQGL,,G&O(H ) is equal GL,.s(H) and
so it is enough to show that ZQGL;S@(H ) is a semidirect product and to
define it as GL;, (H).
We define the endomorphism ¢: & — & by

(cdAo™t ogo™") on o(H,)

(A,q) = (oA q5) = {(a‘Aal, 1) on Hy ©o(Hy)

It is not an automorphism as ¢ — ¢, is obviously not an automorphism.
But we see that det(q,) = det(q) and so it is an automorphism of &/ =
GLyeso(H). So we got that ZxGL,., ,(H) is a semidirect product. O

res,0
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5. GRASSMANNIAN

5.1. Definition of Gr(H).

First of all we introduce basic notations and definitions, which will be
used in this subsection.

Suppose that H is an infinite dimensional separable Hilbert space, with a
given polarization H = H, & H_. We define H, and H_ by an orthonormal
basis {2y }rez of H:

span({2zx}tren) := Hy and  span({zp}rez\n) = H-_.

The explicit choice of {2y }rez will be introduced later. We note that 0 is an
element of N in our notation. So H; and H_ are infinite dimensional closed
subspaces of H. It is well known that a finite dimensional Grassmanian
Gri(C™), that is a set of k-dimensional subspaces of n-dimensional complex
vector space C", has the structure of differentiable manifold. We want to
show the same for infinite dimensional Grassmannians over an infinite di-
mensional separable Hilbert space. After the definition we will see that a
Grassmannian could be locally identified with a Hilbert manifold modelled
over the space of Hilbert-Schmidt operators from H, to H_. This convenient
topological and manifold structure will help us to work with its elements and
to solve interesting physical problems.

Definition 21. The infinite Grassmannian Gr(H) is the set of closed sub-
spaces W of H such that

(i) the orthogonal projection pro: W — H, is a Fredholm operator,

(i1) the orthogonal projection pr_: W — H_ is a Hilbert-Schmidt operator.

Definition 22. W € Gr(H) if and only if there isw € B(H,, H), such that
(1) w(H,) = W,
(2) pryow is a Fredholm operator,
(3) pr_ow is a H-S operator.

Notice that w have to be bounded if we require pr, ow to be a Fredholm
operator and pr_ o w to be a H-S operator, since both pry ow and pr_ ow
are bounded operators and

W =Dpryow —+ pr_ ow.
Now we prove that these definitions are equivalent.
Proposition 20. Definitions 21 and 22 are equivalent.

Proof. Definition 21 = Definition 22. Suppose W C H closed, pr: W —
H is Fredholm and pr_: W — H_ is H-S operator. Set dim(kern(pry)) =n
and dim(cokern(pry)) = m with m, n € N. We conclude that there exists
an orthonormal basis {ey }ren of W. We define the bijective linear bounded
operator w: Hy — W by

w(z) =€ with [ e N.
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We conclude that w(H,) = W. It follows that pry ow is Fredholm as w is
bijective and pr, is Fredholm. Moreover, pr_ o w is H-S as w is bounded
and pr_ is H-S.

Definition 21 <= Definition 22. Suppose that w € B(Hy, H), w(H;) =
W, pry ow is Fredholm and pr_ o w is H-S. We know that w: H, — W
is surjective and that the restriction of w on V' := H,/kern(w) is bijective.
We get the bijective linear bounded operator w ]‘71. We conclude that W is
closed as (w |y)"*(W) = H,, H, is closed and (w |y)~! is continuous. We
also know that the restriction pr, ow |y is Fredholm as the image does not
change and the dimension of the kernel will be less or equal to the dimension
of the kernel of pr, o w. We conclude that

priow |y ow ['=pri: W — Hy
is Fredholm as w |(,1 is bijective. It is easy to see that the restriction of a
H-S operator is also H-S, that implies that pr_ o w |y is H-S operator and
then

proow |y ow | =pr: W — H_
is H-S as w |};' is bounded. O

There are some properties, that follow directly from the definition.

Lemma 4. The orthogonal complement W= of an element of W € Gr(H)
has the following "mirrored” properties:

o pri: Wt — H_ is a Fredholm operator.
° pr}r: W+ — H, is a H-S operator.

Proof. We know that
(a) pro: W — H, is a Fredholm operator,
(b) pr—: W — H_ is a H-S operator.
We also know that H, and H_ have the orthogonal decomposition
H. =im(pry) @ Hy/im(pry) = im(pry) @ cokern(pr. );
H_ =im(prt) @ H_/im(pr®) = im(pr*) @ cokern(pr).
We claim that

(8) kern(pr, ) = cokern(prt)
and
(9) cokern(pr, ) = kern(prt).

The proofs of both statements are analogous, therefore we do it only for (8).

We start from the inclusion kern(pry) C cokern(prl). Suppose v €
kern(pry) = WNH_, ie. v € W and v € H_. From this it follows
that v € W+, which together implies that v & im(prt). Making use of the
above decomposition of H_, we conclude that v € cokern(prt).
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We continue and show kern(pr) D cokern(prt). Suppose v € cokern(prt) =
H_/im(prt), v # 0, which implies that v € H_, v ¢ im(prt), and v ¢
kern(prt). Then v ¢ W+, that implies v € W N H_ = kern(pry ).

After we proved our claim we can see that

dim(W N H_) = dim(kern(pr,.)) = dim(cokern(pr*))
= dim(H_/im(prh));

dim(H, /im(pr,)) = dim(cokern(pr,)) = dim(kern(prt))
= dim(W+n Hy,).

Our assumption tells us that pry is a Fredholm operator, i.e. the dimension
of the kernel and the cokernel of pr, is finite. The last equations gives that
the dimensions of the kernel and cokernel of prt are finite, i.e. prt is a
Fredholm operator.
We define the two bijective isometries ty: W+ — W and ty_: H_ — H,
by
tw(wf) = wj
tg (z) =2k, with k£>0,i<0
such that
tg_opr_oty :pri: wt — H,,
where {w;} and {w;} are orthonormal basis of W and W™, respectively,
and {z;};ez is the standard orthonormal basis of H, formed of the standard
orthonormal basis {z;}i>0 and {z;};<0 of Hy and H_.
We know that pr_ is a H-S operator and that the composition with the
two above defined linear bounded operators is also a H-S operator, that leads
to the conclusion that pr}r is a H-S operator. U

Definition 23. We define the graph of an operator T: W — H by
graph(T) .= W, T(W))=Wr={zdy |z e WAy=T(z)}.
We define the orthogonal projection from A to Hy by
(pre)a: A — Hy.
Proposition 21. The graph of every Hilbert-Schmidt operator T: W — W+
with W € Gr(H) is an element of Gr(H).

Proof. We have to prove that pr,: (W, T(W)) — H, is a Fredholm operator
and pr_: (W, T(W)) — H_ is a H-S operator. Notice that pro: W — H,
is Fredholm as W € Gr(H) by definition. The composition of the bounded
operator (pry)rwy and the H-S operator 7', which is bounded, is a H-S
operator. We define V := W/ kern(T") and it follows that 7" |y : V — T(W)
is bijective and a H-S operator, T’ |‘_/1 is bounded, and that

(pri)rowy = (pr)rwy o T v oT |
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is a H-S operator and therefore a compact operator. We write

(ory) wrowy) = (pre)w + (pry)eovy: W, T(W)) — Hy.

As the sum of a Fredholm operator and a compact operator is a Fredholm
operator, we get that (pry)mwrmw)) is a Fredholm operator.
The projection (pr_)mw,rmwy) is the sum of (pr_)w and (pr—)rmwy, i.e.

(pr)wrmwy = (er)w + (r-)rmw)-
Both summands are H-S operators since
W e Gr(H) implies (pr_)w is a H-S operator

and as (pr_)r) is bounded, T |y is a bijective H-S operator and 7" |, is
bounded implies that

(pr=)rowy = (pr=)rwy o T |y oT |\_/1

is a H-S operator. So we can conclude that (pr_)uw.rawy) is a H-S operator
as the finite sum of H-S operators is a H-S operator. U

Definition 24. Define the set Uy by
Uw = {W' e Gr(H) | there is an orthogonal projection my: W — W
that is an isomorphism}
It is clear that Uy C Gr(H). We define now another subset in Gr(H).
Definition 25.
Uw = {(W,T(W)) € Gr(H) | T: W — W is a H-S operator}

Proposition 22. The set Uy is equal to the set (7W.

Proof. First we want to show that Uy C Uy. Let (W,T(W)) € Uy for
some H-S operator T. We define the projection (my ): (W, T(W)) — W by

w = Id |W + (WW)|T(W)> (WW)’T(W): T(W) — W.

Since T(W) C W+, the operator (mw)|rw) is just the zero operator. We
conclude that the operator (my) is surjective with the image .

It is injective since kern(my ) = {(0,0)} € (W, T(W)).

Now we show that Uy C ﬁw. Let W’ € Uy. We need to find a H-S
operator T': W — W+ such that W’ = (W, T(W)).

It follows that
W' = (nw) Iy (W) @ (mys) |y (W)

and (my) |y~ is an isomorphism. We obtain W' = (W, (my1) |y (W)).
With the fact that (my) |y is an isomorphism, we can conclude that

/

(mw2) Ly (W) = (mws) Iy o(mw) [ (W),
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where () I;/l, is the inverse of (mw) |y;. If we define the bounded operator

T: W — W+ by

T = (mw2) lw o(mw) [

then W' = (W, T(W)).

If we are able to show that T is a H-S operator, then we are done. As
W' € Gr(H), we can conclude that (pry) |wrmy= (pr+) | is a Fredholm
operator and (pr_) |wrwy= (pr-) |y is a H-S operator. It is well known
that

(pro) lwrawy= (pre) w +(pryoT) |w,

(or-) lwrovy= (pr-) lw +(pr-oT) |w .
We see that
(pr-oT) lw= (pr-) [wrmw) —(pr-) lw

is a H-S operator, as (pr—) |wmrmw) and (pr—) |w are H-S operators as
(W, T(W)) = W' and W are elements of Gr(H). We know from Lemma 4
that (pry) |y is a H-S operator and so is (pry) |y oT = (pryoT) |w, as
T is a bounded operator. So T is a H-S operator as it is the sum of two H-S
operators,

(prs o T) lw +(pr_oT) |w=T.

It follows that for all W' & Uy, there exists a H-S operator T: W — W+t
such that W' = (W, T(W)) and it gives Uy C Uy O

In the following Corollary we will bring a topology from the space of H-S
operators from W to W+ to Uy by proving the existence of a bijective map
between the two spaces.

Corollary 7. There exists a bijective map from Uy to HS(W, W),

Proof. An element of Uy can be identified with (W,T(W)) where T €
HS(W,W+). We define the map ¢y from Uy to HS(W, W) by

ew (W, T(W)) :=T.

It is injective as if the graphs of two operators from HS(W, W) are different,
then the two operators have to be different.

The surjectivity is obvious, since we know that the graph of every H-S
operator T': W — W+ is an element of Uy C Gr(H). 0

Now we can identify every element of Gr(H) with at least one H-S operator
which maps an element W € Gr(H) to W+. Furthermore, we will see that
one can identify locally elements of Gr(H) with elements of HS(H,, H_).
To prove this, we previously need the following auxiliary statements.
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Definition 26. We define the subset S of Z with finitely many negative
elements and a finite difference from the positive integers by

S = {s1, 82, .., Sp < 0} UN\ {iy, }i,, > 0},
i.e. the cardinality of N\ S and S \ N is finite. The subset S defines
Hs € Gr(H) and Ug by

Hg := span({zs}ses), Ug :=Up,.

Denote Z\ S := S. The set of all such S C 7Z is defined by

S :={SCZ]|| S\N|<oon|N\S |< oo}
We define the virtual cardinality of S by

virtcard(S) =] S\N | — | N\ S |.

Remark 3. If we index S € & such that

S ={s—d,5-a+1,...} withs; <s; fori<j
where d := virtcard(S), then there exists N € N such that

Sp, =n for alln > N.
Proposition 23. For any W of Gr(H) ezists a S € & such that the or-
thogonal projection pruys: W — Hg is an isomorphism. We conclude that
Gr(H) = | Us.
56

Proof. We know that the dimension of the kernel and the cokernel of the
orthogonal projection pr,: W — H, is finite. Denote them by

dim(kern(pry)) =n and  dim(cokern(pry)) = m.

Suppose that kern(pr,) := span(e,,_1, ..., €m_pn). Then we define Sy := N U
{Sm—1, -y Sm—n < 0}, such that Sy € & and the kernel of prug,: W — Hs,
is trivial, which implies the injectivity pru, .

Since dim(H, /im(pry)) < oo, we write H, /im(pry) := span(e,, ..., €;,,)
with Iy, ...,1,, € N. Then we define

Sl = SO \ {ill7 "‘Jilm Z O} € 67

where {S;,_1, ...; Sm—n < 0} C S;. It’s obvious that the orthogonal projection
prug, : W — Hg, is surjective. Combining this result with the injectivity,
proved above, we see that pry, is an isomorphism.

We conclude that for all W in G'r(H) there exists a S in & such that the
orthogonal projection pry,: W — Hg is bijective. That implies that every
W in Gr(H) is an element of at least one Ug, and therefore Gr(H) is covered
by the union of Ug, S € &. O
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Proposition 24. The subgroup U,.s(H) of GL,.s(H) acts transitively on
Gr(H): for any Wy, W € Gr(H) there is A € U,es such that A(Wy) = W.
The stabilizer of Hy is U(Hy) x U(H_), i.e. we have

AH) =H, ¥ AeU(H,)xU(H.).

Proof. Suppose W € Gr(H), and we will construct an element A € U, .5 such
that A(H,) = W. Thus, if B € U, with B(H,) = Wy, then AB~' € Uy,
and AB~Y(W,) = W.

We need isometries w: H, — W and w': H. — W+. They can be
constructed as follows. Let {z}72, be a canonical basis of H, and {z;},2°,
be a canonical basis of H_. Choose any orthonormal basis {wy}32, and
{wi}2, of W and W+, respectively. Now we define the isometries w and

w™ on basis by

w(zg) =wg, k=0,1,2,... wh(z) = w, k=—-1,-2,...,

and continue them by linearity on H, and H_, respectively.
Then we define

A=wdw:H ® H - H, ®H_

L —
Ao [0+ Wy Wy 1= pryow
= 1) L. el oot
w_ W= wy = pryrow

with A(Hy) =W, as
wi(Hy) @w_(Hy) =pryow(Hy) @pr-ow(Hy) =w(Hy) =W.

A is an unitary bijective transformation since its both components are isome-
tries.

Finally we need to show that A € GL,.s(H). We know that A € GL,s(H)
if and only if w_ and w7 are H-S operators by Definition 9.

Since W € Gr(H), the projection pr_: W — H_ is the H-S operator, that
yields that pr_ ow = w_ is also the H-S operator as a composition with the
bounded operator w. Making use of "mirrored” properties, we summarize
the following properties:

e pry ow’ =wy is the H-S operator and

e pr_ ow™ is the Fredholm operator,
because pri is the H-S operator, prt is the Fredholm operator and w' is
bounded and bijective. The conclusion is that A € GL,.s(H).

A stabilizer of H, has the following properties:
W er

1
o if A S Ures(H), then A := ( L) with
w w

w: Hy - H, wH)=Hy, w-:H_ —H_, w-(H.)=H_,
[} A(H+) = H+.
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It follows that wy(Hy) = Hy, w_ =0, wy = 0 and wt(H_) = H_. Fur-
thermore, w, € U(H,) and wt € U(H_). We conclude that the stabilizer
of Hy in U, (H) is U(H,) x U(H_). O

Remark 4. We should note that the group theory implies that
Ures(H)JUH ) x UH_) 2 {A(H,) | A€ U,s(H)} = Gr(H).

Now we are able to prove that Gr(H) has locally the structure of a Hilbert
space.

Proposition 25. Gr(H) is a Hilbert manifold modelled on HS(H,, H_).

Proof. First we will see that Uy, is an open subset of Gr(H). We constructed
the bijective map

ow: Uy — HS(W, W)
from the proof of Corollary 7. The topology Tyg in HS(W, W) is given by
the norm || - ||gms. We define topology Ty, in Uy by

TUW = {E C Uy : gOW(E) € THS}
= {E CUy:E= gOﬁ}(F) with F' € ‘ZHS}

Then, by definition, ¢y, became a continuous map.

Moreover we claim that ¢} : HS(W,W+) — Uy is also continuous.
Since for any E' C Uy the preimage ()1 (E) of E is equal to pw (E) and
we know that oy (E) € Tys, it follows that ¢y, is continuous.

Thus, we get a continuous, bijective and continuous invertible map

@WC UW — HS(HJF,H,),

Pw (W, T(W)) = (w") " o T ow.

As Gr(H) = |J Us we have an atlas of Gr(H) by {(Us, ¢s)}.
5e6
Finally, we just have to show that the change of coordinates of open

subsets is smooth. Consider the intersection Uy, N Uy, C Gr(H), which
corresponds to Io; C HS(Wy, W) and I,o € HS(Wy, Wib), ie. 0w, (Uw, N
Uw,) = Io1 and pw, (Uw,NUw,) = Io. Consider the identity transformation
Id: H— H. As Wy W3- = H =W, ® Wi, we can write it as a change of
coordinates of H by

Id: Wo @ Wit — W, @ Wit

I — a b a: Wy — Wy, b:W&—)Wl
- d)’ c: Wy — Wit d: Wit — Wi
More precisely, a = prw, |wy,, b = prw, ’WOL, ¢ = pry: lw, and d =
prw: |wye. We have to show that b and ¢ are H-S operators.
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We know that prw, |we=prw, lwe (pre lwe +pr— |we). Lemma 4 shows
that pry lwd_ is a H-S operator and so pry, o pry |W0J'7 as pry, is bounded.
We finally have to show that pry, opr_ ‘WOJ_ is a H-S operator. Since pr_ |w,
is a H-S operator as Wy € Gr(H) the operator pr_ |w, oprw, is H-S as pry,
is bounded. Furthermore, we know that (prw, o pr— |y.)* = pr— |w, oprw,
as for arbitraries x € W3- and y € W; we have

(prw, o pr—(x);y) = (pr—(z); prus (y)) = (z;pr— o pru, (y))-

We conclude that pry, o pr_ |WOL is a H-S operator and so pry, ’WOL. Anal-
ogously one can show that Pl lw, is a H-S operator. We conclude that b

and c are H-S operators and so that a and d are Fredholm operators .
Choose a point W' e Uw, N Uw,. Then

(Wo, To(Wo)) = W' = (Wi, Ty (Wh))
where Ty € Iy; and T € I19. We get the following identities
a(Wo) & b(To (W) = Wr,
c(Wo) & d(To(Wo)) = Ty (W7),

since

() =7 =4 = 4500 = (e & aczugiv )

Furthermore, there exists an isomorphism ¢: W, — W such that

a+bIo\ [ q ). '
(4 I) = (2 Yoy
We know that the images of both operators coincide, the dimension of W)
and W are equal and that the operators are injective. So ¢ is just a permu-

tation of the basis elements such that both operators coincide as operators.
So there exists a change of coordinates which is defined by ¢: Iy; — 1

H(Ty) = (c+dTy)(a+bTp) ' =Th

in a set where (a + 0Tp)~! exists. But we know that a + 0Ty = ¢, so we
conclude that

Iy = {Ty € HS(Wy, W5) | a + bTy is invertible}

is an open set. This set is not empty since for every Fredholm operator a
the operator a 4 b7y is also invertible, since the operator 0T} is compact.
This change of coordinates is holomorphic in the sense of the definition 59
given in the appendix. We get a smooth change of coordinates by ¢, and
since HS(H, H_) is a Hilbert space, the Grassmannian Gr(H) is the man-
ifold modelled on a Hilbert space HS(H, H_). O
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Definition 27. A subset of H is commensurable with H if and only if
dim(Hy/WNH,)<oco and dim(W/WNH,)< oco.

The virtual dimension of W relative to H, is defined as
virtdim(W) g, = dim(W/W N Hy) — dim(H /W N Hy).

The commensurable elements are dense in Gr(H).

Lemma 5. {W C H | W commensurable with H,} = Gr(H)

Proof. We can assert that W is commensurable with H, if and only if W =
(Hy,T(H,)) where T is a finite rank operator. Indeed

dm(WtNH,) <oo <= dim(H,/WNH,)<oo
dim(WNH_) <ooANdim(T'(Hy)) < oo <= dim(W/WNH,;) < 0.

The closure of commensurable subsets of H is equal to Gr(H ), since the finite
rank operators are dense in the space of H-S operators and since Gr(H) =

U Us. O

Se6

Corollary 8. W C H is commensurable if and only if it is the graph of a
H-S operator T: Hg — Hz of finite rank.

Now we will define a similar notion of the dimension for Gr(H).

Definition 28. The virtual dimension of W € Gr(H) is defined by the
Fredholm index of pr:

virtdim(W) := dim(kern(pr;.)) — dim(cokern(pr,)).
Corollary 9. The virtual dimension of Hg s
virtdim(Hg) =| S\N | = [N\ S| .
Now we can realize that the elements of the same virtual dimension form

a connected set and that the union of all spaces with the same virtual di-
mension separates Gr(H) into disconnected pieces.

Lemma 6. The virtual dimension of all W € Ug s equal to the virtual
dimension of Hg.

Proof. Suppose that the virtual dimension of Hg is d and

kern((pry)ug) = span(zi,, ..., zi,,), cokern((pry)my) = span(2;, ., .., Zipi)

which implies d = n — m. We consider W = (Hg,T(Hg)) € Un,. The
virtual dimension of W is

virtdim(W) = dim(kern((pr4) ag © (0r4)rms) © 1))
- dim<COkern((pr+)Hs ® (pT-F)T(Hs) © T))?
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where we used the notation (pry)a: A — Hy. We have to make a case-by-
case analysis of the change of dimension between the (co)kernel of (pry)mg
and the (co)kernel of (pry )y ® (pry)rs) © T- We fix the notation

(pro)mg(2s) = es and (pry)pug) © T(zs) = €5

As T(z,) € Hg, it follows that e + eX # 0, if e, # 0 or el # 0.
CasE 1. Suppose z, & kern((pry)mg) and z, € kern((pry)rmg o T). It
follows that

(pro)as (2s) + (pre)rgrs) © T(zs) = es + €5 #0.

We conclude that the dimension of the kernel and the cokernel of (pry )y, @
(pro)reg) © T is equal to the dimension of the kernel and the cokernel of
(pry)mg. So the virtual dimension of W and Hg are the same.

CASE 2. Suppose z, € kern((pry)mg) and z, € kern((pry)rmg o 7). It
follows that
(pre)ms(2:) + (Pra)rgrs) 0 T(zs) = 0+ e = e #0.

We conclude that the dimension of the kernel of (pry) s ® (pry)rg) o1 is
reduced by one compared with the dimension of the kernel of (pry)m,, i.e.
dim(kern((pr-)z,)) — 1 = dim(kern((pry) 1y ® (pr)rrg) o T)).
Furthermore, the dimension of the image of (pry)my ® (pry)rg) © T grows
by one compared with (pry)mg, which is equivalent to the fact that the
dimension of cokernel of (pr.)ms ® (pry)r(ug) o1 decreases by one compared

with the dimension of the cokernel of (pry)ny, i.e.
dim(cokern((pry)mg)) — 1 = dim(cokern((pry)my ® (pry)rmg) 0 T)).
It follows that
virtdim(W) = dim(kern((pr4 ) as ®© (pr4)rms) 0 T)))
— dim(cokern((pr- )1y ® (pr+ )rcais) 0 T)))
= dim(kern((pry)pmy)) — 1 — (dim(cokern((pry)my)) — 1)
= dim(ker(pr-) ;) — dim(cokern((pr ;)
= virtdim(Hg).

CASE 3. Suppose z; & kern((pry)mg) and z, € kern((pry)rmg) o 7). It
follows that

(pre) s (2s) + (pro)rgug) 0 T(2) = €5 +0 = es # 0.

We conclude that the dimension of the kernel and the cokernel of (pry )y, &
(pri)r(Hg) © T will be the same as the dimension of the kernel and the
cokernel of (pri)m,. So the virtual dimension of W and Hg are equal.



40 CHRISTIAN AUTENRIED

CASE 4. Suppose z, € kern((pry)ng) and z, € kern((pry)rmg) o 7). It
follows that

(pry)mg (2s) + (pra)remg) © T(zs) = 040 = 0.

Thus the dimension of the kernel and the cokernel of (pry.) gs ® (pr4)r(rg) 0T
does not change compared to the dimension of the kernel and the cokernel
of (pry)u,. This yields the equality of the virtual dimensions of W and Hg.

We know that the dimension of the kernel of (pr)py, is finite and so we
can conclude that the virtual dimension of all elements of Uy coincides with
the virtual dimension of Hg. O

Proposition 26. The set Uy s the closure of all graphs of H-S operators T’
from H, to H_.

Proof. We know that every graph of T' € HS(H,, H_) is an element of Uy
and as Hy = H., we conclude that the virtual dimension of all the graphs
of operators T'€ HS(H,, H_) is zero.

Now we take any S € G with virtual cardinal zero which is not N. Then
there exists at least one s € S such that s < 0 and one orthonormal basis
element z, of Hg such that z, € Hg N H_. We take a graph Wy of an
operator T € HS(H,,H_), which has virtual dimension zero, then there
exists a basis element wy, = 2, + 2z, with £ > 0, s < 0. Choose a sequence
a, € C converging to zero and construct a sequence of H-S operators such
that the sequence

(wk)n = Qp2k + 2s
converges to z;. The limit element of Gr(H) has the virtual dimension zero,
as we add one dimension to the kernel of pr, and add one dimension to the
cokernel of pr,.

After this construction we are able to approximate every space of virtual
dimension zero by a sequence of spaces which are given by graphs of H-S

operators from H, to H_. We can conclude that Uy is the closure of the
graphs of all operators T'e HS(H,, H_). O

Corollary 10. The set Ug with S = {—d,—d + 1,...} is dense in U,.

Proposition 27. The set of elements of Gr(H) with the same virtual di-
mension

Ug:={W € Gr(H) | virtdim(W) = d}
is a connected component of Gr(H) and Gr(H) = J e, Ua.

Proof. Denote virtdim(Hg) = d. We know that Ug with S = {—d, —d+1, ...}
is dense in U;. So it is enough to show that Ug is a connected set and
as Us and HS(Hg, Hg) are homeomorphic, it is enough to we show that
HS(Hg, HZ) is connected. We claim that HS(Hg, HZ) is path connected.
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Consider two operators Ty, T1 € HS(Hg, Hz) and define the path p: [0,1] —
HS(Hg, Hg) by t — (1 — )Ty + tT} with p(0) = Ty and p(1) = Ty. Tt is
clear that

(1 =8)To + tTh|[ms < [[Tollus + [[T1]|us < oo.

We conclude that HS(Hg, Hg) is path connected and so connected.
It is clear that U;NU, = 0 for d # k, which implies that Uy is a connected
component. Il

Proposition 28. If W € Gr(H) and A € GL,.s(H) with

a b
A= (e )
then AW € Gr(H) and virtdim(A(W)) = virtdim(W) + ind(a).

Proof. We note that A: H, @ H_ — H, & H_. So if we say that A maps W
to H, then this means that A from pr, (W)®pr_ (W) =W to H ,®H_ = H.
We have to show that (pri)amwy: A(W) — Hy is a Fredholm operator and
that (pr—)amw): A(W) — H_ is a H-S operator. But

A (@ b\ (pry _ apry + bpr_
c d) \pr_ cpro +dpr_ )

pryoA=apry +bpr_: W — H,

It gives

and
prooA=cpry+dpr_: W — H_.

We know that a and pry are Fredholm operators and so a o pry is. Fur-
thermore, b and pr_ are H-S operators and thus we get that bo pr_ is a
H-S operator and therefore a compact operator, which implies that pry o A
is Fredholm. We conclude that (pry)amw): A(W) — H, is the Fredholm
operator, as A™! is bijective and

(pry)agwy o Ao A~ = (pry) aow).-

Since Fredholm operators are bounded we get that pr, and d are bounded
operators. As ¢ and pr_ are H-S operators, we conclude that ¢ o pr, and
dopr_ are H-S operators and so (pr_)awyo A: W — H_ is a H-S operator.
This implies that

(pro)awy o Ao A~ = (pro) awy: A(W) — H_

is a H-S operator as A™! is bounded. Thus A(W) is an element of Gr(H).
We know from Definition 28 of the virtual dimension that

virtdim(A(W)) = dim(kern(pry) agw)) — dim(cokern(pry) aow))-
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Since (pry)amwy = aopry +bopr_: W — H,, where aw, is a Fredholm
operator and bw_ is a compact operator we have
ind((pry)amw)) =ind(aopry + bopr_) =ind(aopry).
Furthermore, we know that
ind((pry)awy) = dim(kern(pry) aowy) — dim(cokern(pry) aow))
= virtdim(A(W)),
and thus
virtdim(A(W)) = ind(a o pry).
As the index is a group homomorphism, we get that
ind(a o pry) = ind(a) + ind(pry).
Taking into account
ind(pry) = dim(kern(pry )w) — dim(cokern(pry )y ) = virtdim(W),
we get that

virtdim(A(W)) = ind(a o pry) = ind(a) + ind(pry)
= ind(a) + virtdim(W).
U

5.2. Dense submanifolds of Gr(H).

Starting from this subsection we will identify H with L?(S',C) and z
with

exp(ifk): S* — C, exp(ifk) = 2~

In this section we want to consider four dense submanifolds of Gr(H). They
are important as it is often easier to prove a property for a dense subset
and then extend it over the density property to the entire space. Further-
more, they will help us to understand the structure of Gr(H) and so we
will receive a better imagination of the Sato Grassmannian. Three of the
dense submanifolds will give us interesting information about the functions
contained in the elements of the dense submanifolds.

CAsE 1. First we want to introduce a dense submanifold which consists of
elements W of the infinite dimensional Grassmannian Gr(H) and which can
be identified with elements of finite dimensional Grassmannians.

Suppose that a closed subset W of H which lies in Gr(H) is such that

FH, cW P H,.
This W can be written as a subset of the quotient space

H = 2 "H,/2"H,.
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A generic element f of W has the form

(10) f= Z f7 = Z ;7 +Zf]z3

and it is equivalent to the elements of an equlvalence class

k—1 k—1
gl :={feW | D gz => [}
j=—k =—

As the space of the equivalence classes is of finite dimension (exactly of
dimension 2k), W can be considered as a point in

2k
G (H—kk U GT‘2k H_k k:)

where G, (H_ ) is the finite d1mens1onal Grassmannian of n-dimensional
planes of 2k-dimensional linear spaces H_j ;. We notice that a point in
Gr(H_iy) is of infinite dimension, although it can be identified with a finite
dimensional point.

We define Gro(H) = Upey Gr(H_yx). So if W € Gry(H), then there
exists k € N such that W € Gr(H_j ).

Now we want to describe Gro(H) in terms of coordinate charts. Suppose
W e Gro(H) C Gr(H). It follows that there exists S € & such that
W = (Hs,T(Hs)) € Us. The inclusion 2*H, C W C z *H, and the
form (10) of f imply that {k,k+1,k+2,...} C S andif s € S, then s > —k.
Furthermore, it follows that for all s € S one have

T2 =0, if s >k,
Tz = > Tz, if —k<s<k.

We conclude that there exist at most k? non-vanishing matrix entries in 7.
Such kind of operators are dense in the space of H-S operators. We can
conclude that Gro(H) is dense in Gr(H) in L*-norm.

CASE 2. We already studied the dense submanifold Gr(H) := {W C H |
W commensurable with H, } in Lemma 5. By corollary 8 we know that the
elements of this dense submanifold are the graphs of H-S operators from Hg
to HZg with finite rank.

CASE 3. We will now define Gr,,(H) as the real-analytic Grassmannian man-
ifold, which consists of graphs of all H-S operators T': Hg — Hg with matrix
entries Tp,,, p € S, q € S, such that 77797, is bounded, i.e. ||rP~9T,,||c < o
for some r with 0 < r < 1.

The set of H-S operators with a finite number of non-vanishing entries
in the matrix is dense subset of set of operators satisfying the condition
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P79, |c < M for all p,q. It is also dense in the entire space of H-S
operators. This allows us to conclude that the set of operators described in
the Case 3 is dense subset of the space of H-S operators and therefore the
real-analytic Grassmannian Gr,(H) is dense submanifold in Gr(H).

Why the set is called real-analytic and the idea of the definition will be
evident after the next remark. The definition of a real-analytic function on
the loop group will already now give us an intuition.

Definition 29. A function f: S' — C is called real-analytic if and only
iof [ can be written as

O
k=—00
such that the series converges in some annulusr < ||z|lc <r ! for0O <r <1,
i.e. || fur ™| < oo for all k € Z.

Proof. We want to prove that the series f(z) = > o _ fxz" converges in
some annulus 7 < ||z|| < 77! if and only if || fyr~*l|| < co. If the series

f(z) = Z frih = kazk + [z
k=—00 k=0 j=1

converges, the first sum denoted as f; and the second sum denoted as f5 also
have to converge. This is equivalent to the fact that there exists ¢; € (0,1)
and k; > 0 such that for any k& > k1 we have

VI z ISVl <a <1

and there exists ¢o € (0,1) and j; > 0 such that for any 7 > j; we have

Il S I <a <L

We can reformulate the statement asking for the existence of M > 0 such
that

‘fik’T7k§M<OO.

Then | fix | (V2Mr)™® < 1 and this just leads to the different choice of
re(0,1). O

CASE 4. The following dense submanifold Gr..(H) of Gr(H) is called the
smooth Grassmannian manifold. It consists of all operators T' € HS(Hg, H)
whose entries T, are "rapidly decreasing”, i.e. | p—q |™ T, is bounded i.e.
I 1p—q|™ Tpllc < oo for all (p,q) €S x S and for each m.

The arguments of density of Gro(H) in Gr(H) are the same as in the
Case 3. Why the set is called smooth and the idea of the definition will be
evident after the next remark.
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Remark 5. In this remark the basis of W = (Hg,T(Hg)) € Gr(H) is
defined as a loop group function from S* to C by

wy = 27+ Z The?
pES
The following statements hold:

(1) If W belongs to Gro(H), then every basis element of W is smooth
in the sense of a loop group function.

(2) If W belongs to Gr,(H), then every basis element of W is real-
analytic in the sense of a loop group function.

(3) If W belongs to Gro(H), then every basis element of W is a trigono-
metric polynomial in the sense of a loop group function.

We conclude that a finite linear combination of smooth, real-analytic or
trigonometric basis elements is also smooth, real-analytic or is a trigono-
metric polynomial. Moreover smooth functions, real-analytic functions and
trigonometric polynomials are dense in W € Gro(H), Gr,(H), and Gro(H),
respectively.

Proof. (1) We write } =) s and
w, =27+ Zquzp =291+ Z Tpe??™9),
P )

where w, is the function w,(6) from S* to C. Since 27 = exp(ifq) € L?(S*,C)
is smooth, it is enough to prove that

) =1+ Z Tpez"(0)
p
is smooth with respect to §. The m-th derivative of h(z(#)) with respect of
0 is Zp i"(p — q)"Ipe2"~(6), by
(2(0))™ = (exp(ik#))™ = i™E™ exp(ikf) = i"k™ 2" (8).
We need to show that > i™(p — ¢)"™T,,2P9(0) is continuous for each m.

p
Consider a convergent sequence {6, },eny C S* with 6, — 6 € St if n — oo.
We define z,, := exp(if,) and z := exp(if)). We have to show that if

oo
> Nz = 2Mlle =0,

k=—oc0
then

i"(p— @) Tpg2t™ — i"(p— q)" Ty,
> Z

p
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in L2(S1,C). Since ||(p — q)™Tpyllc < M < < for all p € S, ¢ € S, and for
each m € N, and |[|2277 — Zp*q||<c — 0 as n — oo, it follows that

1R (z0) = B (2)llc < Z 1P = al™ Tqllcllz" = 227 lc

. %Z 2571 = 2 = 0

as n — 0o. We showed that all derivatives are continuous functions.
The existence of > i™(p — q)" 12?7 follows from the fact that

1p—q ™ Thglle < C < o0
for all p, ¢ and for each m > 0. We conclude that
||quH(C §| p—q |7m72 Crns2
and so
ZH |p—q|™ Thellc §Z|p_Q|m|p_qrm72 Cinta
p

ay 2
=Chni2 Y |p—q|7? < o0

P

(2) A basis element w, of Gr,(H) has the form
91+ Z Tpe2"™9)

It is well known that 29 is real—analytlc, such that it is enough to prove that
S T,,2P~9 is real-analytic, i.e. ||r~P=4T, || < oo for some 7 € (0,1). But if

p
W e Gry(H), then the H-S operator with matrix entries 7}, satisfies this
condition. We conclude that w, is real-analytic.

It is clear that w, exists as ||[r~ P47, ||[c < C and so ||T,,lc < rP~4C for
some 0 < r < 1. It follows that

D I Thlle <CY ! < oo,
p p

(3) The basis element of Gro(H) is the finite sum of complex exponential
functions with a factor in front of it. As every trigonometric polynomial has

the form
N
= Z cx exp(tk),
k=—N

we can see that w, of W € Gro(H) is a trigonometric polynomial.
The finite linear combination of smooth, real-analytic or trigonometric
functions is also smooth, real-analytic or trigonometric, respectively. It is
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obvious that the space of all finite linear combinations of a basis of a sep-
arable vector space is dense subset of this vector space. The conclusion is
that the smooth, real-analytic or trigonometric functions are dense in any
W of Gro(H), Gry,(H) or Gro(H), respectively. O

Example 2. We will show that the condition of Remark 5 does not char-
acterize Gro(H), Gry,(H) and Groo(H). Consider the graph Wr € Gr(H) of
the H-S operator T': H, — H_ defined by

1
T =0, Tz = Ez_k for k> 1.

It follows that
0 p#—q
The = {1 - _
., P=-a
We claim that Wr & Gro(H),Gr,(H),Gro(H), though the trigonometric
polynomaals, smooth and real-analytic functions are dense in Wr.

o Since T 44 = % # 0 for all ¢ € N\ {0}, the operator T has infinitely many
non-zero matrixz entries. Therefore Wr & Gro(H).

e Because 1
| —q—q|" Ty = (2q}m5 =2mgm!

is not bounded for m > 2 and q — o0, it follows that Wr & Gra.(H).

2q1

o [t is well known from calculus that r=979T_,, = 1~ 1s not bounded if

r € (0,1) and ¢ — oo. It follows that Wy & Gr,(H).

o We consider the canonical basis {w,}qen which looks like

20 qg=0

Wa = zq—i-%z_q q#0°
This basis element is smooth as 2 is smooth. It is a trigonometric poly-
nomial by definition. It is also real-analytic as | %7’*‘1 |< o0 and | r77 |< o0
for fized ¢ € N\ {0} and some fized r € (0,1). It follows that every fi-
nite linear combination of the canonical basis is smooth, real-analytic and
trigonometric. We can conclude that the smooth, real-analytic functions and
trigonometric polynomials are dense in Wrp.

So it follows that the density of smooth, real-analytic functions or trigono-
metric polynomials does not characterize Groo(H), Gry,(H) or Gro(H), re-
spectively.

Proposition 29. Every element W of Gr(H) is an element of Groo(H) if
and only if the images of the orthogonal projections

pr—: W — H_ and pri: Wt - H,
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consist of smooth functions, i.e.
if fe€im(pr_), then f is smooth

and
if f€im(pry), then f is smooth.

Proof. First we suppose that W € Gro(H). We know that the above pro-
jections pr_ and pr}r are H-S operators by Definition 21, Lemma 4, and that
the projection of the smooth normalized basis elements w, are smooth. We
conclude that the sum
> lpr—(w,)|?
q

converges and so the infinite sum of smooth functions pr_(w,) converges
uniformly on S*. So it is also smooth. As the span of pr_(w,) is the entire
image of pr_, we conclude that the image consists of smooth functions. For
pr}r the proof is analogous.

To show the reciprocal statement we suppose that W € Gr(H) and that
the image of the orthogonal projections pr_ and pri consists of smooth
functions. We also suppose that W is the graph of a H-S operator T: Hg —
Hz. Then

T=pr_oTl +pryofT.

The image of pr_ o T' consists of smooth functions as the image of pr_ does
fepr_(W)=pr_((Hs,T(Hg))) : f smooth
and so
f€prys(pr-(Hs,T(Hs))) = pr-(T(Hs)) : f smooth.

The image of pr, oT is of finite dimension as the intersection of Hg N H, is
of finite dimension and im(7") C Hg. The basis elements of the intersection
Hz N Hy are of the form 27 and are smooth as we know. The finite linear
combination of them will be smooth and so every element of the intersection
is smooth. We conclude that the image of pry o T is smooth.

So an element f of the image of T' is the sum of two smooth functions
fr €im(pry oT) and f_ € im(pr_ oT) and so f is smooth. We conclude
that the image of T' consists of smooth functions.

Mention that T" maps Hg to the space of smooth functions on the circle.
As the graph of T' is an element of Gr(H) it is closed by definition. By the
closed-graph theorem (see Appendix) we conclude that 7" is continuous.

We define f € Hg by

fi= f,2* with f, € C.

qeS
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Then T'f € T(Hg) = im(T) is a smooth function from S* to C, as it is an
element of the image of T. For fixed f € Hg and for all x € S' we write T'f
as

(12) Z Z vofa?”

The m-th derivative with respect to x exists, is continuous and looks like
am m
(13) dx—m(Tf)(x) = zp:zq:pmz vl (x) € C forall f e Hg.

To continue the proof we define a linear continuous functional 7': S* — H,
as the map of T from S* to the dual space of Hg defined by

(14) Z Z ve )2 (z) € Hj
and its m-th derivative

(15) CZc—mm ZZp (x) € Hy.

The two functionals in the equations (14), (15) are defined for all f € Hg
by (12) (13). They are also continuous as 7' is continuous in respect to
f € Hs. It follows that T': S' — Hf is smooth with respect to .

We claim that the smoothness of T': S — H} is equivalent to the fact
that

(16) "I T

is bounded as p — oo for each m > 0, i.e. we consider | p [™ [S)] Tpq |2]2 as

q
a sequence over p such that for each m > 0 there exists a constant C'(m) € R
depending on m such that

|p|mZ| 22 < C(m).

To show the statement we suppose that for each m > 0 it exists a constant
C(m) € R depending only on m such that | p | [ | Thq ]2 < C(m). As

T is continuous with respect to f it is enough to show that (15) exists for
m > 0. It follows that

(X170 7)< Clm+2) | o2
q
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We conclude

SpIm DT P2 < Y Ip™lp ™2 Clm+2)

p

(17) = Cm+2)) [p|?<20(m+2) < o,

p

which guarantees the existence of 32| p [™ [32 | Thq |22

p q
Consider the operator norm of Hg, which is

() () lop = sup [ (T'f)(2) |
=1

with f € Hg C L*(S',C). We note that || f[|> = > | f, | = 1. We get that

dx_m (Tf) (@) | =| Zzpmzm pafa?’(x) |
=| mezmzp (z) Z Tpafq |= Z p|™| Z patdl
P q

for each m > 0 as | 2P(z) |=1, | i |= 1 and {2"}, is an orthonormal system
and so | Z%Z”H = Z lap2"][-
Furthermore since {T vatas {fatq € 12, we get

N Ty IS D T | %qu = Z|

by the Cauchy-Schwarz inequality. From this it follows that

’<Z|p|m’Z pafq |
<2:|p|m Z| Ty )2 <2C(m+2) <

for each m > 0 and we finish the proof in one direction.
To show the reciprocal statement we suppose that 7': S* — HZ is smooth.
It implies that | £ (T f)(z) | is bounded for each m > 0. We know that

)| = | meimzp(m) Zqufq‘ = Z p[™| Zqufq|
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for all f € Hs. We define g € Hg by g(x) :==>_, T,z and denote g, := T,
Then

dm
| o (T9)(@) | =021 Togga | =D 12 1M ThaTh
p q P q
:Z|p|m|Z|qu |2|:Z|p|mZ|qu |2.
p q P q

We will prove our claim by contradiction. Suppose | p | [ | Thq |2]2 is
q

unbounded, then | p [*™ [ | Ty 12]2 is unbounded. So we get that
|p [P ] Z|qu| J=lp ™ Z| pq| ’p’mZ’ pq|

is unbounded as | p [ D] | Ty, |2]% is unbounded. It implies that the ex-
q

pression 3| p [*" [ | Tpq |?] is unbounded and so | L5 (Tg)(x) | do as
p q

d2
|d:B2m |_Z|p|2m2| 10q|2

But this is a contradiction to the fact that | L= (T'f)(z) | is bounded for
all f € Hg for each m > 0. The conclusion is that | p ™[] Ty 122 is
q

bounded for p — oo for each m. Finally, we can write
m 1
I ZquH = [p| (Z Thel?)? < o0
q q

for p — oo for each m.
For p?“}r we can use the same arguments as above, because of the mirrored
properties of W and W+ and the same smoothness of the image. It gives

1Y " Tl = 10D ITpe?)z <00 as g — o0 for each m.
p p

We conclude that | p — ¢ |™ T, is bounded for all (p,q) € S x S and each
m that yields to W € Gry(H).
U

Remark 6. Mention that the last proposition also holds for Gro(H) and
Gry,(H) if we replace smooth functions by real-analytic functions or trigono-
metric polynomials. The only change in the proofs is the corresponding def-
inition of smoothness with the certain property. We will not present proofs
for Gro(H) or Gr,(H) here since they are mostly literally repeats the proof
above.
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Remark 7. The smooth manifold Gro(H) can be identified with the ele-
ments of the H-S operators from H, to H_ with the property that | p—q |™
T, is bounded for all (p, q) € (Z\N)xN and each m. It gets its own topology
defined by the sequence of seminorms
pm i=sup | p—q " Ty |
P

which is well defined since | p—q |™ Ty, is bounded for all (p, q) € (Z\N) xN
and each m.

Proposition 30. Every holomorphic function f: Gr(H) — C is constant
on each connected component.

Proof. As f is continuous it is enough to prove the proposition for the dense
subset Gro(H). Remember that Gro(H) is the union of the finite dimen-
sional Grassmannians Gr(H_, ). These are compact algebraic varieties.
We also know from function theory that every holomorphic function is con-

stant on a compact algebraic variety. So we can conclude that f is constant
on Gr(H). O

The proof, particularly, shows why it is useful to introduce the dense
submanifolds.

5.3. The stratification of Gr(H).

We already saw in Proposition 27 that we can divide Gr(H) into parts
of the same virtual dimension. For a more accurate consideration of the
Grassmannians we will need a finer stratification of Gr(H), which is the
main goal of the present subsection.

Definition 30. We define a generic element W € Gr(H) of virtual dimen-
sion zero by relations:

WNH_-=0 and W&H_ =H.
Proposition 31. The generic elements form a dense open subset V' of Uy.

Proof. We know by Proposition 26 that the closure of all H-S operators
T: H. — H_ coincides with the connected set of virtual dimension zero.
If we can show that the generic elements can be identified with the H-S
operators T': H, — H_, then we get that V is a dense subset.

As W N H_ = (), every basis element of W has to contain at least one
element of H,. As W & H_ = H we can conclude that without loss of
generality every basis element of W contains exactly one element of H, and
that every basis element z° of H, with s > 0 is contained in a basis element
of W. So we can build up the basis of W canonicly with a H-S operator
T: H. — H_by

we = 2° + ZTpszp.

p<0
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This also implies that V' is an open set. U

We define some additional properties of elements of the Grassmannian to
be able to construct a finer stratification of it.

Definition 31. An element f of H = L?(S',C) is of finite order s with
s € Z, if it 1s of the form
f= Z fi?*

k=—o00

with fs # 0 and fr € C for any k < s.

We should note that an element f of finite order s is holomorphic in the
hemisphere oo >| z |[> 1, if s > 0. If s <0, it is holomorphic for all z with
|z |> 1.

Definition 32. Let W/ be defined as the set of elements f of W € Gr(H)
with finite order, i.e.

W/in .= {f € W | f is of finite order s, with s < 00}.
Proposition 32. The set W/ is dense in W.

Proof. We know that there exists Hg, such that the orthogonal projection
prus: W — Hg is an isomorphism, and that the elements of finite order
are dense in Hg, because they contain any finite linear combination of the
orthonormal basis elements z° with s € S. These finite linear combinations
approximate any element from Hg. Therefore, any element f € W, f =
pr;é g, g € Hg, can also be approximated by inverse images pr;lé (gn) of gn,
such that g, — g as n — oo. U

It could be helpful to introduce a space W,, containing only elements of
W of finite order less or equal than m.

Corollary 11. The space of all elements of W € Gr(H) which are of finite
order less or equal than m € Z is given by W,,, == W N 2" H_ and it is of
finite dimension.

Proof. Since the intersection W N H_ is of finite dimension for any W €
Gr(H), we conclude

dim(W,,) = dim(W N 2" H_) < dim(W N H_) + m < oo.

The fact that only elements of finite order less or equal than m of W are in
W, is obvious since

fewnz"""g. «— f= Z fui®

k=—0o0

— f is of finite order < m
— feW,.
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U

Note that W, collects elements of finite order less or equal m, but it is
not able to give us any concrete information about what kind of finite orders
exist in W.

Definition 33. The set Sy consists of all elements s € Z such that there
exists an element of finite order s in W € Gr(H), i.e.

Sw:={s€Z|3 feW:fisof finite order s}.

Remark 8. The set Sy is an element of & and its virtual cardinal is the
virtual dimension of W.

Proof. Suppose that W = (Hg,T(Hg)) is a graph of virtual dimension d.
We consider the basis {w;}ses of W defined by

we = 2° + ZTpszp.

peS
We know that there exists a maximum of S which we denote by /; := max(s).
s€S

It follows that the finite order of every basis element w; lies between s and
l1. We conclude that for all s > [; the finite order of the basis elements w,
are s and so we get that Sy contains all elements of S greater than [;.
Furthermore, we know that the set S has a minimum, which we denote
by Iy := 2161;1(5) So we get that the finite order of wy, lies between [y and [;.

As the finite order of a linear combination of the basis elements can not be
smaller than [y, we conclude that does not exist an element of finite order
smaller than [y, which is equivalent to the fact that Sy is bounded from
below and therefore Sy, is an element of &.

Note that Sy can differ from S only on a number lying in between [
and [;.

We can transform the basis {w;}ses by multiplying its elements by us € C
and combine them linearly such that

Wey, = 2" + E Lps,, 28
pESw

where (Lpg)s,, xs,, 18 @ H-S operator from Hg,, to Hg, , such that we get a
basis {ws,, }syes,, of W. This implies that W € Ug,, and so

(18) virtdim(W) = virtdim(Hg,, ) = virtcard(Sw).
U

The identity (18) allows to express the dimension of W, in terms of the
set Sy .
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Corollary 12. The dimension of W,, is the number of elements of Sy which
are smaller or equal m.

Proof. We know from the proof of Corollary 11 that W, is of finite dimension
and that two elements of different finite order have to be linear independent.
So a basis of W,,, contains all elements of different order. We consider the
basis {ws,, }syesy of W

We,, = 2" + E Ly, 28

pESw
and conclude that a basis of W N 2™ H_ is {wg,, }s;y<m. This implies that
the dimension of W, equals the cardinality of {sy € Sw | sw < m}. O

Proposition 33. If the orthogonal projection from W to 2™ H_ is surjec-
tive, then the dimension of W, is equal m + 1 + d, where d = virtdim(W).

Proof. The dimension of W,, is the dimension of the intersection between W
and H_, plus the dimension of pr (W)Nspan{z°, 2!, ..., 2™}. The surjectivity
of the projection from W to z™*1 H, implies that the cokernel of (pr )y lies
in span{2?, 21, ..., 2™}, and we can write the dimension of the last intersection
by m + 1 — dim(cokern((pry)w)). We mention that

d = virtdim(W) = dim(kern((pry)w)) — dim(cokern((pri)w))
= dim(W N H_) — dim(cokern((pr;)w)).
This implies
dim(W,,) = dim(W N H_) + m + 1 — dim(cokern((pry )w)) = d +m + 1.
O
We aim to define a basis of W which consists of elements of finite order.

Definition 34. A canonical basis {w;}ses, of W consists of elements
ws € W, which have different finite order s and it is written in the form

we = 2° + E szk
k<s, k€Sy

Now we can define a subset g of Gr(H) such that all elements W of it
are isomorphic to the same element Hg and have the same finite orders.

Definition 35. The stratum of Gr(H) with respect to S € & is defined by
g = {W S GT(H) | Sw = S}

We give an equivalent definition of the stratum which helps us to under-
stand the connection of its elements with S.

Definition 36. The stratum consists of all points W € Gr(H) such that
dim(W,,) = d,,(S) for all m, where d,,,(S) is defined as the number of ele-

ments of S which are less or equal than m.



56 CHRISTIAN AUTENRIED

Proof. The proof of the equivalence is trivial if we remined that dim(W,,) =
d,,(Sw) for all m by Corollary 12.
If W is an element of the stratum, then S = Sy and so

dn(S) = dm(Sw) = dim(W,,).

If dim(W,,) = dn,(S) for all m, then d,,(S) = d,,(Sw) for all m as
dim(W;,) = d,,(Sw) for all m. This implies that S = Sy, therefore W
is an element of the stratum. U

Now we want to introduce an index of S which will give us the possibility
to order the elements of &. It will be helpful to order and to describe
elements of Gr(H) with the same properties.

Definition 37. Fvery S € & of virtual cardinal d can be indexed by the
following way:

S = (S_d, S_d+1, )

with s_q < S_g41 < ... and s = k for all large enough k.

Remark 9. Let show that the claim “s, = k for large k7 is true. We will
prove it by induction. Consider S = {s_g4, ..., S—gin—1 < 0FUN\{iy, ..., 0 >
0} andd=| S\N| = | N\ S |=n—m.

Base cases:
n=0m=0=5=N/.
n=1,m=0: iS:{S_1<O}UN:>80:0, s;=1,... V.
n=0,m=1:=S5=N\{iy >0} = s1=1,.. ifiy =0. Ifi; > 0, then
sg =k —1 for sy <iy and s, =k for s > i1 V.

Inductive steps:

n—n+l,mfited=d—d+1,S ={s g1, S—arn_1UN\{i1, ..., 0m }.
We know that for 8" = {s_4, ..., 5—ain_1} UN\ {iy, ..., in } there exists N € Z
such that sy =k for all k > N. As the index of S is the same as the index
of 8" for k > —d — 1, we conclude s, =k for allk > N.

n fited, m — m+1=d—d—1, S ={s_as1, s S—arn JUN\{i1, .., iy1 }-
We know that for S = {s_qi1, ..., 5—asn} UN\ {4y, ..., ip } there exists N € 7Z
such that s, = k for all k > N. We changed in S compared with S' the
indez by plus one, such that s, =k — 1 for sy < sk < tyy1. It follows that
for sg =timi1+ 1=k, and so s, =k for all sy > i1 v

Now we can order sets of the same virtual cardinal.

Definition 38. If virtcard(S) = virtcard(S') = d withd € Z and S, S’ € &,
then S is less than S’ if and only if the number of elements which are less
or equal than m in S are smaller than the number of the same elements in
S" for all m. This is equivalent to the condition that sj, is greater or equal
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than s, for allk € {—d,—d +1,...}, i.c.
S<S = s.>s, Vke{-d—-d+1,.}

/

— dn(S) <d,(S) Vm.
Proof. First we want to show that

sp>s, Vhke{—d—d+1,..} = dn(S)<dn(S

!

) Vom.

Without loss of generality, we suppose that S and S could be only different
in the points s; and s,.

If 5, = s, then it is obvious that d,,(S) = d,,(S") for all m.

If s, > sy, then it follows that d,,(S) < d,,(S") for s, < m < s, d,n(S) =
dp (S for m < s; < s and s;f < s < m. This implies that d,,,(S5) < dp (S’
for all m, and this proves the claim.

The other direction is

sp>s, Vhke{—d—d+1,.} <= d,(S)<dn(S) Vm.

Suppose there exists kg € {—d, —d + 1,...} such that s, < s}co. Then it
follows that ds, (S) > ds,, (S). This contradicts the fact that d,,(S) <
dp(S") for all m. O

Definition 39. The length I(S) of S is defined by I(S) = >~ ,(k — si),
where d is the virtual cardinal of S. -

This allows us to define an ”absolut” order of &.

Definition 40. An element S of & is “absolutely” less than S’ if and only
if the length of S is “absolutely” less than the length of S, i.e.

S<S <« 1S <IS).
Now we need one more definition to understand the following proposition.

Definition 41. The strictly lower triangular subgroup N_ C GL,.(H)
contains all elements A € GL,os(H) such that A(zFH_) = zFH_ and (A —
1)(z*H_) C 2F"YH_ for all k, where 1 is defined as the identity operator
from H to H.

Proposition 34.

(1) The stratum of S is a contractible closed submanifold of the open set
Us with codimension [(S).
(2) The stratum of S is the orbit of Hg under N_, i.e.

Yg = {A(Hs) | Ae N,}
(3) If W € Us, then S > Siy.
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(4) The closure of the stratum of S is the union of the strata of S with

5,25', i.e.
Sg = U Sy

We should mention that the meaning of the word closed in (1) is different
from the meaning of the word closure in (4). In (1) we want to study
the closeness of the manifold, in particular a closed space in the space of
H-S operators. In (4) we want to study the closure of the stratum in a
different way. We will consider elements of the stratum as subspaces of H,
i.e. as vector spaces. That means we can study the closure by sequences
of orthonormal basis {w?}scs of W, of the stratum. That both spaces are
different can be seen in the proof, where we will show that in the first case
the stratum is closed and in the second case the stratum has a closure which
is different from the stratum itself.

Proof. (1) First we have to show that g is a subset of Ug. A canonical
basis {ws}ses,, of W € ¥g with s € Sy = S was defined as

w, = 2° + E Tps2P.
p<s,pESw

It yields that the orthogonal projection of span{w;}scs,, on Hg, = Hg is
an isomorphism. We conclude that W € Ug,, = Us.
For the contractibility property of ¥g we have to define

f: Us—>HS

f((Hs, T(Hs))) == Hs
and
H:Ygx1[0,1] = Xg
HW,t):=(1—t)W @ tf(W).
We see that
HW,0) =W
HW,1) = f(W) = Hs
HW,1) = (1— )W & tf(W) € s,
We claim H(W,t) € ¥g. Indeed
(I-t)Wetf(W)=(1—1t)(Hs,T(Hs)) ®tHg
— (1 1)(Hs © T(Hs)) © tHs
=(1—-t)Hs® (1 —t)T((1 —t)Hs) ®tHg
=Hs®(1-t)T((1—-t)Hg) € Xs.
This implies that g is contractible to Hg.
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Since the inclusion map j: ¥¢ — Ug is smooth and has non degenerate
differential, the stratum g gets a manifold structure and it is a submanifold
of U S-

Now we claim that 3¢ has the co-dimension I(S). Suppose W = (Hg,T'(Hs)) €
Us with T € HS(Hg, HZ). The orthogonal projection from W to Hg is an
isomorphism and there exists an unique canonical basis {w;}scs, such that
the projection of w; is 2z° for all s € S. We mentioned at the beginning
of this proof that W € Xg if and only if the projection of each canoni-
cal basis element has the same finite order as before the projection. Since
W = (Hg,T(Hg)) is the graph, we can write the basis wy as ws = 2° + T'2°.
The finite order s of w, implies that T'z° has to be of the finite order less
than s. This is equivalent to the fact that 7,,, = 0 if p > q.

We claim that the number of pairs (p, ¢) with p > ¢ is [(S). Remind that

virtcard(S) = card(S \ N) —card(N\ S) =n —m =d.
The number of pairs (p, s_4) such that p > s_4 can be count as follows:

o If s ; < 0, then we count every element between s_; and 0, minus
all negative elements of S which are bigger than s_4, plus all non-
negative elements of S. It gives

—sg—1l—-(n—-1)+m=—-s_4g—n+m

o If s 3 >0, then n = 0 and we count all non-negative elements of S,
minus all non-negative elements of S which are smaller than s_4. In
total it is m — s_g4.

It follows that the number of pairs (p, s_4) such that p > s_4 is
—S.g—n+m=—s_g—d.

The number of pairs (p,s_q41) i —S_4+1 — d + 1 and we conclude that the
number of pairs (p, s_qy;) is —s_qy; —d + j for all j > 0. We get that the
length {(S) is equal to the sum of this pairs:

(S) = (k—si) =) (—d+]— s ay)-

k>—d §>0

As every entry T, of the matrix T' = (T),)5«s is a basis element of the
space HS(Hg, Hz) and we fixed [(S) of this basis elements equal to zero to
get the space g, it follows that the codimension of g is I(.5).

We already showed that all elements in the stratum can be identified with
a matrix 17" with 7},, = 0 for p > ¢. Stratum Xg is closed since any sequence

of matrices T with T,Sg ) =0 for p > q converges to a matrix of the same
type.

(2) We aim to show that the orbit of Hg under N_ is a subset of the stratum
of S. Remind that every A € N_ C GL,.s(H) is invertible and so it is
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injective. So we know that A(V)N A(U) = A(V NU). Therefore
A(H)N2"H_ = A(Hg) N A(z"H_) = A(Hs N 2*H_)
= HgNz"H_.

We also know that Hg € ¥g. Together with Definition 36 it gives the
equality dj,_1(S) = dim(Hg N 2*H_). It follows that

dim(A(Hs) N 2"H_) = dim(Hg N 2" H_) = dp_1(S),

which implies A(Hg) € ¥g by Definition 36.
To show that X5 is a subset of the orbit we assume that W = (Hg, T'(Hg)).
Furthermore, we define an operator A: H — H by

A:=1+Toprg,

where pry,: H — Hg is an orthogonal projection and 1: H — H is the
identity operator. The condition 7,, = 0 if p > ¢ says that the finite order
of T(z*) is less than k. It is obvious that the finite order of the projection
is less or equal than the finite order of the original element. This implies

(A—=1)(Z"H_ ) =T(prs(z"H_)) C 2" 'H_.

Furthermore,
AZPH ) =2"H_ @ T(prs(*H_)) = 2"H_

as T'(prs(zFH_)) C 2*"*H_ C 2*H_. From this it follows that A € N_ and
A(Hs) = Hs ® T(Hs) = (Hs, T(Hs)) = W.

The stratum of S is a subset of the orbit of Hg under N_.

(3) If W is an element of Ug, then there exists an orthogonal projection from
W to Hg that is an isomorphism. We mentioned in item (2) of this proof
that the projection of an element of finite order k is smaller or equal than k.
We can conclude that the number of elements d,,(Sy ) of finite order < m
in W is less or equal than the number d,,(S) of elements of finite order < m
in Hg for all m € Z, i.e.

dim(W,,,) = din(Sw) < dn(S) = dim((Hg)m)-
It follows that Sy, < S by Definition 38.

(4) We start to show that the closure is a subset of the union Xg = |J Zg.
s'>s

To obtain the closure of the stratum we have to add all limit points of every
convergent sequence. These sequences can be identified with sequences of
the orthonormal bases and they can only decrease the order of the basis
elements. Thus Sy is smaller or equal than Sy, where W) is a limit point
of a convergent sequence in the stratum.

Now we show that every stratum of S" with S° > S is a subset of the
closure of the stratum of S. Notice that there exists at least one &k > —d
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such that s, > s, with s, € S, s, € S". Then we define the space W, which
is spanned by

(1 —t)2% 4 tz°, k> —d.
If 0 <t <1, then W, belongs to the stratum of S. If £t =1, then W, = Hy
is an element of the stratum of S’. This shows that the closure of X¢ meets
Y g or, in other words, the closure of this orbit meets another orbit. We

claim that in this case the closure of the first orbit has to contain the other
one.

Proof. Let G be a group and Gz, Gy be orbits of the elements x € X and
y € X. Suppose that (Gz)N(Gy) # 0. Then gz € (Gx)N(Gy) if there exists
a sequence {g,} C G such that ¢,y — gx as n — oo. This is equivalent to
the convergence of g~'g,y — x € (Gy) as n — oco. Then

y).

forall ¢ € G onehas ¢ g gy — gae (G
On the other hand ¢g'z € (Gz). So we can conclude that (Gz) C (Gy). O

We proved Sy C Xg, that shows that the union of the strata is a subset

of the closure.
O

5.4. The cellular decomposition of Gry(H).

Now we will construct the "dual” of the stratification of Gr(H) which
we introduced in Subsection 5.3. It is the analogue of the decomposition
of the finite dimensional Grassmannians Gr(H_, ) into Schubert cells. As
the union of these Grassmannians is Gry(H), we can use them to decom-
pose Gro(H) into Schubert cells. The name ”dual” of the stratification will
become clear at the end of this section. We start from the definition of an
order, which is quite similar to the order in Subsection 5.3.

Definition 42. An element f € H is of co-order k if and only if it has

the form
N .
f=2 5
j=—N

with fi, # 0, f; =0 for all j with —N < j <k and f; € C for —-N < j < N.
Now we can define a set analogous to Sy .

Definition 43. The set of all s € Z for which there exists an element of
co-order s in W € Gro(H) is defined by SV, i.e.

SW .= {s € Z | W contains an element of co-order s}.

Notice that the co-order (order) is a "lower” ("upper”) bound of the poly-
nomial f, we put symbol W in the exponent (sub-index) of S.



62 CHRISTIAN AUTENRIED

Proposition 35. S € &.

Proof. Let W € Gro(H). Write W = (Hg, T(Hgs)) where T € HS(Hg, Hg)
with only finitely many non-vanishing matrix entries. We consider the basis
{ws}ses defined by w, := 2° + T2°. Since S has a minimum element and
T has finitely many non-vanishing entries, we conclude that every element
of {w,}ses has a minimum co-order. This implies that S" is bounded from
below. On the other hand, the set S contains all sufficiently large integers.
Thus ws = 2° for large enough s because 7, vanish for big enough indices,
that explains why S" contains all sufficiently large integers. Conclusion is:

SV e . O

Remark 10. Since every element f of W € Gro(H) has a co-order and
two elements of different co-order are linear independent, the orthogonal
projection from W to Hgw is an isomorphism. It implies W € Ugw. We can
define a basis {ws}scsw of W by ws := 2° + 3 ew fp2?, where every basis
element w, is of co-order s, i.e. the co-order of the finite sum Zpgsw fp??
s greater than s.

Now we are ready to define a counterpart of the Schubert cells.

Definition 44. The Schubert cell with respect to S € & is defined by
Cs={W € Gro(H) | S = S}.

Definition 45. The strictly triangular subgroup N, C GL,.s(H) con-
sists of all B € GL,es(H) such that B(zFH,) = 2*H, and (B—1)(z*H,) C
HAYH L for all k.

The following proposition is the ”dual” of Proposition 34 of the stratifi-
cation.
Proposition 36.

(1) Cs is a submanifold of the open set Us of Gr(H) and it is diffeomor-
phic to C19),

(2) Cg is the orbit of Hg under N, i.e. Cs ={B(Hg) | B € N4}.

(3) If W € Gro(H) and W € Ug, then S < SW.

(4) The closure of C is the union of the Cy with S° < S, i.e.

§'<Ss
(5) Cs intersects Sy if and only if S > S'.
(6) Cs intersects Xg transversally in the single point Hg, i.e.
CsNXg={Hs}.
The proof is quite similar to the proof of Proposition 34, which is not very

surprising as Definitions 42 and 43 are analogous to Definitions 31 and 36
of the last section.
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Proof. (1) Suppose W € Cs. Then W € Us by Remark 10. We argue as in
Proposition 34 to show that Cg is a submanifold.

If W € Ug, then there exists a basis {ws}ses of W with basis elements
w, = z° + T2°. We claim that W is an element of the Schubert cell of S if
and only if all w, are of co-order s.

Proof. Suppose W € Cg, i.e. S = SW. The sum of two elements f;, fo of
W with co-order m, n has the co-order m or n, that depends on which of
both is smaller. This conclusion can be extended to an arbitrary sum of
elements of co-order. Therefore, the co-orders of the basis elements w, are
elements of S = S. As wy = 25+ > T,s2P is a basis of W and the co-order
pES
of > T,s2? is an element of S, we conclude that the co-order of wy is s.
p€eS
Conversely, suppose that the co-order of w, is s for all s € S, i.e. s € SV
for all s € S. Since the sum of two basis elements have the co-order of one
of both basis elements, it follows that S = S"W. O

We get that W € Cgs if and only if 7,,, = 0 for indices p < ¢, where
T € HS(Hs; HE). So there are only I(S) entries of T = (T,4)gxg With
p > q. We conclude that the dimension of Cy is [(S) and as T}, € C, we can
conclude that Cg is diffeomorphic to CH9).

The closeness of Cg is proved by the same argument as in the proof of
Proposition 34.

(2) Our first claim is that Cs is a subset of the orbit. Suppose W € Cs.
Write W = (Hg, T(Hg)) and observe that T(prgg(2*H,)) C 2*" H,. We
define an operator B := 1+Topry,. It follows that (B—1)(z*H,) C 2" H,
and B(z*H,) = 2*H, such that B € N,. As B(Hg) = W, we can conclude
that Cs is a subset of the orbit of Hg under N, .

Now we show that the orbit is a subset of the Schubert cell of S. We know
that B(z*H,) = 2*H,, (B —1)(2*H,) C 2" H,, and span{B(z%)}scs =
B(Hg). Suppose f € Hg of co-order k € S is written as f = szk+zp>k fp2?
with fi # 0. It follows that B(f) — f € 2*'H ie. B(f)—f = > ok Ip2T-

Thus
B(f) = fiz" + ngz” + przp.
p>k p>k
This implies that B(f) is of co-order k and we conclude that B(Hg) is
spanned by the basis {B(z°)}scs, where the basis elements B(z°) are of
co-order s. Therefore, SPHs) = S B(Hg) € Cg and the orbit is a subset
of OS'

(3) The orthogonal projection from W to Hg increases or holds the co-order
of an element. Then

card{s€ S:s<m} <card{se SV :s<m} «— S<3SV.
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(4) Let us show that Cs C |J Cg. The limit point of a sequence {W,, },,en C
s'<s
Cs, where W, is spanned by the orthonormal bases with basis elements

(ws)n = (a0)nz® + (1) T2°

having co-order s. These basis elements converge to elements with co-order
greater or equal s. This implies that if W is spanned by these basis elements,
then it is an element of C'y with S < 8. We conclude that the closure is
an element of the union. The proof in the other direction is a copy of the
proof of Proposition 34 under the observation that s}c < Sg.

(5) Suppose CsNEy # 0, i.e. there exists W € CsNEy. Then W € Gro(H)
with S = S and Sy = 5. If we write the basis of W in the form of
wy = 2% + Tz* with the finite order s,, then it is obvious that 7" has only

finitely many non-vanishing matrix entries, because W € Gro(H) and every
basis element w_ is of co-order less than s,. As the co-order of every basis

element wy also has to be an element of SV, it follows that S = S and S’

have the same virtual cardinal, and therefore we are able to compare them.
We denote the co-order of w, by c;. Then ¢, < 3] for all j > k. If we
k

suppose that cx_,, > ¢, with n > 0, then ¢, < ¢, < s;_n < s;ﬂ. We define
Ck—n 1= S, if there exists no ¢; which is greater than ¢;_,, for j < k. So we
get SV and s, < s, for all k, which implies S > 5.

Conversely, suppose s, < s;g for all k, i.e. S > S with virtual cardinal d.
We know that there exists N € Z such that s, = k = s;g forall k > N. We

define the basis {wi}ref—d,—d+1,.3 by wi = 25 + 2% ie. wyp = 22% for all
k> N and W := span{wy }ref{—d,—a+1,.} € Gr(H). Furthermore, it is easy
to see that W € Gro(H), W € Cs and W € X such that W € CsNXy # 0.

(5) If Cyg intersects the stratum of S, then SW = S = Sy,. Writing W =
(Hg,T(Hs)) = (Hgs,To(Hg)) and observing that T,, = 0 for all p < ¢
and (7p)yg = 0 for all p > ¢, we get T = 0 = T We conclude that
W = (Hg,0) = Hs. O

Remark 11. We are now able to understand why the Schubert cells can be
called the "dual” of the stratification of Gr(H).

(1) The same set & indexes the cells {Cs} and the strata {3g}.

(2) The dimension of Cs is the co-dimension of ¥g.

(3) Cs meets Xg transversally in a single point and meets no other stra-
tum of the same codimension.

At the end of these two sections we observe that every W with its H-S
operator T' can be decomposed in an operator T"? and Ty,,, such that T"?
generates a W' € Cg and T, generates a Wyon € Xg.
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5.5. The Pliicker embedding.

In finite dimensional Grassmannians it is common to use Pliicker coordi-
nates to describe the embedding of the Grassmannian into a bigger space.
In this section we will introduce the Pliicker coordinates for the infinite di-
mensional Grassmannian. We need a new type of basis, which we will call
the admissible basis.

Definition 46. Suppose that the virtual dimension of W € Gr(H) is d and
that pro-—ag : W — 2~ H, s the orthogonal projection from W to z~9H,.
A sequence {wy}r>—a C W is called an admissible basis for W € Gr(H)
if and only if
(1) the linear map w: z~4H, — W defined by w(z*) = wy, is a continu-
ous isomorphism, and
(2) the composition pr,-ay, ow is an operator with a determinant.

Remark 12.

(1) In the following, when we mention an admissible basis, we mean the
linear map w.

(2) The canonical basis for W is admissible. More precisely, the compo-
sition pr.-ap, o w differs from the identity by an operator of finite
rank.

Let us prove statement (2). The canonical basis of W € Ug is given by

wy = 21+ Z Tpe?.

peS

From dim(Hg N 27%H,) < oo follows that dim(im(7) N 2~¢H,) < oo since
im(T) C Hg. This implies that pro-ag, o T is of finite rank.

Furthermore, we know that z~¢H_, differs from Hg in only finitely many
basis elements as {—d, —d+1, ...} differs from S just in finitely many points.
This allows us to define a permutation operator p: z~¢H, — Hg, which
differs from the identity by an operator of finite rank. Since w = p+ Tp, we
see that pr.-ay, ow differs from the identity by an operator of finite rank.

The above defined permutation p: 27 9H, — Hg, virtcard(S) = d, is
given by p(z¥) = z°. This is obviously a linear bounded invertible map. We
define w: 27*H, — W by w := (1 + T)p. Its inverse map is the orthogonal
projection prpy, on Hg composed with p~t i.e. w™ :=p~topry,:

wlw(2*) = (p7" o prug) (1 + T)p(2"))
= (p™ oprug)(p(z") + Tp(2")) = p~H(p(z")) = 2" = 1d.-ay, ("),
ww_l(wsk) = (p + Tp)(p_l Oers)(w5k> = (1 + T)(Zk) = Ws, = IdW(wSk)'

We conclude that the canonical basis is an admissible basis.
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Corollary 13. Suppose w is an admissible basis of W € Gr(H) with virtual
dimension d. Assume that S € & is of virtual cardinal d and prs: W — Hg
is an orthogonal projection. Then the composition prgow: 2 “H, — Hg
has a determinant.

Proof. Definition 46 of the admissible basis implies that pr,-ay, o w has a
determinant. We can write

pro-ap, ow = Id +Ay,

where Ay is a trace class operator. The intersection Hg N 2~%H_ is of finite
dimension as S is bounded from below. We conclude that the composition
prgopr,—ag =: By: W — Hg is of finite rank and therefore

prs o pr,—ag o w = Byw := By

is of finite rank. Since z~¢H__ differs from Hg by finitely many basis elements
we know that

prsopr—ag, ow = Id+A;: 2 “H, — Hg,

has a determinant since A; is an operator of trace class. From this it follows
that

prsow = prg o (pro-ag, + pr-ig ) ow
=prsgopry—ag, OW +pPrgopr,—ig_ OwW
= pT’S(Id —I—Ao) + Bl = Id +A1 + Bl.

Since w is an isomorphism and A; + B is a trace class operator, the operator
prs o w has a determinant. 0

Since the projection of an admissible basis on a "similar” S has a deter-
minant, we are ready to define the Pliicker coordinates.

Definition 47. Suppose W € Gr(H) has virtual dimension d and w is an
admissible basis. The Pliicker coordinate mg(w) of w by S is defined by

(w) = det(prg ow) if virtcard(S) =d
T 0 if virtcard(S) # d’

Definition 48. Suppose wy and wy are admissible basis of W € Gr(H). We
define Ayyw, = wl_lwo as the matriz relating wo and wy or relation matrix
of wg and wy.

Proposition 37. Suppose wy and wy are admissible basis of W € Gr(H)
and Ay, 1S the matriz relating wy and wy. Then

ms(wo) = det(Aypgw, )Ts(wy).
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Proof. The proposition follows easily from
7s(wy) = det(prg o wy) = det(prg o wy o wy* o wp)
= det(prg o w) det(w; ' o wy) = det(Ayyw, )Ts(w1).
OJ

Definition 49. We define an equivalence relation on 1*(&). We say a,b €
*(&) are equivalent and write a ~ b if there exists X € C such that a =
Ab.  Then the projective space P(1*(&)) of 1*(&) is defined as the set of
equivalence classes on *(S).

Proposition 38. The Plicker coordinates {ms}tsces define a holomorphic
embedding

7m: Gr(H) — P(H)
into the projective space of the Hilbert space H := >(&).

Proof. First we check that 7 is well defined, more precisely we claim that
the image under 7 is an element of H := [*(&) and can be calculated by:

I 7(W) e=]l m(w) lle= ) | ms(w) [* < oo,
Se6

where w is an admissible basis of W € Gr(H) and w* is its adjoint operator.
We claim that w*w has a determinant and that

| 7 (W) |le= det(w*w).

To prove this we notice that H = 7 9H, @ »~*H_. We use the following
notations in the proof: pri: W — z79H, for the orthogonal projection
from H to z~¢Hy and wy := pry ow: 27 9H, — z~H,. So we can write
w: 2 %H, — H as w = wy +w_. Then we get the equation

ww = wiwg +wiw_.

We know from Definition 46 that w, has a determinant. Since the adjoint
operator of an operator with determinant also has a determinant, we con-
clude that w7 has a determinant and so the product of both w} w, has a
determinant. Furthermore, w_ is a H-S operator as pr_ |y is a H-S opera-
tor. Proposition 3 implies that w* is also a H-S operator and as the product
of two H-S operators is an operator of trace class, we conclude that w* w_
is of trace class. It follows that the following operator is of trace class

ww —Id = wiw; +wiw_ —Id = (wiwy —Id) + ww_,

as it is the sum of the two trace class operators (w*w, —Id) and w*w_.
This implies that w*w has a determinant.

To prove the equation || 7(WW) ||z= det(w*w) of the claim, it is enough to
prove it for any admissible basis of W € Gr(H), since any two admissible
bases differ by the multiplication by a complex number and all Pliicker
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coordinates differ by the multiplication of the same complex number A, .
Furthermore, we can prove the equation for a dense subset of Gr(H), as we
know that the determinant is a continuous function. We choose the dense
subset Gro(H) of Gr(H) for our purpose.

The matrix of the map w, differs from the identity matrix by only finitely
many non-zero matrix entries and the matrix of w_ has finitely many non-
zero matrix entries. From this it follows that the sum of both differs from
the identity by only finitely many non-vanishing matrix entries. The same
is obviously true for w*. So we get that

w'w = (Id+f1)Id +f2) = ld+f1 + fo + fife = Id+f3,

where f1, fo, f3 are operators with finitely many non-zero matrix entries such
that

ld+fi=w", Id+fa=w, f3:=f(+fo+ fife

Furthermore, we know that the determinant of w*w is
det(w*w) = [ [ [1+ Ni(w*w — 1d)],
i=1
where \; # 0 only for finitely many indices ¢. This implies

det(w*w) H1+)\ (w*w — 1d)]
7j=1
for some £ € N. Thus the determinant of an operator coincides with the
determinant of the finite submatrix consisting of non-zero entries out of the
diagonal. Assume without loss of generality, that Id |« +/f1 is an x m
matrix and that Id |,,x, +f2 1S @ m X n matrix, such that

det(w*w) = det((Id |xm +f1)(Id |mxn +/2)),

where the determinant on the left hand side of the equation is an infinite-
dimensional determinant and the determinant on the right hand side of the
equation is a finite-dimensional determinant.

With the following proposition our claim follows.

Proposition 39. If P and Q@ are n X m and m X n matrices, with n < m,
then

det(PQ) =) _ det(P;)det(Q.),
JeU

where U = {J C {1,...,m} | card(J) = n} and Py, Q; are the corresponding
n x n submatrices of P and Q).

We use this proposition by identifying (Id |nxm +f1)(Id |mxn +f2) with
PQ and Py, Q; with the corresponding operators prg, o (Id |,xm +f1) and
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prs, © (Id |xm +f2). Remind the following properties of the determinant

det(AT) = det(A), det(A) = det(A) = det(AT) = det(A*),

where A* = AT. We use this and the fact that 7g(w) = det(prg o w) =
det(prg o (Id | xm +f1)) and get

det((ld |nxm +f1)<1d ‘mxn +f2)) = Z <det(pTS © (Id ‘nXm +f1))
SeC

X det(prs o (Id |n><m +f2))>
=Y mswims(w) = Y | ws(w) 2,

sec seC
where we define

C’::{k;GZ|min{so,—d}§k§min{i2—d]sj:j v jZi}}.

Now we prove that 7 is an embedding. Let W be the graph of an operator
T: Hs — Hg = Hg. The canonical basis {wy, }x>_q for Wr is given by

wy = 2°F + ZTpskzp.
p€eS
Suppose that S and S° € & have virtual cardinal d, S # S’ and write
A:=S\Sand B :=S\S". We know from Remark 12 that the composition
pr ow of the orthogonal projection pr: H — z~¢H, with w differs from the
identity by an operator of finite rank. Since S" and S differ from each other
by finitely many elements, we conclude that the composition of prg and w
differs from the identity by an operator of finite rank. The matrix of the
operator prg o w has the form

1 -+ 0

0

P TA><B

where the identity submatrix is a (S’ N S) x (SN S") matrix and P is a
(S"\'S) x (S\ S") submatrix of 7. This implies that the finite rank operator
is the restriction of 7" on the rows A and the columns B. From this it follows

g (w) = det(T |axp).
If S =S, then pre(w) = Idy, and so 7s(w) = det(Idy,) = 1 # 0. There-

fore, w(w) # 0 for all W € Gr(H) and so 7 is injective. Its continuity is
obvious. So we get an embedding in the coordinate patch Usg. U
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Proposition 40.

( ) WGUS@WS(W)#O

(2) W e Xg < ng(W) #0 and g (W) =0 when S < S

(3) W€ Cs & ng(W) #0 and g (W) = 0 unless S < S

(4) W € Gro(H) & ms(W) = 0 except for finitely many S

(5) W € Gr,(H) & 'O qag(W) is bounded for S € &, for somer < 1
(6) W e Groo(H) < I(S)"rms(W) is bounded for S € &, for each m

Proof. We suppose that W € Gr(H), T: Hs — Hz, W = graph(T),
virtcard(S) = d and w: 279H, — W is the canonical basis of W and so
an admissible basis of .

(1) If W € Usg, then the orthogonal projection prg: W — Hg is bijective.
Since w is bijective by Definition 46, we conclude that prg o w is bijective
and therefore invertible. From this it follows that the determinant of prgow
is non-zero.

Conversely, if mg(W) # 0, then det(prg(w)) # 0 and therefore prg(w)
is invertible and bijective. Then prg: W — Hg is bijective as it is the
composition prg o w o w™! of the two bijective operators prg o w and w1.
This implies W € Usg.

(2) If W € Xg, then W € Ug and mg(W) # 0 by (1) . We know from
Proposition 34 that

WGUS:>SZSW

and that the negation of this proposition is
S < Sw=W¢&Us.

So we get that if S* < S = Sy, then W ¢ Ug if and only if 7o (W) = 0.
This implies that if S° < S = Sy, then W ¢ Yo and 7y (W) = 0, as if
W &Ug, then W ¢ Xy

Conversely, if mg(W) # 0, then W € Ug implies S > Sy,. We know that
W e Us, and so mg,, (W) # 0. Suppose S > Sy, then by assumption,
sy (W) = 0, which is a contradiction to W € Ug,,. We conclude that
S = Sw and so W € Xg.

(3) We use the same arguments as in item (2) and Proposition 36. We
observe W € Cg = W € Ug < 7g,, (W) # 0. By negation of W € Ug =
S < SV, which is S > SW = W & Ug, we get that if S > S = SV, then
W & Uy if and only if 7o (W) = 0. This implies that if " > S = SV then
W&Cy and g (W) =0,asif WUy, then W & Cy.

Conversely, if mg(W) # 0, then W € Ug and then S > S. We know
that W € Ugw implies mgw (W) # 0. Suppose S > S. It follows that
mgw (W) = 0, which is a contradiction. We conclude that S" = S and so
W e Cs.
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(4) If W € Gro(H), then there exist only finitely many 7,, # 0. Propo-
sition 38 yields that mg(W/) is the determinant of a finite S\ S" x S"\ S
submatrix of T". It follows easily from combinatorial analysis that there ex-
ist only finitely many possibilities making the determinant of the submatrix
different from zero.

Conversely, suppose m¢ (W) = 0 except for finitely many S ". Assume there
exist infinitely many non-vanishing 7},,. We know that there exist infinitely
many S € & such that card(S" \ S) = card(S\ S') = 1. If we consider
the (1 x 1)-submatrix of 7" defined as in the proof of Proposition 38, the
determinant of this matrix is Ty, where (S'\S) = {s,,} and (S\S') = {s;}.
As there exist infinitely many non-vanishing 7},,, it follows that there exist
infinitely many S" such that mg (W) # 0, which is a contradiction to our
assumptions.

(5) Suppose W € Gr,(H), i.e. P71, is bounded for all (p,q) € Z\ S x S
for some 0 < r < 1. We remind that for S’ € & with virtcard(S') = d

(S) = US) =Y (k=s) = Y (k—sp)

(19) k>—d k>—d
SDICEI TR S D It
k>—d S;CGA skEB

where A = S\ S and B = S\ S". We know that card(A) = n = card(B)
and so

(20) ralfg(l)Talg(l) .. T“”’g(”)Tang(n) — plS)-US )Talg(l) R Tang(n)a

where ¢ is the bijective map from {1, ..., n} to B and we write A = {ay, ..., a,}
for the set of indixes. The product (20) is bounded as r% 90T, . is
bounded for all 1 < ¢ < n and the finite product of bounded elements
is bounded.

We know that 7wy (w) = det(Taxp) and by calculating the determinant
of Thxp we get that rl(s)r*l(sl)wsx (w) is bounded as it is a finite sum of
bounded elements. As [(S) > 0, r'9) is different from zero and a bounded
constant. We conclude that T’I(Sl)wsf(w) is bounded for all ' € & with
virtual cardinal d. For " € & with virtual cardinal different from d, g (w)
vanishes and so bounded.

Conversely, suppose 7~ "°)ry(w) is bounded for some 0 < r < 1 for
all S € &. This implies that rl(s)_l(sl)wsr(w) is bounded as I(S) > 0
is constant. Suppose S is such that card(S" \ S) = 1. It follows that
det(Taxp) = Tup,- This gives rl(s)*l(sl)ﬁsf(w) = ru=0T . Therefore,
rP=9T,, is bounded for some 0 < r < 1 and for all (p,q) € S xS, ie.
W e Gr,(H).

1s")
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(6 ) Suppose [(S")™ 74 (w) is bounded for each m and for all S € &. Suppose

S' is such that card(S" \ S) = 1, virtcard(S') = d, and S = Sy. We know
that

Tg(w)#£0 & WelUy = S >Sy,=35
and so s;, > s, for all k > —d, that gives 0 < 1(S) < I(S"), i.e. I(S")—1(S) >
0. Suppose that s; € S\ S and s, € S"\ S which implies that
1(S) > 1(S) = 1(S) =55 — 5, =| 85— 5, |> 0
and so [(S')™ >| s; — s, |™ for each m. We conclude that

00 > ()" 1y (w) 2| 55 = s " 7wy (w) =[ 55 — 5 "

SkSJ

As we can repeat this for every s, € S and s; € S it follows that W €
Groo(H).

To show the inverse statement we assume that W € Gro(H), ie. |
p—q |™ T, is bounded for all (p,q) € S x S and for each m. As the Pliicker

embedding is continuous, it’s enough to prove it for a dense subset of Ujy.
We consider the dense subset Us of U; where S = {—d,—d +1,...}. We

know that there exists ¢ € R\ {0} such that (¢ [] |z |)™ = (D] | ; |)™ for
i=1 i=1
x; # 0. Then

n

TR = 9" Teyaiy = O 1y — gD™ T [ Trioti
L. p P
(31) - .
> ) (k= g(j HTkzg = 1) [ Thotor
j=1 i=1

where {—d, —d+1,..}\ S = {ki, ...k, } and g: {1,....,n} = S\ {~d, —d+
1,...} is a bijective map. This is bounded since it is the finite product of
bounded elements | kj — g(j) ™ Tk, q¢j)- As

Z sign(g)c™ H | ki —g(g) ™ Thyg) > Z sign(g)l(S")™ H Ty
i=1

geG geG

(22) S)™) sign(g) H Thig(s)

geG
= (") "y (w),
where G is the set of all bijective maps from {1,...,n} to S'\ {—d, —d +
L.} and ) 4 sign(g)cm]f[l%j — g(J)|" Tk, q¢;) is bounded, we get that

1(S")"mg (w) is bounded for all S € & and for each m. O
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5.6. The CZ,-action.
We will define the action of the circle group T := {z € C | ||z||c = 1} on
H = L*(S",C) by the rotation on the circle S.

Definition 50. The rotation by T on H is the map r,: H — H defined by
u:=exp(ia) € T, a € R,

z = exp(ix) — 2z, = exp(—ia) exp(iz) = exp(i(—a + z)).

Proposition 41. The rotation r, preserves the polarization H = H, & H_
and its fized points are the subspaces Hg € Gr(H), S € &.

Proof. Since H, = span{z* | k > 0} and H_ = span{z* | k < 0}, we see
that r,(z*) = 2% = exp(—ika)z*. Then

span{z¥ | k> 0} = span{2* | k >0} = H,
and

span{z¥ | k < 0} = span{z* | k <0} = H_

as exp(—ika) € C. It follows easily that Hg = span{z* | k € S} is fixed by
r, according to 2¥ € Hy or z¥ € H_ for all k € S. OJ

Definition 51. The map R,: Gr(H) — Gr(H) is defined by
R, (W) = span{r,(w;) | s > —d},
where {ws}s>—q is a basis of W with virtdim(W) = d.

By Definition 51 and Proposition 41 one sees that R,(W) € Gr(H), since
r, preserves the decomposition H = H, & H_.

Corollary 14. If W = graph(T) is an element of Us = HS(Hg, Hg ), then
R,(W) can be identified with the result of the action L: HS(Hg, Hg) —
HS(Hs,Hg) on' T defined by

T = (Tpg)sxs = Tu = (WP Tpg)5xs-
Proof. Let W = span{w, = 29+ Y T,,2" | ¢ € S}, where {w,}4es is the

peS
canonical basis. Then
ru(wy) = w927 + Z Tpou P2l =u™9(27 + Z Tpui™PzP),
pES peS

and span{r,(w,) | ¢ € S} = span{z? + > Tuiz" | ¢ € S}. We
conclude that R,(W) can be identified with the graph of the operator

L(T)=1T,= (uq_prq)§xs-
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Corollary 15. The map R: T x Gr(H) — Gr(H) defined by
R(u, W) := R, (W),

s continuous but not differentiable. More precisely, it is not differentiable
in the first variable.

Proof. We identify W € Gr(H) with T € HS(Hg, Hz) and study the map
R defined by

(U,T) —> Tu (uq prq)SXS E HS(HS,Hé)

Suppose that R is differentiable in the first variable u and that u;, = exp(i(a+
h)). Then the differential quotient

( pT )SXS’ - (uqipTPQ)SVXSHH

((Uz_p B uqip)TPQ)S'XS ”HS

li = li
im | s =lim|

h—0 h h
(™ — ) )
= }lllg[l) ||( n TPQ>S><S||HS = H( (@ —p)u? prq)SxSHHS

exists. The above limit has to converge with respect to the H-S norm, i.e.

1Gi(a = )" P To)susllins = D (D g = p)u?"Thylic)? < oo

a p
Suppose T' = (Tyq)z\N)xn With T4 = L # 0 and T,,, = 0 for p < —1 with

Z ZHTch ZHT_qu? Zq— < 0.

q>1
Then the series
I(i(q + Dus™Tog) @mxnllizs = Dl

q>1

diverges. This is a contradiction to the existence of the differential quotient
for all H-S operators and so we conclude that the map R is not differentiable
in the first variable.

We want to prove that R(u,T) is continuous. Suppose that the sequence
{un, T"} C Tx HS(Hg, Hg) converges, i.e. for any & > 0 there exists N € N
such that the inequality n > N implies

|un — ullc < e and IT" —T||us < €.

Furthermore, we know that the existence of the norm ||T'||gs implies exis-
tence of M € N such that
2
Z [Tpqll” <.

q,p:lg—p|>M

We also know that for any |¢ —p| < M we can find N,_,; € N such that for

all n > Nj,_, we also have [[ul? —u?P|| <e. Since Ny := . m?XM {Ng—p(}
<
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exists due to {Njg—p| || ¢ —p |< M} is finite, we get that for any n > N the
inequality

|u/ — /|| <e forall 0<j<M

holds.
We define Ny := max{Ny, Ny}, where N; is such that for all n > N; the
inequality ||7" — T'||gs < € holds. Then for all n > Ny we have

[1B(un, T") = R(u, T)||lus = || R(un, T") = R(un, T) + R(tn, T) = R(u, T)||us
< [[R(un, T") = R(un, T) [ s + |[R(un, T') = R(u, T)|| s

1 1
_ n 3 _ _ 2
= | D U173, = Toal?]* + | D Dt = w13 2]
q9,p q9,p
%
= | Yl - 7]
q9,p
1

_ _ _ _ 2
e D R [ s U e S (P Vi

a.p:lg—p|>M ap:lg—p|<M
n 1
< 7" =T|lus + [2 Z [ Tpql” + €2 Z 1T 1%)2
a.p:lg—p|>M a.p:lg—p|<M
2 2 1%
<et 26+ T sz
This implies ||R(un,T") — R(u,T)||lgs — 0 as n — oo, that shows the
continuity of R(u,T). O

Definition 52. The T-orbit of a point W € Gr(H) is the map ow: T —
Gr(H) defined by u— R, (W).

Proposition 42.

(1) The T-orbit of W is smooth if and only if W € Gro(H).

(2) The T-orbit of W is real-analytic if and only if W € Gr,(H).

(3) T acts smoothly on the manifold Gro(H) endowed with its C>-
topology.

Proof. (1) Suppose that oy is smooth. Then the differential operator exists
and all its derivatives are continuous. It follows that

1™ (g = )" u" P Tpqg) sxsll s < oo
As the H-S-norm is the sum of positive summands
00 >| g —=p ™ [Jullg "I Tpgllc =l ¢ —p [ | Tpqllc,

we conclude that every summand is bounded and | ¢ — p |™ T}, is bounded
for all (p,q) € S x S and for each m. Therefore, graph(T) =W € Gro(H).
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Conversely, suppose graph(T) = W € Gro(H), ie. | ¢ —p [ Ty is
bounded for all (p, ¢) € Sx S and for each m. Then ||(|g—p|™||Tpqllc)5x s 75
is bounded by arguments of Proposition 29. As

g = pI" | Tpgllc = lillElg — o™ [[ullE 1 T c
it follows that

1™ (g — p)"u" " Tpg)sxsllus < [I(lg = pI™ ([ Thqllc) sxsllas < oo

This implies that the differential quotient exists for each m.

Now we want to show that every derivative is continuous. Suppose that
sequence {uy}neny C T converges to u € T, ie. ||u, — ullc = 0. Remind
the third binomial equation a” — " = (a — b)a™ ' S"1_, (2)*. The group T
is multiplicative, i.e. ¢ € T and ab € T that implies |§| = |ab] = 1. From
these two facts we conclude that

qg—p—1
_ _ o U
[ud™ = u"lle = [|(tn — wud " D (—)c
k=0 n
q—p—1 w
<l = ullefud e > Hu—llfé < lun —ullc lg—p].
k=0 "

Thus
(g —p ™ ulPThg)sxs — (| g —p " u" " Tpg)sxsll s
=[I([ g =p ™ Tpg(ul™ = u""))sxsllms
<[[(lg = p [" Tpg(un —u)(q — p))sxsllas
<lun = ullell(| ¢ = p ™" Tp)sxsllus — 0

as n — oo since ||(| ¢ — p [™™ Tpy)sxsllms is bounded. We conclude that
every derivative exists and continuous, which is equivalent to the statement
that the T-orbit of W is smooth.

(2) For a given graph(T) = W € Gr,(H) we write oy (u) = > oo opu®,
where oy, := BT with By is defined as a linear operator of the matrix form

S xS by
P by =0 ifjAi—k

Denote T* := o, = B,T. We claim that ||r~¥IT*||;;5 is bounded. Since
||r*|k‘T]fq||C and [|T%|| ;75 are bounded it follows that

I M TH| g = ™| T || s < o0

We conclude that oy is real-analytic.
Conversely, if we suppose that oy is real-analytic, i.e. r~HT* < 00, then
r“k‘T}fq < oo for all k and (p,q) € S x S. Thus W = graph(T) € Gr,(H).
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(3) The fact that T acts smoothly on the manifold Gr.(H) means that the
map R my: T — Gr(H), defined by u — (u?PT,,) where Wy € Groo(H)
and T € HS(Hg, Hg), is smooth. We get

(u%_prq)ExS - (uququ)

i | 3 =S us = Il((a = Pu" " Tpg)scs s
(23) = [[((¢ = P)Tpg)5xsllms < oo

The operator ((q — p)"Tpy)g«s 18 a H-S operator for each m since Wr €
Groo(H). The inequality (23) holds for all derivatives, which guarantees the
smoothness of R in the C*°-topology. U

We are able to extend the function R to a function
Rey: CZy x Gr(H) — Gr(H) by R<i(u, W) 1= R, (W).
This function has interesting properties which are stated in the following

proposition.

Proposition 43.

(1) The map Ry is holomorphic on the open set CZ, x Gr(H).
(2) The map Roy maps W € Gr(H) to Rey(W) € Gr,(H).
(3) The map Rex |Gro(my: C* x Gro(H) = Gro(H) is holomorphic.

Proof. (1) Let A € C5*S be a H-S operator and u, u;, € C. Then

lim H (u?;p(qu ™ hqu))SXS — (uq_prq>5‘xS ’
h—0 h s

— lim H (up, "Tpg)gxs + ((un)TPhApg)sxs — (U PThg) 55 H
h—0 h HS

= lim [|(uy (g = p)Tpg) 55 + (uh " Apg) 5csls-

Since [Jup|lc < 1 and the series >, a*k converges for |a| < 1, it follows
that > p, (a¥k)? converges. This implies that (a??(q — p))gxg is a H-S
operator and that the H-S norm of (u} *(¢ — p)Tpq)5xs is bounded. It is
obvious that the H-S norm of (uj ?A,,)s.s is finite. We conclude that the
above limits exist and so R.; is holomorphic.

(2) The map Ry maps T' = (T,,) — (u?PT,,).
If g—p >0, then [[u™PTy|lc = [[ullc " [Tgllc < [|Thlle < o0 as [lulle <1.
If g—p <0, then | g —p |< oo and so ||u9PT,,|lc < co. We conclude that
(U™ Tpg) s € Gru(H).

(3) Consider the differential quotient

i [[[(uf (g = ) Tyq)ss + (uh " Apg)scslll s
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and observe that ¢ — p is finite as W € Gro(H) and so T has only finitely
many non-vanishing entries. Furthermore, u?7? is bounded for v € C* and
thus the H-S norms of (u] (¢—p)T,q)sxs and (ui ¥ Apy)sxs are defined and
bounded. Hence it is holomorphic on C* x Gry(H). O

The stratification of Gr(H) can be described by the action of the semi-
group CZ,.

Proposition 44.

(1) The stratum g of Gr(H) corresponding to S consists precisely of
the points W € Gr(H) such that R, (W) — Hg as u — 0.

(2) The Schubert cell Cs of Gr(H) corresponding to S consists precisely
of the points W € Gro(H) such that R,(W) — Hg as u — oc.

Proof. (1) Let W € ¥g. We know from Proposition 34 that if graph(T) =
W € X, then all matrix entries T),, vanish if p > ¢ with T' € HS(Hg, Hg).
From this it follows that for every non-vanishing matrix entry the inequality
¢ —p > 0 holds. So we have R, (W) = R,(T) = (u?PT),) 5«5 With positive
powers of u. If u goes to 0, then u?™? goes to 0 since ¢ — p positive. So every
matrix entry of 7, vanishes, so the graph(T,) = (Hg,0) = Hsg.

Conversely, we know that graph(T) = W and (u?*T,,) — (0) for u — 0.
We conclude that 7},, = 0 for p > ¢. From this it follows that 72 is of finite
order smaller than s for all s € S, which implies that W € Xg.

(2) Let W € Cg, then the proof is almost reverse to the first part. All
matrix entries T}, vanish if p < ¢ with T € HS(Hg, Hg). From this it
follows that for every non-vanishing matrix entry we have ¢ —p < 0. So
since R, (W) = R,(T) = (v ?1},,) 55 have only negative powers of u and
if u goes to infinity, then u?? goes to 0 for ¢ — p negative. So every matrix
entry of T,, vanishes, that gives graph(T,) = (Hgs,0) = Hg.

Inverse, suppose graph(T) = W € Gro(H) and R,(W) — Hg which is
equivalent to (u??T,,) — (0) for u — oo. This implies that 7,, = 0 for
p < q. From this we conclude that graph(T) =W € Cs. O

Proposition 45. The Plicker embedding
m: Gr(H) — P(H)

is equivariant with respect to CZ, if the map R,: H — H is defined by
(Ru(h))s == u'Shg.

The statement can be written as 7g(R,(W)) = M!S 7g(W), where A € C is
a non-zero factor which can be identified as the determinant factor related
two admissible basis.

Proof. Suppose W € Gr(H) and w: 2~*H, — W is an admissible basis
for W. We construct an admissible basis of R, (W) from w. The orthogonal
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projection of w on z~¢H is an operator with determinant, i.e. Pro-dp, OW =
1 +t, where t: z279H, — 27%H, is a trace class operator. Observe the
operator R, is invertible but has no determinant and

pry-dmg, © R, =R, z—dH, OPIz—df,

as R, preserves the decomposition of H = H, & H_. Unfortunately R, ow
is not an admissible basis because

prz*dH_F o R’u oCw = R’u Zde_’, Opfrzde_Q, cw = R’u Zde+ +R’u Zde_’, Ot

has no determinant. Nevertheless, R, o w o R, gives the admissible basis
since

pro-ag, © Ryowo R,' = Ry |,~agr, opro—ag, cwoR,"
= Ry |.-ap, (R +tR.)
=Ry |.-ag, Ry + Ry |-ap, tR,"
=14 Ry |.-ap, tR,",

or, in other words, pr,-az, o R,owoR; " has a determinant if R, |,-az, tR,"
is of trace class. This is true as R, is bounded and the space of trace class
operators is two sided ideal in the space of bounded operators. The map
R, owo R,! is invertible as all three operators are invertible and so we
conclude that R, ow o R;! is an admissible basis of R, ().

By the continuity of the Pliicker embedding it is enough to prove the
proposition for a dense subset of Gr(H). We know that Pliicker coordinates
of W with respect to S is zero if the virtual cardinal of S is different from
the virtual dimension of W. So it is enough to show it for a dense subset
of Uy. We choose the dense subset Ug with S := {—d,—d+1,—d + 2, ...}
and the following basis w, = 27 + Zp T,42" with ¢ € S. Remind that the
virtual cardinal of S coincides with the virtual dimension of W and that the
Pliicker coordinates of W with respect to S" vanish if S" is of virtual cardinal
different from d. We define two sets

A:=5\S={a, ..., a}, B:=S5\S ={by,...b;}.
We claim that 1(S") = S2F  (b; — a;). Indeed,

(=) (i—s)=) (si—s)= Z (b — ai).

i>—d i>—d i=1

Proposition 38 shows that my (W) is the determinant of the submatrix of
T formed from the rows A and columns B. We denote this submatrix by
TA%B. Now we need to calculate the determinant of R, o T4*% o B!, In
order to do this, we would like to understand the form of entries of T4*B.
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For 2, n € {1,....k},

RAT(R ) = Ru(T(u Z T

k
_ —a; AxB bn, a; __ bn— a; AxB al
= g U Taibn urnzY = g u Talbn

From this it follows that the matrix entries of RUOTAXBOR are ybn—aiTAXB,
If we now take the determinant of this matrix it is obvious that every sum-
mand of the determinant has the factor 2% | (b; — a;) = 1(S"). We conclude
that det(R, o T**F o R;1) = u'9 det(T4*F). The equality det(T4*5) =
g (W) implies
Tg (Ry(W)) = det(R, o T**F o R;Y) = '™ det(T**P) = ul(sl)ws/(W).
O

5.7. The determinant bundle.
In this section we shall construct a holomorphic line bundle Det on the
Grassmannian Gr(H).

Definition 53. For W € Gr(H) of virtual dimension d we define the fibre
Det(W) by Det(W) := {AA | A € C;A = w_g AN w_gs1 A ..., where w =
{wi }k>—a is an admissible basis of W}. We define an element of Det(W) by
[\, w], where w is an admissible basis of W and X € C.

Furthermore, we define the determinant bundle Det of Gr(H) by

Det = U Det(W
WeGr(H)

Proposition 46. If w' and w are admissible basis of W, then
A, w] = [Adet(t), w]
where t = (t;;) is the relating matriz between w and w' such that w; =
Zj tijw;.
Proof. We know that w; = Z]. tijw;-. So

A w] =Aw_gAw_gg A ... = /\(Z t(,d)jw;) A (Z t(,dﬂ)jw;) A
j J

J
= )\(Z H tw(i))wl_d VAN wl_dﬂ VAN

cep i>—d
= Adet(t)w_y Aw gy A ... = [Adet(t),w],

where ¢ is the set of all permutations of the set {—d, —d+ 1,—-d + 2, ...}.
O
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Proposition 47. The fibre Det(W) of the line bundle Det is one dimen-
stonal complex vector space.

Proof. We take any admissible basis w of Det(1/). Then any element [\, w']
of Det (1) can be written as A det(t)[1,w], where ¢ is the matrix relating w’
and w. We get

[\, w'] = [Mdet(t), w] = Adet(¢)[1, w]

and Adet(t) € C. We conclude that [1,w] is a basis of the complex vector
space Det(W). O

Proposition 48. The line bundle Det is a complex manifold.

Proof. We have to show that the transition between two open sets are holo-
morphic. For each indexing set S € & we have the open set Us C Gr(H),
identified with the graphs of H-S operators T': Hg — Hg. For every graph
Wr of T we take the canonical basis, which is also an admissible basis,
w; = 29 4 Zpez\s Tp,2? with ¢ = s, € S = {s_4,5_441,...}. Define the
function ¢g: (C x Ug) — Det by (A, Wr) — [A, w], where w is the canonical
basis defined above.

We claim that it is bijective to its image. If (A, Wrg,) # (A2, Wg,), then
wy # we and/or \; # Ao. From this it follows that [Ay, w1] # [\, ws], such
that g is injective. The surjectivity is obvious. We can now identify the
elements of Det above Ug with the elements of the image of 15 of (C x Ug).

Now we consider the change of coordinates on this manifold. Suppose
that Wr € Us N Uy and Wy = Wy, where T': Hg — H% . We know from

Subsection 5.1 that T = (¢ + dT)(a + bT)™!, where

)

is the matrix of the permutation relating S to S', i.e. A: Hg@® Hi - Hy &
H;, and for all z € H : A(x) = . Note that the submatrix a: Hg — Hy is
a matrix which differs from the identity matrix of Hg by an operator of finite
rank. It is also known that b: Hg — Hg is a H-S operator. Then b7 is an
operator of trace class, since 7" is a H-S operator. Suppose h: Hg — Hy is
an operator of trace class, more precisely an operator of finite rank defined
by h:=a—1d |gs. We get an operator of trace class

a+bT —1d |g,= h+ 0T
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We conclude that a 4+ b1 has a determinant. Notice that b7 takes the form

1 0 O

TAxSmS’ Taxp

where the identity matrix is a S’ NS x SN S matrix.
We claim that a + b1 is the matrix ¢ = (t;;) relating the canonical basis
w of Wy with the canonical basis w’ of W,+. To prove this we observe that

. . ’ . . / .
in every basis element w; of the canonical basis w there is exactly one 2”
/

such that p € S". We conclude that ti; is determind by w; and 2%. So it is

enough to check that ¢;;2% is exactly a part of w;, i.e.
w; = tijzsj + Z CLka.
kEZ\{s}}

We calculate ¢;; from w; = i tijw;-. For this we have to make a case-by-case
analysis for s;- es. If s; € S, then

- O%fsi#s;
11fs,~:sj

It s; ¢ S, then t;; =T, . This coincides with the definition of a + b7 and

5,8

so we get that t = a + bT. If we define \' := Adet(a + bT), then
(N, w] = [Mdet(a +bT),w'] = [N, w].
Now we define the transition x: C x Ug —+ C x Uy by
X =15 ovs, (A, W) = (X, Wy).

Since the graph Wy of T' is determined by 7', we can identify the second
coordinate function with the holomorphic function

E: Iy — HS(Hy, Hy)
where Iy is the notation from the proof of Proposition 25, defined by
T T = (c+dl)(a+bT)"".

Also the first coordinate function p: C x HS(Hg, Hg) — C defined by
(A, T) — Adet(a + bT) is holomorphic. Furthermore, we get that x is
holomorphic and so we get that Det is a complex manifold. O
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Theorem 4. The action of GL,.s(H) on Gr(H) is covered by an action of
GL:..(H) on the line bundle Det, i.e. for every A € GL,.s(H) there exists
(H) of A such that K acts on the line bundle Det.

an extension K € GL,,
Proof. The idea of the proof is to extend an action of GL,s0(H) on Gr(H)
to an action of GL. ,(H) on the line bundle Det and in the second step

res,0
making use of the central extensions over both to get an action of GL,, (H)

which covers an action of GL,.s(H).
We start by considering

Gr'(H) :={W € Gr(H) | virtdim(W) = 0}.

This is a connected component by Proposition 27 of Gr(H) of equal virtual
dimension 0. We take an admissible basis w: Hy — W of W. By definition
this is an isomorphism and we can write it as a Z x N matrix

w= (1),

where wy :=pryow: Hy - H ,w_:=pr_ow: H - H_and pry: W —

H are orthogonal projections of W to H.. By definition of the admissible

basis w, has a determinant as virtdimW =d = 0 and so 2~ H, = H,.
Throughout the proof we identify A € GL(H) with the matrix

A= <Z Z) ,
where a and d are Fredholm operators and b and ¢ are H-S operators. We
define GL,cs0(H) by
GLyeso(H) = {A € GLyes(H) | ind(a) = 0}
We define the subgroup € of GL,¢s0(H) x GL(H) by
€ :={(A,q) € GLyeso(H) x GL(H,) | ag™" has a determinant }.

Now we define an action of € mapping the set of admissible basis of W €
GrP(H) to the set of admissible basis of A(W) € Gr°(H) by

(A, q)w = Awg™".

We state that it is well defined if and only if Awg™! is an admissible basis
of A(W) € Gr°(H).

Proof. The map Awqg™': H, — A(W) is linear, continuous and isomorphic,
that maps z* to v*, where v is an admissible basis of A(W) € Gr°(H) and
A,w, ¢! are continuous, linear and isomorphic. We have

virtdim(A(W)) = virtdim(W) + ind(a) = virtdim (W)

since A € GLyeso(H). So we conclude that A maps W € Gr’(H) to the
element A(W) € Gr°(H).
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Now we prove that the composition of the orthogonal projection pry : A(W) —
H, and the map Awqg™! has a determinant. We have

1 fa b\ (weg"\  [awig +bw gt
Awq = (c d) (wq_1> - (cw+q_1 +dw_qg!

pry o Awg™t = aw,q " + bw_q .

with

We will show that aw, ¢! has a determinant and that bw_g~! is an operator

of trace class. We know that w, has a determinant, therefore ¢ := w, — Id
is of trace class. If we multiply this equation from the left by the bounded
operator a and from the right by the bounded operator ¢~!, we get

1 1

aw+q_1 — aq_1 =atq" and aw,q " = aq_l + atq_l.

Trace class operators form a two sided ideal in the class of bounded opera-
tors, therefore atqg~! is an operator of trace class. The operator ag~! has a
determinant and so ag~! — Id is of trace class. But then ag™! — Id +atq™*
is of trace class and so is aw,q ! — Id. We can conclude that aw,q¢ ' has a
determinant.

We know that the orthogonal projection pr_: W — H_ is a H-S operator
and the composition of a bounded operator and a H-S operator is also a H-S
operator. Since w is linear and bounded, we deduce that pr_ ow = w_ is
a H-S operator. We also know that b is a H-S operator and as the product
of two H-S operators is an operator of trace class, the operators bw_ and
bw_q~! are of trace class by the boundedness of g~!. It follows that

1

pry o Awg™t —Id = aw, ¢ ' — Id+bw_q !

is of trace class as aw,q ' — Id and bw_qg~ ! are of trace class. This yields
that pry o Awg™! has a determinant. O
We define an action of € on Det by
(4, 9)- ]\ w] == [A (A, g)w] = [\, Awg™"].
We define the subgroup 7, of € by 7 := {(1,¢) € € | det(q) = 1}. For
(1,q9) € 7 and [\, w] € Det we get
(1,9).]\ w] = [\ (1,q).w] = [\, wg™].
As ¢ is the matrix relating w and wq™" since wqg=tq = w, we get
(A wg™] = [Adet(q), wg™'] = [\ w]

and so (1, q).[\, w] = [\, w]. We conclude that 7, acts trivially on Det and so
we obtain that /7y acts on Det. We know that €/m = GL., ,(H), which is

res,0

the identity component of GL}. (H), i.e. we defined an action of GL,., ,(H)

res res,0
on Det which covers an action of GL,so(H) on Gro(H).
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Now we construct an action of G Ly o(H) on the part of Det over Gr?(H).
Let 0: H — H be a shift operator

x—zrx forxeH, , zw—az forxeH_.

It is a Fredholm operator with index —1 and the index of the adjoint operator
0* is +1, see Proposition 17. Recall that we defined an automorphism

6:¢/n=GL. ,(H)— ¢&/r=GL, ,(H)

res,0 res,0

by

(cdAo™t oqo™?) on o(Hy)

(A,q) = (cAc ", ¢,) = {(JAJ_l 1) on H,oo(H,).

Furthermore, we define the action ope: Det — Det by
(A, w] = opet-[A, w] == [\, ow].

Now we define the action of A € G'Lyes0(H) on Det |gra(p) to Det |gracy as
the action

Tpe; © 5(A) 0 o
which maps [\, w] — [\, Aw(g,')%]. Here Det |ga(z) denotes Det over the

component Gré(H). It is clear that Aw(q;')? is linear, continuous and is an
isomorphism from z7¢H, to A(W). Furthermore, we see that

virtdim(A(W)) = ind(a) + virtdim(W) = 0+ d = d.

By repeating the argument of the first part of this proof on page 83 we see
that the composition of the orthogonal projection pr: A(W) — 2~9H, and
Aw(q;1)?, pro Aw(q;1)? has a determinant.

Remind that GLy, (H) is a semidirect product of GL;,, ,(H) by the cyclic
subgroup generated by o, see Section 3. This implies that the action above
defines an action of GL,.,(H) on Det which covers the action of GL,.s(H)

Tes

on Gr(H). O

It is a correct moment to define the Pliicker embedding for Det. First we
need the definition of the Pliicker coordinates on the fibre Det(W).

Definition 54. The Plicker coordinate mg: Det — C is defined by
A, w] = Arg(w).
We see, as mg is a holomorphic function, that each Pliicker coordinate can

be regarded as a holomorphic section of the dual Det™ of Det, which is linear
on each fibre.

Definition 55. The map R, with u € CX, acting on {5} € H = [*((5)) is
defined by
(Ru&)s = u" ¢,
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where u"®) = 1(S) + 1d(d + 1) and d := virtcard(S). The map R, with
u € CZ, acting on [\, w] € Det is defined by

R\, w] == [)\u2 @+ RwRY.
The map m: Det — H is defined by [\, w] — Ar(w).

Proposition 49. The map m: Det — H is equivariant with respect to C;l,
i.e. T(Ry[\ w]) = R,m([A\w]).

Proof. The definition of the action (R,¢)g := u!"¢g implies
R.m([\,w]) = Ry(Mr(w)) = AR, m(w) = Ml ©7(w).

Since (R, W) = v 7 (W) and R,wR;" is an admissible basis of R, W, we
conclude that

TR\, w]) = m(Auz¥ ) RoawR:Y) = Az r(R,wR; )
= Mz (R, W) = Az ) (W)
= M O r(w) = Ryr([\, w]).

So we get that m: Det — H is equivariant with respect to CZ;
N O

5.8. Gr(H) as the Kéahler and symplectic manifold.

This subsection presents a brief idea why the Grassmannian is usefull in
physics. We want to show that Gr(H) is a Ké&hler manifold and it can be
done in two different ways.

Proposition 50. Gr(H) is the Kdhler manifold.

Proof. (1) The Grassmannian Gr(H) is a complex manifold by Corollary 25.
If we could introduce a Hermitian metric on the tangent bundle of Gr(H),
then we would get a Kéhler metric. The tangent bundle of Gr(H) is

U HS(W,W) equipped with the manifold structure. As U,.s acts
WeGr(H)
transitively on Gr(H) it is enough to define a Hermitian form on its tangent
space at the point H,, which is HS(H,, H_). The space H, is invariant un-
der left-composition of U(H,) and under right-composition of U(H_). We
define the unique invariant inner product on the Hilbert space HS(H, H_)
by

h: HS(H,,H ) x HS(H.,H_) —» C
(X,Y) — 2trace(X™Y).

This inner product defines the Kéhler structure on Gr(H). Notice that the
imaginary part of h is w(X,Y) = —itrace(X*Y — Y*X).
(2) The form w represents the Chern class of the line bundle Det on Gr(H).
This is equivalent to the fact that the Kahler structure of Gr(H) is induced
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from the standard structure on the projective space P(H) by the Pliicker
embedding. The proof can be found in [9]. O

Corollary 16. The imaginary part w of h coincides with the Lie algebra
cocycle corresponding to the extension GL7, (H) given by t: Upes X Upes — C

~

Tes

(Ar, As) i trace(J[J, Ay][J, As)),
where Uyes :={A € B(H) | A*=—-A and [J,Al€ HS(H)}.

Proposition 51. The Hamiltonian function F: Gr(H) — R, which defines
the flow on Gr(H) corresponding to ( € U5, is given by

F(W) = —itrace(C(Jw — J)),
where Jy := gJg~! with g € Uyes and W = g(H.,).

Proof. F is well defined since [J,g] = Jg — gJ is a H-S operator and so
—(Jg—gJ)g ! = gJg~! — J. This implies that ((gJg~! —J) is a trace class
operator.

The gradient of F' at W along the tangent vector corresponding to 1 € u,.
is dF'(W,n) = —itrace(([n, Jw]). The value of the invariant form w at W
on the tangent vectors defined by (, n € u,. is

w(W,¢,m) = w(g™'Cg, g~ 'ng) = —itrace(g™'Cglg'ng, 1)
= —itrace(C[n, Jw]) = dF(W,n).
|

This proposition can not be applied directly to the rotation group action
T on Gr(H), since we saw that the smooth action is defined only on the
submanifold Gr(H).

Definition 56. We define the energy E: Gro.(H) — R by
d
E(W) = trace((i@)(JW —J)).

Proposition 52. We can write 2 more generally as

BW) = 32 1°(5) | (1) ! = (@i - ),

where {ms(W)}ses are the Plicker coordinates of W, normalized such that
ST | ms(W) |2 =1, and Qu is the corresponding unit vector in H.
Se6

We mentioned in the introduction that the Grassmannians can be used
in some physical applications. One application can be found in quantum
mechanics, where Gr(H) is interpreted as the space of states of a classical
system and P(H) as the corresponding quantum state space. In this case
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Qu represents the quantum state corresponding to W. Furthermore, Propo-

sition 52 asserts that the classical energy F(W) is the expected value of the

quantum energy operator i(d%) in the state Qyy.
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6. APPENDIX

For convenience, we collect some the main theorems and definitions em-
ployed in this thesis.

Definition 57. The operator norm for all A € B(H) is defined by

Ax H
|Allop == sup 1 Az] = sup || Kz|lg.
cemvioy 1TlE  zem on=1

Definition 58. Let H be a separable Hilbert-space and {e;};cn an orthonor-
mal family of H. We define pr: H — H as an orthogonal projection on
span {e; }ien if it is of the form

pr(z) = Z (€;, T)e;.
ieN
Corollary 17. If pr is an orthogonal projection, then
lprllop <1 and  [[1 = prflop < 1.
Theorem 5. If A, B € B(H), then
|ABz|| g < [|Allop|| Bz| -
Corollary 18. Let pr be an orthogonal projection and A € B(H), then
lprAz|a < [|Azlla, (1= pr)Az|s < ||Az|a.

Theorem 6 (Parseval’s identity). Let H be a separable Hilbert-space and
{e;}ien be an orthonormal basis of H. Then

| (z,e5) [ = ||zl
2

ieN
for every x € H.

Theorem 7. If {fi}rea is an orthogonal subset of the Hilbert space H
then Y 4 fr. converges in H if and only if Y, | fel|* < oo, and in this

case
1D fell® =D Il

keA keA

Theorem 8 (Fubini’s theorem). Suppose U, V' are complete measure spaces.
Suppose f(x,y) is U x V measurable. If

/ | f(ey) | dlz,y) < oo,
UxV

then

[ temaar= [([senii= [ 11w e,
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Corollary 19. If > any with a,y > 0 exists, then

n,keN
2D k=) ank

neN keN keN neN

Theorem 9 (Bounded-inverse theorem). If T' € B(H) bijective, then T~ €
B(H).

Theorem 10 (Closed-graph theorem). Suppose X andY are Banach spaces
and T: X — Y 1is a linear operator. Then the graph of T is closed in X XY
if and only if T is continuous.

Definition 59. A map f: U — E, where U is an open subset of the vector
space E, is continuously differentiable if the limit

Df(u,v) = lim N (fut tv) = f(u)

exists for allu € U andv € E, and is continuous as a map Df: UXFE — E.
To say that f is holomorphic means that f is smooth, i.e. infinitely differ-
entiable, and that D f is complex linear in the second variable.

Definition 60. If E is a complex vector space and the transition functions
are holomorphic, then we have a complex manifold.

The manifolds we consider will be paracompact topological spaces X mod-
elled on some topological vector space E, in the sense that X is covered by
an atlas of open sets {U,} each of which is homeomorphic to an open set
E, of E by a given homeomorphism ¢, : U, — E,. The vector space F will
always be locally convex and complete. The transition functions between
charts

b0(Ua N Us) 25 Uy U5 25 ¢5(Un N US)
are assumed to be smooth, i.e. infinitely differentiable.
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