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ABSTRACT. Motivated by the work of Gruji¢ and Kalisch, [Z. Gruji¢ and H.
Kalisch, Local well-posedness of the generalized Korteweg-de Vries equation
in spaces of analytic functions, Differential and Integral Equations 15 (2002)
1325-1334], we prove the local well-posedness for the periodic KdV equation
in spaces of periodic functions analytic on a strip around the real axis without
shrinking the width of the strip in time.

1 Introduction This paper studies the local well-posedness of the Cauchy prob-
lem for the generalized periodic Korteweg-deVries equation (GKdV)

Ou+ 92 u+urd,u=0 u: Tx[0,T] =R
w(z,0) =up(z) x€T

(1)

with initial data ug(z) in a class of periodic functions analytic in a symmetric strip
around the real axis. The number k is taken to be a positive integer and T = R/Z
is the torus. For o > 0, s € R, denote Gevrey classes G°** to be the subset of L?(T)
such that
ol = 37 (n)25e2 fig(m) 2 < oo
neZ
where (n) := 1+ |n| and ug(n) denotes the Fourier transform of ug on torus.

In [18], Kato and Masuda introduced a method of obtaining spatial analyticity
of solution for a large class of semi-linear evolution equations, and the research
on Gevrey regularity for the solution of the semi-linear equations goes back to the
work of Foias and Temam [10]. Further results concerning periodic solutions of
Navier-Stokes equations in Gevrey spaces have been obtained by Biswas [1]. We
refer to [2, 12] for the study of Kuramoto-Sivashinsky equation. For a treatment
of a more general case of nonlinear parabolic equations, we refer the reader to [9].
Also, a number of authors have obtained solutions in Gevrey spaces without strong
regularizing effects. Here we mention the recent work of Kukavica and Vicol on the
three-dimensional Euler equations [21], and a body of work concerning KdV-like
equations (see, for example, Hayashi [14, 15], Bouard et al. [5], Gruji¢ and Kalisch
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[13], Bona et al. [4]). As explained in [3, 16, 17], analyticity of solution of the KdV
equation plays an essential role in the numerical study of the equation.

The example constructed in [11] shows that the solution of GKdV equation with
an appropriate analytic data may not be analytic in the time variable ¢. So, we must
restrict our attention to the spatial analyticity of the solution of GKdV. Gruji¢ and
Kalisch [13] proved local well-posedness of non-periodic GKdV for a strip without
shrinking the width of the strip in time. It is of interest to know whether it is
possible to establish the same result for the periodic case.

Kato’s smoothing effect was shown to be useful in the proof of the main theorem
in [13]. However, this technique cannot be used in dealing with GKdV with periodic
boundary data. Our approach is in the spirit of [8, Theorem 1] and the proof relies on
the Bourgain’s bilinear estimate [6], multilinear estimate in [22] and linear estimates

n [7, 8]. In addition, the proof reveals some new aspects in the estimation of the
time-cutoff function which are essential in the proof of the main nonlinear estimate
which is given in Lemma 3.2.

Denote by C([0,T], G”*) the space of continuous functions from the time interval

[0,T] into G”*. We will prove the following theorem.

Theorem 1.1. Let s > 1 and k > 1. For initial data in G°°, o > 0, there exists
a small positive time T, such that the initial-value problem (1) is well-posed in the
space C([0,T], G"®).

The paper is organized as follows. In Section 2, we set up notations and termi-
nologies and deal with linear estimates. Section 3 is devoted to the study of bilinear
estimates, and Section 4 provides a proof of the multilinear estimate. In Section 5,
Theorem 1.1 is proved via a contraction argument.

2 Some notations and linear estimates Throughout this paper, A < B de-
notes the estimate A < CB, where the constant C' > 0 possibly depending on
s, k and independent of 0. We say that A = B, if A < B and B < A. We
also denote by A < B the estimate A < %B for a large constant K > 0. The
Lebesgue classes on the integer set and real line are denoted by [P and L? respec-
tively, while the following notation is used to denote the [P — L9 space-time norms:
£ Mz = (o AVl i

Let u(z,t) be a function deﬁned on the cylinder T x R and s, b € R. The
space-time Fourier transform of u(z,t) is defined by

n )\ // u(z, t —2miNt— 27rznzdxdt

where n € Z. We denote by .Z;[u(z, t)] the partial Fourier transform of u in variable
t and by F,[u(x,t)] the partial Fourier transform in variable . We define the
Xsb = Xf££3 (T x R) norm of u(x,t) by

lullxen = = n®) ), A s

where (-) := 14| |. This norm was introduced by Bourgain [6] and the space-time
symbol is adapted to the linear part of KAV equation.

The low-regularity study of (1) is usually considered in spaces X2 (see [6, 8, 22]).
In order to overcome difficulty in persistence property in this case, authors [8] and
[22] introduced the function space Y*° to be the subset of X** such that

yer = lullxen + ln)aln, Az 1y < oo.

lul
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It is indicated in [13] that we have to introduce another family of function spaces
which are adapted to the study of Gevrey regularity. For o > 0, define X7 norm
of u(z,t) by

lulcone = A = 0% ) e, X)

BRI
We shall use the space Y% which equipped with the norm

lullyes = lullxos + |7 (n)>a(n, X)

2Ly
By the Riemann-Lebesgue lemma, the Fourier transform of an L' function is con-
tinuous and bounded, and we have the embedding property

Y=t c 0([0,T],G"*) c L>([0,T],G"*). (2)
We will also need the space Z%*? with the norm defined by
eo’(n) <n>s
(A —n?)
Consider initial value problem of the Airy equation on T:

{ Qw4 83, w=0

ullzoeo = llullxes - + (n, A)

l%LLi\

w(z,0) = wo(z), = € T. (3)

The explicit solution of the initial value problem (3) can be expressed in terms of
the semigroup S(t) via Fourier transform,

lU(JU’ t) = S(t)wo =cC Z 627"7;(1n+tn3)ﬁ')6(n)'
nez

We shall establish linear estimates for the propagator S(t). Let ¥ (¢) be a bump
function supported in [—2,2] and equal to one on [—1,1]. Denote by 0 < § < 1 a
small constant which need to be determined later.

Lemma 2.1. We have
[0(t/6)S(t)uolly0es < lluollaes
forallseR and o > 0.

Proof. Let us first write ¢(tmt)uo(n, A) = Ug(n)6(8(A—n?)). By the definition
of X7t

[ (t/6)S (o] %yey = D €™ (n)**[g(n )I2/R<A>52|d3(5/\)|2d/\~

n

Since [ (MO?|P(6N)[2dA S 146, we get [[v(t/8)S(t)uoll ...
) (1 /0) STt |

2L}

completes the proof. O

< Hu0||ég,s, which

Having established Lemma 2.1, we repeat the proof of [8, Lemma 3.1], and we
get Lemma 2.2.

Lemma 2.2. We have
t
ocero) [ ste-vrrwiar| s
0 ol

for all s € R, 0 > 0 and test functions F on T x R.

Zas
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We also need to estimate the cutoff function ¢ (¢/6)u in the space X7z, We
present a proof in a spirit of [20, Lemma 3.2].

Lemma 2.3. Let 0 > 0. We have
1 < 1
[o(E/0)ull ooy S lullyoy
foralls € R and o > 0.

Proof. By the definition of Y, the proof is reduced to showing that, if a = n?

then
/|7:M<A (51/3(5A))(z)|2<z—a>dz§/\a(n,A)l2<A—a>dA+IIﬂ(nA)H%; (4)
R R

where *) is the convolution in variable A.
According to the proof of [20, Lemma 3.2], we have

/R i (BBEN) D) — adl
< / €279, ] (n, )0 (57 10) 2dt + / [, A) 21 — aldA
and
/ i (BN (D) Pl < / [, N)[2dA.
R R

By the Plancherel theorem and the Young inequality,
2

/ €279t ] (n, t)@téw(crlt)\zdt = emu(n, A) *x 8%1#(57115)()\)
R

L3

< [lim. A = )|y

A%éz&(aA)H

2
L3
< lla(n. M3y

which shows (4), and the proof of Lemma 2.3 is completed. O

3 Bilinear estimates The bilinear estimate is a standard technique in dealing
with nonlinear term in the equation. This kind of technique has been used and
developed by many authors (See, for instance [6, 13, 19, 23]).

Lemma 3.1. Let s > 0, 0 > 0, and suppose the functions u, v satisfy fT udx = 0

and [pvdr =0. Assume that HU”Y”,% < o0 and ||¢(t/6)u||Xa,s,% < 0. Then

16(/8)20% ()| o3 S 5[0l oy (66Nl oy -

Proof. The main idea of the proof is due to Bourgain [6, page 221].
Since [pu =0 and [pv =0, we write

(= n®) 3 nf*e” ) |yt /8)u(n, M),
(= n®) 2 [n|"e” M/ 5)v(n, ).

Q
—~
s S
= =
ol
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Let h(n,\) € [ L% and [|A]l2 12 < 1, we introduce a trilinear form:

e~ o= =) p(n \) f(ng, A
S ] e e T

n#0 ni£0, A—n >2<A1 _n1>2

ni#n

g(n —ni, A = A Hng [0 — |~

A= — (n—ny)3)2

Thus we need only to estimate A(f, g, h).

Since |n| < n1||n — n1| and e"'"‘e“"""“'e—”‘"l' <1, we obtain

[f(ny, A nl,)\ A1) h(n, A)||n|dXy
fagv |<Z Z // )\l—n1> </\ A — (n_n1)3>%.

dAdA.

n#0 ni #0, _n3
ni#n
From resonance identity n® = (n —n1)3 + n$ + 3nni(n — ny), we get
max {|A = A1 = (n = m1)’f, A= nfl, A =0} > |nflna|ln —nal. (5)
As pointed out in [6, Theorem 7.41], we have
AL 9, WIS IFG 2z lPlliz 13 it A —n®| 20
AL g M S NG ans 1 H papall flizcz i (A —nil 2 0%,

1

where F(n,A) = f(n, \)A — n3)"2, G(n,\) = g(n, \)(A — n®)~2 and H(n,\) =
h(n,A)(A — n®)~2. Let us focus on the first of the above cases. Recalling that
[Allizrz < 1 by assumption, and using Cauchy-Schwarz, it appears that we have
to estimate the terms |[F'|| s z4 and [|G]|pspe. Recalling the Strichartz estimate [6,
Proposition 7.15]

IFN s S UEN o (6)
it becomes plain that the terms ||FHX0’% and ||G||X0% have to be controlled. To
this end, define a a square-integrable function

0w, t) = |0, 1"e" 0 Du(a, 1) = Z [|nfe” ) Fou] (w,0)
where I denotes the identity operator. We also set
I(n, N) = [n]*e” (¢ /5)uln, A) = Fi [ (t/8)(Fa0) (n,1)] ().
Using the Strichartz estimate (6) for the function ¢ (¢/6)6 yields
Z/ 16 (n, \)[2dA = // . (t/8) |4(/8)0(x, )P dudt
n#0
1 1 7
< S/ 2y S 5 et/ D)6, @)
— 5 2
= s st/ .
By Hoélder’s inequality and (7), we get

[ _Z/ —n%)73 f(n, \)2dX

n#0

=3 [ (@ ) st O
n#0

<6 [(e/Oul .y
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Making use of the argument above, we deduce
1
1G] o1 S 652 I[0(E/0)0l| ey S 072 [0l oy

from Lemma 2.3. Thus the estimate in the case |\ —n3| > n? may be continued as
follows.

1
1FGllrzrz S IFllzarsllGllpars S 07 ([0l 0ny 190/ 0)ull ooy - (9)

For the case when |A\; — n3| > n?, we use the Strichartz estimate (6) to find

[H][zazs < IB[lizr2 < 1. Recalling the definition of f(n,A), a similar argument
yields as in the previous case yields

1G] e sl Flliz 2z S 672 [9(E/8)ull ooy 100l ey (10)
Finally, interchanging f and g, we obtain
A 9. W] S 672 6(t/8)ull oy V1] g (11)
for the case |\ —\; — (n—n1)?| 2 n? by symmetry. Now based on (9)-(11), we have
H8 ( t/<5 ’U/U)Hngff = sup |A(fvgah)|
IBll,g 2 <

S 032 [oll ey 1CE/B)tll oy

Remark 1. Note we have actually proved that
10z (uo)|l S lullgoeos 0l oy (12)

rrs——

for s > 0 and o > 0.

The bilinear estimate for periodic KdV equation in Sobolev spaces with negative
indices has been studied by Kenig, Ponce and Vega [19]. As the counterexample
shows in [19, Theorem 1.4], the boundedness of the quadratic term fails for Sobolev

1

indices below -5

Corollary 1. For functions u, v satisfying fTu =0, fTv = 0, the estimate (12)
holds for s > —%.

Proof. According to the above remark, we only need to consider the case —% <

s < 0. Let p = —s > 0, we follow the definition of multiplier bounds which was
introduced by Tao [23]. It remains to show that

e e=aln=na)e=a(na) |n|1=P|n, |P|n — ny|P

A=n3)z2 (A —nd)2 (A =\ — (n—ny)3)2

<1
[3,ZxR]
Since e?l"le=oln—mleg=clml < 1 the comparison principle [23, Lemma 3.1] reduce
this estimate to

|n|1_”|n1|”|n —ml”

S L
O 30— M — () [
which has been proved by Kenig, Ponce and Vega [19, Theorem 1.2]. O

In order to estimate the bilinear term in space of Z"’S’%, it will necessary to
analyze the proof of [8, Proposition 1 ]. We will prove the following result in
analogy with discussions in [8, Proposition 1 ].



PERIODIC KORTEWEG-DE VRIES EQUATION IN GEVREY CLASSES 1103

Lemma 3.2. Let s > 3, 0 > 0, [rudz =0, [pvde =0 and 0 < k < 1. Assume

that [uvdx =0, ||v]| 13 <00 and [[Y(t/6)ull 1.3 <oo. Then

yois— X5

(n)*e” ™ (t/8)2uv(n, A)
(A —n3)l-r

1
< §z00 Hw(t/(;)uHXg’s,l,% ||’U||YU,57171.

2

IRL)

Proof. Since [, uv = 0, the quantity (n)® can be replaced with |n|* in the left hand
side of the estimate. Let square-integrable functions u; and us be defined by

@n, ) = =0l et/ 0)u(n, )
@(n,2) = (=0l et/ 3)un, ).
Since €7l < eolmleoln=nil and |n|s=2 < |n —ny|*"2|n1|*"2, we obtain

| e (e |¢<ﬁé>\2uv<n N

_ n3>1 K
Z / |U1 n1,)\ )\1)U2(n17 A1)ldA
20, AL —nd)T(A— A — (n—nq)3)3
ni#n
6J(n>|n|s

X eo(ni)eo(n—ni) |n1|s—1|n _ n1|s—1

< Z/ [ur(n —ni, A — )\1)U2(7”L1,)\1)|d)\1

A —n3)l=r( Al—n1> (A=A — (n—n1)3>%

n1750
ni#n

1 1 1
X || |na|? [n —nq|?
=S(n, A).

To estimate |[S(n,A)[;2 1 we note that the resonance relation (5) enables us to
distinguish three cases once again.

If A= A1 — (n—n1)3| > |n||n1||n — n1|, S(n, ) can be dominated by
/ [uz(n 711,)\ )\1)U2(n1;/\1)|d>\1
A—n

S(n
HIE (- 03 —ni)d

nl#O
ni#n

Taking first the L}-norm, using the Cauchy-Schwarz inequality, and recognizing

that [, |(A —n®)~5+%|2d)\ is finite, it follows from duality that

SN lgsy £ swp 30 [ = m A= AT M) = )

Husﬂl%Li <1 png

(13)
x W3(n, \) (A — n®) 5 dArdA.

Now define @(nl, M) = s(n1, M) (A —n3)~2 and uAé(n, A) =u3(n, ) (A —n3)~3.
Note that from (6) and (8), we gain the estimates
1
luolipars S luall os S 072 [[0(/0)ull 0osy (14)
and

lugllars < llusll oy = luslizrs- (15)
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Thus, using Parseval’s relation, (14)-(15) and Lemma 2.3, the estimate takes the
form

IS A s S sup / bl dtds
mA TxR

us <1
|\u3|\,721L§,

S sup ullpzrzlluallpasallusllipa s (16)
HUSHZ%Lg\Sl

1
S LT IO 1 IO
By symmetry, we also have
1500 A 213 S 572 0] ey [CE/O)ull oy (17)

for the case |A\1 — n| > |n||n1||n — na.
We now turn to the remaining case |X — n3| > |n||n1||n — ny|. This will be split
into three subcases. Suppose first that we also have

A= A1 — (n=n1)®| = (8]nlln — na||na]) ™0 .

Let E(n—nl, A=) = @i (n—n1, A=A (A=A —(n—n1)3) "3, and let @(nl, A1) =
Wz(n1, A1) (A, —n3)~2 as before. Then we deduce that

S, /W a3 —na|? uf(n —ny A — /\1)u2(m,>\1)d/\1
n;eo A—nd)tmr A=A —(n—mny1)3)5
ni#n
/|n\ |n1| |n—n1\2 ul(n—nl,)\ Al)u2(n1’)\1)d>\1
A—n?)l=r (Oln| Ina| In — ny|) 5o 7

n;ﬁO

ni#n

and the estimate continues as

1S (A2 £y <6~ |[(A—n?) =2t S / wy (n—ny, A= A1 )l (n1, A1)dAg

LY
N L
SO0 |luyullpa e S 0750w | papallun a s

by using the Cauchy-Schwarz inequality, and the Plancherel theorem in the same
way as in the previous case. It follows from (14) and (15) that

J S
15(, Mlliz 2y S 672750 [|o]l oomr g 19/ O)ull yoroaiy - (18)

1
Similarly, for the second subcase |A\; — n$| > (8|n||n — ny||ni|) ™, the argument
above can be repeated, and (18) holds, as well.
We proceed to consider the third subcase where

)0
Since § is taken to be a small number, we have |\ —n3| & |n||n1||n —ny|. Therefore,
it is plain that |[S(n, A)[[z1 can be majorized by

Z// (nllnalln = )™ T(n — n1, A — A)@3(n, A )dAdA,

nl;éO
ni#n

where the domain of integration is given by

Ar(n,n, A) = {1 R = X=X = (n—n1)?| < (8n|nalln — na]) ™0}

maX{|)\— A= (n—n1)3, |\ —n?|} < (8|n|n1]|n — ny
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and
1
Az(n,ny) = {A €R ¢ [\ —nj| < (8|nflnaln — na]) ™0}
Using the Cauchy-Schwarz inequality in each integral, the last expression is domi-
nated by
1,1 ,L+L+L — o~
6305305 Y (|nflny|ln — na )"0 (0 — ng M)l g @3 (0, Al s
n1#0,
ni#n
Now since |n||n1||n — n1| takes only nonzero integer values, we may write

15(n, A)

L)

<07 |37 (nmam — )" @5 (n =y, M)l @3, N g

n1

SO 3 M) i 23 12 s Ml .

(19)

z

Now recalling the definition of 7 and w3, it becomes clear that the estimated can
be concluded in the same way as the previous cases. For more details of the last
step we refer the reader to [8, page 200]. Combining estimates (16)-(19), we finish
the proof of the lemma. O

4 A multilinear estimate We shall use the multilinear estimate in a variant of
[22, Lemma 4.2].

Lemma 4.1. Ifk>1,s>1 and 0 > 0, then

k

S H Huz‘HYa,s,%-
i=1

Proof. Denote h(n,\) € I2L3 and [Allizr2 < 1. We let € > 0 be a sufficiently small
number, it follows that

k
Hw/é) I

i=1

1
Xo',s—l, D)

S S0 L (20)

HA%*&;((SA)HLi <6<, HA*W(&A)‘

1
L)\

Since s > 1 > %, by the Cauchy-Schwarz inequality,

= S s myer® [ Jagn, A)ldx
‘ n /R (21)
e ™ (n)*a(n, \)

e Ma(n, \)

l’:VLLL]j\

5|

Nl

g <Ml

We will only prove the Lemma 4.1 for k£ > 3, since the situation will be simpler
when we deal with the case ¥ = 1 and &k = 2. We let v3 = Hf:?) u;.  Since
eolnl < eoln=nsleains—nal ... golne—l it follows from (21) and the Young inequality,

’ 1LY

= Y [ e = e = )Tl g = A0 x -
]R]Rk*g

n,Mn3,...,Nk—1

X U1 (k-2 — Ne—1, Mo—2 — Ao—1)| [k (Mi—1, A—1)]dA3 - - - dAg—1dA

ea<n>vA3
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< ’eam@*...*e ()7
ILLY
k k (22)
a(n) .
<II|emai],,, < TTluillyos-
i=3 A =3
The multilinear form A(h,u1,us2,vs3) is defined by
A(hyuy ug,vs) = Y / M (X — )2 (n) ST 12 B(n, )|
n,ni,n2 R
X IﬂT(n — N, A= /\1)H@(n1 — N, A\ — )\2)|
X |53 (n2, Aa — A3)||00(6A3)|dA1dAadAzdA
and, consequently,
k
b(t/6) [ ] ws = sup A(h, u1, uz,v3).
i=1 XU,S*1+2E.%*E Hh(nﬂA)HL%L?\Sl
Let u}, uf and v§ be square integrable functions such that
E =7y, uAg =¢’™uy, and 1;; =M 3.
Since eI"l < e"'”’m'e"‘”ﬁ"?'e"‘"?', we have
A(ha U1, U2, U3)
< > / =33y 2 (0, A) [ (n — 12, A — N (23)
R

X |a§(n1 — N2, )\1 — )\2)”’(%(77,27 )\2 — )\3)”(51&(5)\3)|d)\1d)\2d)\3d)\

We denote by A’(h,u},ub,v4) the right hand side of (23). As in the proof of [22,
Lemma 4.2], estimate (20) gives

A (hyui, g, v5) S luillyep lublly.p 105l oy -

Combining this estimate with (22) and (23), we get

k k
Hw(t/5)Hui STl oy
i=1 |lxos—1Lg— =1
The Lemma 4.1 follows for k£ > 3 by letting ¢ — 0 and the Fatou lemma. O

5 Proof of Theorem 1.1 It is indicated in [22] and [8] that up to a gauge
transform, we can rewrite (1) as follows:
{ ou+ 92, u+P(P(u*)du) =0

o u(z,0) = up(x), zeT, (24)

where P is the projection operator defined by P(u) = u — fT u(z,t)dx. The well-
posedness problem of (1) is reduced to consider the initial value problem (24).
Since we have the embedding property (2), it is necessary to use the contraction

principle on function space Yo%2. Let r = |luol|Ge.s < co. By Lemma 2.1, there
exists a constant ¢; > 0 such that

[0(2/6)S()uolly 0.3 < crlluollges-
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We aim to show that the integral operator

T(u) = (t/8)S(t)ug — b (t/5) / St — "2t /0)P (P(u¥)0yu) dt’

is a contraction map on the set B = {HUHW 1 < 2¢qr}.

It is easy to check that 0, u = P(9,u), PO, = 9,P and ||8zv||ya,s,1, -
for v e Y7*2 and Jpv(z,t)de = 0. It follows from Lemma 3.1 and Lemma 4.1 that
[4(6/57P [Pr] | .y = /570, [P, oo

1
S 6 ull_oy [ 6/ oy

< 620 [lu*F

= |||

=

o
[N

On the other hand, by Lemma 2.3, Lemma 3.2 with k = 0, and Lemma 4.1,

(n)*e” P ((t/8)uF )P ((t/5) D) (m, \)

(A —n3) B
el X [y [N
< oo ful T,
Y
Therefore, we have
[(t/6)*P (P(u*)0ru) | oy < 30 [ful] 51,

Combining this estimate with Lemma 2.2, we deduce that there exists a constant
¢co > 0 such that

I oy < erlluollgrs + 262 fufEL .

If we take

1 200
T - -
<0< <2k+162(017‘)k)
then I'(*B) C B.

We are now in a position to verify that I' is a contraction. By a similar argument
as above, it is not hard to show that

I0(w) = C@)l| oy S6%5 S 00/ P oy fu—oll oy

k—1<I<k

where Pj(u,v) is a homogeneous polynomial of degree I. Since u,v € B, there exists
a constant cs > 0 by Lemma 4.1, such that

IT(w) = POy < 500 u— o] .3

1 200 1 200
T<6 i _ .
< <mm{<2k+102(clr)k> ; <27‘k63) } )

then I' is a contraction on B. It follows that I' has a unique fixed point u in B and
u solves the initial value problem (1).

If we set
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To prove continuous dependence on the initial data, suppose u and @ are solutions
corresponding to initial data ug and 4. Following the argument above, we arrive
at

lu =l < cluo — Gollges + llu— 1l
u u Ya,s,% S Cllug Uol||lGgeos 5 u U

Combining this inequality with (2), continuous dependence in C([0,T], G”®) of the
solution on the initial data in G°° is immediate, as shown by the estimate

yoed

= @l o= o, 71,6000y < €l =l ey < cluo — Tollge.s-

Remark 2. If we consider the integral operator

MWZ¢@WW%—M&AS@—ﬂﬁWWﬂmﬂmﬂmﬁ

from a similar contraction argument and Corollary 1, it is a simple matter to es-
tablish the following corollary.

2
problem (1) is well-posed in the space C([0,1], G™?) if initial data in G7*, o > 0 is

sufficiently small.

Corollary 2. Let s > L when k =1 and s > 1 when k > 2. The initial-value

Remark 3. Similarly as in the proof of [13, Lemma 6], we can prove the uniqueness
of the solution (1) in C([0,T],G"*) when s > 3.

In fact, if s > %7 from Holder inequality,

[0zul| oo = sup [|Oyul|pee
0<t<T

(25)
< sup Hne”<")§$u(n,t)

0<t<T

Suppose u and v are solutions to (1) in C([0,T], G®) with u(x,0) = v(x,0). Let
e = u —v. Using the fact ee pp = Oy(e€psz) — %Bm (€2), we get the estimate

S sup fju(st)[ges < oo,
17 o<t<T

d
%”e('»t)”%z(qr) < cp(“’?umvvvw)lle('vt)”%%’]l‘)

where P(u,u;,v,v,) is a polynomial with respect to w, u,, v and v,. From (25)

and Gronwall’s inequality, we know that e = 0.
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