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Abstract. Logics such as Alternating-time Temporal Logic (ATL ) enable us to
reason about the strategic abilities of agents. However, strategies in the semantics
of ATL are, in a certain precise sense,revocable. On the other hand,irrevoca-
ble strategiesare often naturally assumed, e.g., in game theory. In a recent work
[1] we have introduced versions ofATL employing irrevocable strategies. This
abstract provides a concise account of the logic of irrevocable strategies and de-
scribes initial work towards a proof theory for it.

1 Introduction

Logics for game-like scenarios, such as the Alternating-time Temporal LogicATL [2],
have received much interest recently [2, 9], as logical foundations for multi-agent sys-
tems. The main semantic assumption behindATL is that a system at a given time is in
one of several possible states, and that the next state of the system is determined by the
current state and the actions chosen by each ofκ agentspresent in the system. ATL in-
volves strategic quantifiers (calledcooperation modalities), such as〈〈C〉〉X and〈〈C〉〉G
whereC is a set of agents. Formula〈〈C〉〉Xφ is intended to mean that coalitionC can
achieveφ in the neX t state of the system, or, in more detail, that the agents inC can
choose their strategies so that, if they use these strategies thenφ will be true in the next
state – no matter what the agents outsideC do. Similarly,〈〈C〉〉Gφ means thatC can
forceφ to be true in all future states (Globally).

Below, we first give a quick review ofATL , and illustrate the fact that strategies in
ATL can be seen asrevocable. We then define a new semantics forATL with irrevocable
strategies, and then discuss preliminary results towards a proof theory.

2 Alternating-time Temporal Logic

Here we recall briefly the semantic and syntactic basics ofATL . For full details, see any
of [2–4].

A concurrent game structure(CGS) is a tupleM = (Σ,Π,Q, π,Act, d, δ) where
Σ = {1, . . . , κ}, for κ > 0, is the set ofagents (players); Π is a set ofatomic
propositions; Q is a set ofstates; π : Q → ℘(Π) is the labeling function;Act is a



(usually finite) set ofactions; d is a mapping such that for each playeri ∈ Σ and
stateq ∈ Q, di(q) ⊆ Act is the non-empty set of actions available to playeri in
q; and δ is the transition function, mapping every pair(q ∈ Q,α ∈ D(q)), where
D(q) = d1(q) × · · · × dκ(q) is the set ofjoint actionsat q, to an outcome state
δ(q, α) ∈ Q.

Forα ∈ D(q), let αi denote thei-th component ofα. Likewise,α(C) denotes the
projection ofα ontoC ⊆ Σ, andD(q, C) denotes the projection ofD(q) ontoC.
Whenever necessary, we may writeD(M, q) andD(M, q,C) in order to indicate the
CGS explicitly. Apointed CGSis a pair(M, q) whereM is a CGS andq is a state in
M .

Given a CGSM , C ⊆ Σ, a stateq in M , and a tuple of actionsα(C) ∈ D(q, C),
one for each agent inC, we denote byout(M, q, α(C)) the set of outcome states of all
joint actions extendingα(C). Formally,

out(M, q, α(C)) = {δ(q, α′) | α′ ∈ D(q), α′(C) = α(C)}.

In particular,out(M, q, α) = {δ(q, α)}. Also, we writeout(M, q) for the set
out(M, q, α(∅)) of all possible outcome states fromq; whenM is fixed, we write
out(q).

A computationλ is an infinite sequence of states;λ = q0q1 · · · , where for eachj ≥
0 there is a joint actionα ∈ D(qj) such thatδ(qj , α) = qj+1. By λ[j] we will denote
the element (qj) in λ with indexj ; respectivelyλ|j will denote the initial segment of
λ ending withλ[j]. Such an initial segment will be called afinite computation. The
last state of a finite computationσ will be denoted byl(σ). Whenever suitable we will
regard a stateq as a one step computation, and thenl(q) = q. A simple (or memoryless)
strategyfor a playeri is a functionfi : Q → Act with fi(q) ∈ di(q) for eachq ∈
Q. That is, the strategy maps each state to an action for playeri. A memory-based
strategyfor a playeri is a functionfi : Q+ → Act with fi(σ) ∈ di(l(σ)), i.e., it
maps possible histories of the play toi’s choices. Clearly, memoryless strategies can be
seen as special cases of memory-based strategies, wherefi(q1 . . . qn) only depends on
the last stateqn. A joint strategyfor C ⊆ Σ is a tuple of strategies, one peri ∈ C;
by Str(M,C) we denote the set of joint memoryless strategies forC in M . We then
denote byfC(q) the tuple of respective actionsfi(q) for i ∈ C, and adopt the notation
out(M, q, fC) for out(M, q, fC(q)). Given a stateq and a joint memoryless strategy
fC for C, comp(M, q, fC) denotes the set of possible computations starting in stateq
where the agents inC use the strategiesfC . Formally,λ ∈ comp(M, q, fC) iff λ[0] = q
and for allj ≥ 0, λ[j + 1] ∈ out(M,λ[j], fC).

A language forATL is determined by the set of atomic propositionsΠ and the set of
agentsΣ, and will be denoted byATL(Π,Σ). The formulae ofATL(Π,Σ) are defined
recursively as follows, wherep ∈ Π andC ⊆ Σ:

φ ::= > | p | ¬φ | φ ∧ φ | 〈〈C〉〉Xφ | 〈〈C〉〉Gφ | 〈〈C〉〉φUφ

In addition to the standard propositional connectives, we use〈〈C〉〉Fφ for 〈〈C〉〉(>Uφ),
and writeAXφ, AGφ, A(φ1Uφ2) respectively for〈〈∅〉〉Xφ, 〈〈∅〉〉Gφ, 〈〈∅〉〉(φ1Uφ2);
EXφ, EGφ, E(φ1Uφ2) respectively for〈〈Σ〉〉Xφ, 〈〈Σ〉〉Gφ and 〈〈Σ〉〉(φ1Uφ2); and
[[C]]Xφ and [[C]]Gφ respectively for the duals¬〈〈C〉〉X¬φ and¬〈〈C〉〉F¬φ. Truth of



a formulaψ in a stateq of a CGSM is defined as usual for the Boolean connectives
and via the following clauses for the strategic temporal operators:4

M, q |=ATL 〈〈C〉〉Xφ ⇔ ∃fC ∈ Str(M,C)∀λ ∈ comp(M, q, fC)(M,λ[1] |=ATL φ)

M, q |=ATL 〈〈C〉〉Gφ ⇔ ∃fC ∈ Str(M,C)∀λ ∈ comp(M, q, fC)∀j ≥ 0(M,λ[j] |=ATL φ)

M, q |=ATL 〈〈C〉〉φ1Uφ2 ⇔

∃fC ∈ Str(M,C)∀λ ∈ comp(M, q, fC)∃j ≥ 0((M,λ[j] |=ATL φ2) &

∀0 ≤ k < j(M,λ[k] |=ATL φ1)).

Now,M |=ATL φ if M, q |=ATL φ for everyq ∈ Q; φ is ATL -valid if M |=ATL φ for
every CGSM .

In the semantics ofATL , being compositional, strategies can berevokedby agents.
For instance, the truth of〈〈a〉〉Gφ requires existence of a strategyfa for the agenta
that guarantees thatφ remains true along every computation compatible withfa, but
when evaluating the truth ofφ at a state of such computation in order to verify the
truth of 〈〈a〉〉Gφ, weno longer assume that the agent actually adheres to that strategy.
Philosophically, this means that in the semantics ofATL the agents are not “committed”
to the strategies claimed to exists by a given cooperation modality, but they are free to
change their minds as soon as the next choice point (i.e., next cooperation modality) is
encountered. The following example demonstrates the effect of revocable strategies.

Example 1.We are given a system with a shared resource, and are interested in reason-
ing about whether agenta has access to the resource. Letp denote the fact that agent
a controls the resource. TheATL formula 〈〈a〉〉Xp expresses the fact thata is able to
obtain control of the resource in the next moment, if she chooses to. Now imagine that
agenta does not need to access the resource all the time, but she would like to be able
to control the resource any time she needs it. This can be expressed inATL by formula
〈〈a〉〉G〈〈a〉〉Xp, saying thata has a strategy which guarantees that, in any future state of
the system,a can always force the next state to be one wherea controls the resource.

α1q1 q2 q3 α1

¬p ¬p

α1

α2

p

Fig. 1.SystemM0 with a single agenta. The transitions between states are labeled by the actions
chosen bya.

Consider systemM0 from Figure 1. We have thatM0, q1 |= 〈〈a〉〉Xp: a can choose
actionα2, which guarantees thatp is true next. But we also have thatM0, q1 |= 〈〈a〉〉G〈〈a〉〉Xp:

4 Note that memoryless and memory-based strategies yield equivalent semantics for the standard
ATL [7].



a’s strategy in this case is to always chooseα1, which guarantees that the system will
stay inq1 forever and, as we have seen,M0, q1 |= 〈〈a〉〉Xp. However, this system does
not have the exact property we had in mind because, by following that strategy, the
agenta dooms herself tonever access the resource– in which case it is maybe counter-
intuitive that〈〈a〉〉Xp should be true. In other words,a can ensure that she is forever
able to access the resource – but only by neveractually accessing it. Indeed, whilea
can force thepossibilityof achievingp to be true forever, the actual achievement ofp
destroys that possibility.

We argue that, while there is nothing “wrong” with the standardATL semantics,
there are many situations in which the “committed” interpretation of strategies we in-
troduce next is more appropriate. For instance, a strategy in game theory is usually
understood as acompleteplan that prescribes the player’s behaviour in all conceivable
situations, and for all future moments. Under this interpretation,〈〈a〉〉G〈〈a〉〉Xp cannot
hold inM0, q1, becausea can only play according to the first or the second strategy, but
not to both of them at the same time. Irrevocable strategies are often naturally assumed,
not only in game theory, but also in controller synthesis (the controller is an irrevocable
strategy), and in planning in AI, where the actual achievement of certain subgoals may
affect the possibility of achieving other subgoals.

3 Model Updates and Semantics with Irrevocable Strategies

We start by considering the memoryless case of irrevocable strategies. First, let us spell
out again the intuition behind the semantics with irrevocable strategies: a formula such
as 〈〈C〉〉Xφ means that there is a joint strategy forC such that, if the actions of the
agents fromC are thereafter fixed by the choices prescribed by the strategy,φ will
necessarily be true in the next state; likewise for the other temporal operators. This
motivates the notion of amodel update, similar to the one in [10, 8]: the update of a
model by a joint memoryless strategy forC is a model obtained by fixing the choices of
every agent inC in each state as prescribed by the strategy for that agent in that state.

Definition 1 (Model Update).LetM be a CGS,C a coalition, andfC ∈ Str(M,C) a
memoryless strategy. The update ofM byfC , denotedM †fC , is the same asM , except
that the choices of each agenti ∈ C are fixed by the strategyfi: di(q) = {fi(q)} for
each stateq.

The language of the logicIATL – ATL with irrevocable strategies– is the same as the
language ofATL . Let q be a state in a CGSM . The semantics of the strategic operators
in IATL is defined as follows:

M, q |=IATL 〈〈C〉〉Xφ iff

∃fC ∈ Str(M,C)∀λ ∈ comp(M † fC , q, fC)(M † fC , λ[1] |=IATL φ)

M, q |=IATL 〈〈C〉〉Gφ iff

∃fC ∈ Str(M,C)∀λ ∈ comp(M † fC , q, fC)∀j ≥ 0(M † fC , λ[j] |=IATL φ)



M, q |=IATL 〈〈C〉〉(φ1Uφ2) iff

∃fC ∈ Str(M,C)∀λ ∈ comp(M † fC , q, fC)∃j ≥ 0(M † fC , λ[j] |=IATL φ2 &

∀0 ≤ k < j(M † fC , λ[k] |=IATL φ1))

Note, again, that the logicIATL is defined with memoryless strategies. We also define
a version of the irrevocable strategies semantics for memory-based strategies, called
MIATL (memory-basedIATL ). The language of the logicMIATL is the same as the lan-
guage ofIATL . Unlike in IATL , in MIATL we cannot update the model directly, but must
first unfold the model into an (equivalent) tree-like structure, and then eliminate the
branches which represent computations which do not conform to the strategy we up-
date with. The tree-unfolding of a CGSM from a stateq is denotedT (M, q). Note
that a memory-based strategy inM is equivalent to a memoryless strategy inT (M, q).
Thus, theMIATL semantics can be defined as follows:

M, q |=MIATL φ⇔ T (M, q), q |=IATL φ

Intuitively, theMIATL meaning of the cooperation modalities involves pruning the model
by a memory-based strategy.

The difference between the above and the originalATL interpretations is that in the
former the subformulaφ of a formula〈〈C〉〉Tφ is evaluated in an updated model, where
the actions of groupC are fixed, while in the latter the subformulaφ of 〈〈C〉〉Tφ is still
evaluated in the original model. Consider modelM0 from Example 1 again. We have
thatM0, q1 |=ATL 〈〈a〉〉G〈〈a〉〉Xp, butM0, q1 6|=IATL 〈〈a〉〉G〈〈a〉〉Xp, andM0, q1 6|=MIATL

〈〈a〉〉G〈〈a〉〉Xp. To thatIATL andMIATL are different, it is enough to observe that
M0, q1 |=MIATL 〈〈a〉〉X 〈〈a〉〉Xp, butM0, q1 6|=IATL 〈〈a〉〉X 〈〈a〉〉Xp.

4 Towards a Proof Theory

Here we describe first steps towards a proof theory forIATL andMIATL . We sometimes
use the termsATL , IATL , andMIATL more specifically to denote the sets of validities of
the respective logics.

4.1 Comparing ATL , IATL , and MIATL

Let us first point out that the semantics ofIATL andMIATL coincide for a special class
of models.

Definition 2. A CGS is tree-like if there is a state (root) from which every state can
be reached by a unique finite computation. A typical example of tree-like CGS is the
tree-unfoldingT (M, q) of a given CGSM from a given stateq in it.

Since every state in a tree-like CGS has a unique history (the path from the root),
memoryless and memory-based strategies coincide in tree-like CGSs, and therefore
IATL andMIATL are equivalent in them. More precisely:

Proposition 1. For every pointed tree-like CGS(M, q) and anATL -formulaφ: M, q |=IATL

φ iff M, q |=MIATL φ.



Proposition 2. If a formula isMIATL -satisfiable, then it isMIATL -satisfiable in a tree-
like CGS.

Theorem 1.

1. ATL * IATL , andATL * MIATL ;
2. IATL * ATL , andMIATL * ATL ;
3. IATL ⊆ MIATL ;
4. MIATL * IATL .

Proof. (Sketch). (1) follows from the fact thatIATL and MIATL are not closed under
uniform substitution (consider the substitution of〈〈Σ〉〉Xp∧〈〈Σ〉〉X¬p for p in the ATL
axiom¬〈〈∅〉〉Xp→ 〈〈Σ〉〉Xp). As for (2), note that〈〈C〉〉X 〈〈C〉〉Xφ↔ 〈〈C〉〉X 〈〈∅〉〉Xφ,
for C 6= ∅, is a validity of bothIATL and MIATL , but not of ATL . (3) follows from
Propositions 1 and 2. To show (4) we construct a more complicated formula, valid in
MIATL but not inIATL .

Theorem 1 shows that we cannot extend a proof theory forATL to get a proof theory
for eitherIATL or MIATL (point 1); that we cannot specialise anATL proof theory either
(point 2); and thatMIATL extendsIATL but not the other way around. The latter point
is interesting, because in the case of standardATL the theorems of the logic defined
with memoryless and memory-based strategies, respectively, coincide. In the case of
irrevocable strategies, there are strictly more theorems in the case of memory-based
strategies.

4.2 Special axioms forIATL

〈〈∅〉〉Xφ expresses the fact thatφ is inevitably true in the next state. We can say thata
coalitionC has no choice wrt a formulaφ if C can achieveφ in the next state precisely
whenφ is inevitable:

NoChoice(C, φ) = 〈〈C〉〉Xφ↔ 〈〈∅〉〉Xφ.

Now, for any formulaφ and coalitionsC,C ′ we define:

Irrevocable(C,C ′, φ) = [[C]]GNoChoice(C ′, φ).

Thus, after a coalitionC has committed to a strategy, all its sub-coalitions have no
choice any more. Formally:

Proposition 3. For any formulaφ and coalitionsC,C ′ such thatC ′ ⊆ C:

|=IATL Irrevocable(C,C ′, φ).

The above can be generalized to:

|=IATL [[C]]G(〈〈C ′〉〉Xφ↔ 〈〈C ′ \ C〉〉Xφ)

for any coalitionsC,C ′.



We denote the last formula scheme byNormal. Given any formulaφ, by repeated
use ofNormal, one can subsequently remove from the internal coalitionC ′ in every
subformula〈〈C〉〉 . . . 〈〈C ′〉〉 . . . of φ all agents inC ∩ C ′, and thus eventually show the
following proposition.

Definition 3. AnATL -formulaφ is normalif it contains no nested occurrences of strate-
gic operators with intersecting coalitions, i.e., it contains no subformula of the type
〈〈A1〉〉 . . . 〈〈A2〉〉 . . . whereA1 ∩A2 6= ∅.

Proposition 4. Every formula isIATL -equivalent to an effectively computable normal
formula.

Consequently, testingIATL -satisfiability of any formula can be effectively reduced
to testingIATL -satisfiability of a normal formula, which in turn can be established by
suitably modifying the construction of alternating tree automata associated with such
formulae, presented in [4].

The importance of normal formulae derives from the fact that theirIATL -semantics
is essentially compositional and they behave in many respects as inATL . However, one
additional effect of the irrevocable strategies is that once all agents commit to their
strategies, only one computation remains possible, i.e. the system becomesdeterminis-
tic, which admits an additionalATL -valid scheme. This yields a new scheme ofIATL -
valid formulae which are onlyATL -valid in deterministic systems:

[[Σ]]G([[∅]]Xp→ 〈〈∅〉〉Xp).

Thus, within the scope of〈〈Σ〉〉 all cooperation modalities are completely trivialized
and can be simply omitted; the result is an LTL formula, evaluated on the unique com-
putation determined by the committed collective strategy of all agents.

4.3 Towards tableaux for IATL and MIATL

Two decision procedures forATL have been developed in [4] – one using on alternating
automata, and the other - based on a finite ’pseudo-model’ property for every satisfiable
ATL -formula. Both methods can be converted (currently in preparation [5]) into tableau-
like proof systems forATL 5, the relative efficiency of which is still under investigation.

The adaptation of a tableau forATL to IATL raises some technical difficulties, related
to the control of irrevocability of strategies. The modelling within the tableau of the
memory-based strategies inMIATL presents an extra complication. These are currently
being addressed and will be discussed in a subsequent full paper.

5 Conclusions

This paper is a preliminary report on work towards a proof theory for multi-agent logics
with irrevocable strategies. This proof theory is essentially affected by the irrevocable

5 Also, in [6] Hansen develops ’tableau game’ for ATL, similar to that constructed by Niwinski
and Walukiewicz for the modal mu-calculus, but according to the author her system has a flaw.



strategies as compared to the originalATL ; in particular, neither ofATL and IATL sub-
sumes the other. Furthermore, unlike the case of revocable strategies, memory plays an
important role in the semantics based on irrevocable strategies, distinguishing the two
versions,IATL andMIATL .
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