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Abstract. Logics such as Alternating-time Temporal Logir() enable us to
reason about the strategic abilities of agents. However, strategies in the semantics
of ATL are, in a certain precise senseyocable On the other handrrevoca-

ble strategiesare often naturally assumed, e.g., in game theory. In a recent work
[1] we have introduced versions effL employing irrevocable strategies. This
abstract provides a concise account of the logic of irrevocable strategies and de-
scribes initial work towards a proof theory for it.

1 Introduction

Logics for game-like scenarios, such as the Alternating-time Temporal Logi¢2],
have received much interest recently [2, 9], as logical foundations for multi-agent sys-
tems. The main semantic assumption bemmd is that a system at a given time is in
one of several possible states, and that the next state of the system is determined by the
current state and the actions chosen by eachaifentspresent in the system.7A in-
volves strategic quantifiers (calledoperation modalitigs such ag({C) X and{(C)G
whereC is a set of agents. Formul&C)) X ¢ is intended to mean that coalitiar can
achieveg in the net't state of the system, or, in more detail, that the agent oan
choose their strategies so that, if they use these strategies thidlrbe true in the next
state — no matter what the agents outgitldo. Similarly, (C)) G¢ means thaC can
force ¢ to be true in all future stateg;lobally).

Below, we first give a quick review ofTL, and illustrate the fact that strategies in
ATL can be seen asvocable We then define a new semantics fai. with irrevocable
strategies, and then discuss preliminary results towards a proof theory.

2 Alternating-time Temporal Logic

Here we recall briefly the semantic and syntactic basies of For full details, see any
of [2—-4].

A concurrent game structurgCGS) is a tupleM = (X, I1,Q, 7, Act, d, §) where
Y ={1,...,k}, for & > 0, is the set ofagents (players)II is a set ofatomic
propositions @ is a set ofstates 7 : Q — (IT) is thelabeling function; Act is a



(usually finite) set ofactions d is a mapping such that for each playiee X and
stateq € @, di(q) C Act is the non-empty set of actions available to playen
q; and o is thetransition function mapping every paifq € Q,a € D(q)), where
D(q) = di(q) x --- x d,(q) is the set ofjoint actionsat ¢, to anoutcome state
0(q, @) € Q.

Fora € D(q), leto; denote the-th component ofv. Likewise,«(C) denotes the
projection ofa onto C C X, and D(gq, C) denotes the projection db(q) onto C.
Whenever necessary, we may writd M, ¢) and D(M, ¢, C) in order to indicate the
CGS explicitly. Apointed CGSs a pair(M, q) whereM is a CGS and; is a state in
M.

Given a CGSVM, C C X, a statey in M, and a tuple of actions(C) € D(q,C),
one for each agent i@, we denote byut(M, g, a(C)) the set of outcome states of all
joint actions extending.(C). Formally,

out(M,q,a(C)) = {d(¢q,a’) | ' € D(q), /(C) = a(C)}.

In particular,out(M, q,a)) = {6(q, @) }. Also, we writeout(M, q) for the set
out(M, q,a(()) of all possible outcome states from when M is fixed, we write
out(q).

A computatiom\ is an infinite sequence of statés= qyq; - - -, where for each >
0 there is a joint actiomx € D(q;) such that(g;, o) = ¢;+1. By A[j] we will denote
the elementq;) in A with index j ; respectively)|j will denote the initial segment of
A ending with A[j]. Such an initial segment will be calledfiite computationThe
last state of a finite computatienwill be denoted by (o). Whenever suitable we will
regard a state as a one step computation, and ther) = ¢. A simple (or memoryless)
strategyfor a playeri is a functionf; : @ — Act with f;(q) € d;(q) for eachq €
Q. That is, the strategy maps each state to an action for play®rmemory-based
strategyfor a playeri is a functionf; : QT — Act with f;(o) € d;(I(0)), i.e., it
maps possible histories of the playite choices. Clearly, memoryless strategies can be
seen as special cases of memory-based strategies, ¥ikere. . ¢,,) only depends on
the last statey,,. A joint strategyfor C C X is a tuple of strategies, one per C;
by Str(M, C) we denote the set of joint memoryless strategies’fan M. We then
denote byf-(q) the tuple of respective actiorfs(q) for i € C, and adopt the notation
out(M,q, fc) for out(M, q, fc(q)). Given a statey and a joint memoryless strategy
fe for C, comp(M, q, fc) denotes the set of possible computations starting in gtate
where the agents i use the strategiek.. Formally,A € comp(M, q, fc) iff A\[0] = ¢
and forallj > 0, A[j + 1] € out(M, A[j], fo).

A language forTL is determined by the set of atomic propositidignd the set of
agentsY, and will be denoted bytL (17, X). The formulae ofsTL (17, X) are defined
recursively as follows, wherg € IT andC C 3

¢pu=T|pl=d[oAe | (CYXe| (C)Go | (C)oUS

In addition to the standard propositional connectives, we({@@gF ¢ for (C) (TUP),
and write AX ¢, AGo, A(p1UUpy) respectively for(B) X o, (B)Go, (0) (p1lps);
EX¢, EGo, E(¢1U¢s) respectively for( X)X o, (X)Go and (X)) (p1Udp2); and
[C]X¢ and[C]G¢ respectively for the duals{(C) X—-¢ and—{(C)) F—¢. Truth of



a formulay in a stateg of a CGSM is defined as usual for the Boolean connectives
and via the following clauses for the strategic temporal operétors:

M,q =m (CYVX¢ < Ifc € Str(M,C)YA € comp(M, q, fo)(M,\[1] Ear. ¢)
M, q Ea (C)Go < Ifc € Str(M,C)VA € comp(M, q, fc)Vj = 0(M, Alj] Ear. ¢)
M, q s (C) p1lldy &

3fc € Str(M, C)VA € comp(M, q, fc)3j > 0((M, A[j] Far. ¢2) &

VO < k < j(M, k] Ean 61)).

Now, M Ear. ¢ If M, q Ear. ¢ for everyq € Q; ¢ is ATL-valid if M = ¢ for
every CGSM.

In the semantics okTL, being compositional, strategies canrbeokedby agents.
For instance, the truth ofa))G¢ requires existence of a stratedy for the agent
that guarantees that remains true along every computation compatible vyithbut
when evaluating the truth of at a state of such computation in order to verify the
truth of {(a)) Go, we no longer assume that the agent actually adheres to that strategy
Philosophically, this means that in the semanticamf the agents are not “committed”
to the strategies claimed to exists by a given cooperation modality, but they are free to
change their minds as soon as the next choice point (i.e., next cooperation modality) is
encountered. The following example demonstrates the effect of revocable strategies.

Example 1.We are given a system with a shared resource, and are interested in reason-
ing about whether agemthas access to the resource. patenote the fact that agent

a controls the resource. TherL formula ((a)) X'p expresses the fact thatis able to

obtain control of the resource in the next moment, if she chooses to. Now imagine that
agenta does not need to access the resource all the time, but she would like to be able
to control the resource any time she needs it. This can be expressed lry formula

{a) G{a) Xp, saying that has a strategy which guarantees that, in any future state of
the systemg can always force the next state to be one whetentrols the resource.
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Fig. 1. Systemi, with a single ageni. The transitions between states are labeled by the actions
chosen bya.

Consider system/, from Figure 1. We have thatly, ¢; = ((a)) Xp: a can choose
actionas, which guarantees thais true next. But we also have thafy, ¢; = ((a))G{(a)) Xp:

4 Note that memoryless and memory-based strategies yield equivalent semantics for the standard
ATL [7].



a’s strategy in this case is to always choasg which guarantees that the system will
stay ing; forever and, as we have seédy, ¢; = {(a)) X¥p. However, this system does

not have the exact property we had in mind because, by following that strategy, the
agenta dooms herself toever access the resoureén which case it is maybe counter-
intuitive that ((a)) Xp should be true. In other words,can ensure that she is forever
ableto access the resource — but only by nexetually accessing it. Indeed, while

can force thepossibilityof achievingp to be true forever, the actual achievemenpof
destroys that possibility.

We argue that, while there is nothing “wrong” with the standard semantics,
there are many situations in which the “committed” interpretation of strategies we in-
troduce next is more appropriate. For instance, a strategy in game theory is usually
understood as eompleteplan that prescribes the player’'s behaviour in all conceivable
situations, and for all future moments. Under this interpretatian),G (a)) Xp cannot
hold in My, q1, because can only play according to the first or the second strategy, but
not to both of them at the same time. Irrevocable strategies are often naturally assumed,
not only in game theory, but also in controller synthesis (the controller is an irrevocable
strategy), and in planning in Al, where the actual achievement of certain subgoals may
affect the possibility of achieving other subgoals.

3 Model Updates and Semantics with Irrevocable Strategies

We start by considering the memoryless case of irrevocable strategies. First, let us spell
out again the intuition behind the semantics with irrevocable strategies: a formula such
as ((C) X¢ means that there is a joint strategy fGrsuch that, if the actions of the
agents fromC' are thereafter fixed by the choices prescribed by the strategyll
necessarily be true in the next state; likewise for the other temporal operators. This
motivates the notion of enodel updatesimilar to the one in [10, 8]: the update of a
model by a joint memoryless strategy fdris a model obtained by fixing the choices of
every agent irC' in each state as prescribed by the strategy for that agent in that state.

Definition 1 (Model Update).Let M be a CGS( a coalition, andf¢c € Str(M,C) a

memoryless strategy. The updatédby f-, denotedV! | f¢, is the same ad/, except
that the choices of each agent C are fixed by the strategy;: d;(q) = {fi(¢)} for

each statey.

The language of the logieTL — ATL with irrevocable strategies is the same as the
language ofATL. Let ¢ be a state in a CG&/. The semantics of the strategic operators
in IATL is defined as follows:

M, q ‘:IATL <<C>> X iff
3fc € Str(M,C)VA € comp(M T fo,q, fo)(M T fo, A[1] Fuar ¢)

M,q ':IATL <<C>> Go iff
3fc € Str(M,C)VA € comp(M 7 fc,q, fo)Vi > 0(M T fo, \[j] Fur )



M, q i (C) (91U o) iff
3fc € Str(M,C)VA € comp(M 1 fc,q, fc)3j = 0(M 1 fo, \[J] Fur ¢2 &
V0 < k< ](M Jf va)\[k] ':IATL ¢1))

Note, again, that the logiaTL is defined with memoryless strategies. We also define

a version of the irrevocable strategies semantics for memory-based strategies, called
MIATL (memory-basedrTL). The language of the logi@IATL is the same as the lan-
guage of ATL . Unlike in IATL, in MIATL we cannot update the model directly, but must
first unfold the model into an (equivalent) tree-like structure, and then eliminate the
branches which represent computations which do not conform to the strategy we up-
date with. The tree-unfolding of a CGH from a statey is denotedl'(M, q). Note

that a memory-based strategy/ii is equivalent to a memoryless strategitM, q).

Thus, themIATL semantics can be defined as follows:

M,q ’:MIATL RS T(M, Q)aq ':IATL 1)

Intuitively, themiATL meaning of the cooperation modalities involves pruning the model
by a memory-based strategy.

The difference between the above and the origiTal interpretations is that in the
former the subformula of a formula{(C)) T'¢ is evaluated in an updated model, where
the actions of groug’ are fixed, while in the latter the subformupeof (C)T'¢ is still
evaluated in the original model. Consider modé} from Example 1 again. We have
that My, ):ATL <<a>>g<<a>>2\f'p, but Mo, ¢, F’élATL <<a>>g<<a>>.)(p, and My, q; %MIATL
{a)G{a)) Xp. To thatiATL andMIATL are different, it is enough to observe that

Mo, 1 ':MIATL <<a>>X<<a>>Xp, but My, ¢1 b’élATL <<a>>X<<a>>Xp.

4 Towards a Proof Theory

Here we describe first steps towards a proof theoryAor andMIATL . We sometimes
use the termaTL, IATL, andMIATL more specifically to denote the sets of validities of
the respective logics.

4.1 ComparingATL, IATL , and MIATL

Let us first point out that the semanticsiafL andMIATL coincide for a special class
of models.

Definition 2. A cGsis tree-likeif there is a state (root) from which every state can
be reached by a unique finite computation. A typical example of tree-like CGS is the
tree-unfoldingl'(M, ¢) of a given CGSV/ from a given state in it.

Since every state in a tree-like CGS has a unique history (the path from the root),
memoryless and memory-based strategies coincide in tree-like CGSs, and therefore
IATL andMIATL are equivalent in them. More precisely:

Proposition 1. For every pointed tree-like CG31, ¢) and anaTL-formula¢: M, ¢ =an
¢ iff M, q ':MIATL ®.



Proposition 2. If a formula isMIATL -satisfiable, then it imIATL -satisfiable in a tree-
like CGS.

Theorem 1.

1. ATL ¢ IATL, andATL € MIATL ;
2. IATL € ATL, andMIATL ¢ ATL;
3. IATL C MIATL;
4. MIATL ¢ IATL.

Proof. (Sketch). (1) follows from the fact thahTL and MIATL are not closed under
uniform substitution (consider the substitution(@F)) X'p A (X)) X' —p for p in the ATL
axiom—{(0) Xp — (X)) Xp). As for (2), note thaf{C') X (C) X ¢ — (C) X (D)) X ¢,

for C' # (), is a validity of bothiATL and MIATL, but not ofATL. (3) follows from
Propositions 1 and 2. To show (4) we construct a more complicated formula, valid in
MIATL but not inIATL.

Theorem 1 shows that we cannot extend a proof theoryforto get a proof theory
for eitheriATL or MIATL (point 1); that we cannot specialise arL proof theory either
(point 2); and thamIATL extendsIATL but not the other way around. The latter point
is interesting, because in the case of standand the theorems of the logic defined
with memoryless and memory-based strategies, respectively, coincide. In the case of
irrevocable strategies, there are strictly more theorems in the case of memory-based
strategies.

4.2 Special axioms fonATL

{(0) X ¢ expresses the fact thatis inevitably true in the next state. We can say that
coalition C has no choice wrt a formula if C' can achieve in the next state precisely
wheng is inevitable:

NoChoice(C, ) = (CHX P — (D) X¢.
Now, for any formulap and coalition”, C’ we define:
Irrevocable(C,C’', ¢) = [C]GNoChoice(C’, ¢).

Thus, after a coalitiorC has committed to a strategy, all its sub-coalitions have no
choice any more. Formally:

Proposition 3. For any formulag and coalitionsC, C’ such thatC’ C C:
Eur Irrevocable(C,C', ¢).
The above can be generalized to:
Fur [CIG((C) X ¢ — (C"\ C) X )

for any coalitionsC, C".



We denote the last formula schemeMgrmal. Given any formulap, by repeated
use ofNormal, one can subsequently remove from the internal coalifioin every
subformulal(C)) ... (C") ... of ¢ all agents inC'N C’, and thus eventually show the
following proposition.

Definition 3. AnATL-formula¢ is normalif it contains no nested occurrences of strate-
gic operators with intersecting coalitions, i.e., it contains no subformula of the type
(A1) ... ((As)) ... whereA; N Ay # (.

Proposition 4. Every formula iSATL -equivalent to an effectively computable normal
formula.

Consequently, testinghTL -satisfiability of any formula can be effectively reduced
to testingIATL -satisfiability of a normal formula, which in turn can be established by
suitably modifying the construction of alternating tree automata associated with such
formulae, presented in [4].

The importance of normal formulae derives from the fact that their -semantics
is essentially compositional and they behave in many respectsaas itHowever, one
additional effect of the irrevocable strategies is that once all agents commit to their
strategies, only one computation remains possible, i.e. the system bedet®easinis-
tic, which admits an additiona{TL-valid scheme. This yields a new schemeAifL -
valid formulae which are onlgrL-valid in deterministic systems:

[Z1G([0]Xp — (0) Xp).

Thus, within the scope of X)) all cooperation modalities are completely trivialized
and can be simply omitted; the result is an LTL formula, evaluated on the unique com-
putation determined by the committed collective strategy of all agents.

4.3 Towards tableaux foriATL and MIATL

Two decision procedures farL have been developed in [4] — one using on alternating
automata, and the other - based on a finite ‘pseudo-model’ property for every satisfiable
ATL-formula. Both methods can be converted (currently in preparation [5]) into tableau-
like proof systems foaTL®, the relative efficiency of which is still under investigation.
The adaptation of a tableau farL to IATL raises some technical difficulties, related
to the control of irrevocability of strategies. The modelling within the tableau of the
memory-based strategieSNATL presents an extra complication. These are currently
being addressed and will be discussed in a subsequent full paper.

5 Conclusions

This paper is a preliminary report on work towards a proof theory for multi-agent logics
with irrevocable strategies. This proof theory is essentially affected by the irrevocable

5 Also, in [6] Hansen develops 'tableau game’ for ATL, similar to that constructed by Niwinski
and Walukiewicz for the modal mu-calculus, but according to the author her system has a flaw.



strategies as compared to the original ; in particular, neither oAtL andIATL sub-

sumes the other. Furthermore, unlike the case of revocable strategies, memory plays an
important role in the semantics based on irrevocable strategies, distinguishing the two
VersionsJATL andMIATL .
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