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Abstract. Modifying a given graph to obtain another graph is a well-
studied problem with applications in many fields. Given two input graphs
G and H, the CONTRACTIBILITY problem is to decide whether H can be
obtained from G by a sequence of edge contractions. This problem is
known to be NP-complete already when both input graphs are trees of
bounded diameter. We prove that CONTRACTIBILITY can be solved in
polynomial time when G is a trivially perfect graph and H is a threshold
graph, thereby giving the first classes of graphs of unbounded treewidth
and unbounded degree on which the problem can be solved in polynomial
time. We show that this polynomial-time result is in a sense tight, by
proving that CONTRACTIBILITY is NP-complete when G and H are both
trivially perfect graphs, and when G is a split graph and H is a threshold
graph. If the graph H is fixed and only G is given as input, then the
problem is called H-CONTRACTIBILITY. This problem is known to be NP-
complete on general graphs already when H is a path on four vertices.
We show that, for any fixed graph H, the H-CONTRACTIBILITY problem
can be solved in polynomial time if the input graph G is a split graph.

1 Introduction

The problem of deciding whether a given graph can be obtained from another
given graph by contracting edges is motivated from Hamiltonian graph theory
and graph minor theory, and it has applications in computer graphics and cluster
analysis [12]. This problem has recently attracted increasing interest, in partic-
ular when restrictions are imposed on the input graphs [3,10-13]. We continue
this line of research with new polynomial-time and NP-completeness results.
For a fixed graph H, the H-CONTRACTIBILITY problem is to decide whether
H can be obtained from an input graph G by a sequence of edge contractions.
This problem is closely related to the well-known H-MINOR CONTAINMENT
problem, which is the problem of deciding whether H can be obtained from
a subgraph of G by contracting edges. A celebrated result by Robertson and
Seymour [17] shows that H-MINOR CONTAINMENT can be solved in polynomial
time on general graphs for any fixed H. As a contrast, H-CONTRACTIBILITY is
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NP-complete already for very simple fixed graphs H, such as a path or a cycle
on four vertices [3]. The version of the problem where both graphs are given as
input, called CONTRACTIBILITY, is NP-complete on trees of bounded diameter,
as well as on trees all whose vertices but one have degree at most 5 [16].

Given these hardness results, it is perhaps not surprising that hardly any
positive results are known on the CONTRACTIBILITY problem. So far, CON-
TRACTIBILITY is known to be solvable in polynomial time only when G has
bounded treewidth and H has bounded degree [16]. A few more positive results
are known on the H-CONTRACTIBILITY problem. For example, for every fixed
graph H on at most 5 vertices, H-CONTRACTIBILITY can be solved on general
graphs in polynomial time when H has a dominating vertex, and it is NP-
complete otherwise [12, 13]. However, it is known that for larger fixed graphs H,
the presence of a dominating vertex in H is not a guarantee for polynomial-time
solvability of the problem [10]. Very recently, Kaminski, Paulusma and Thi-
likos [11] showed that H-CONTRACTIBILITY can be solved in polynomial time
on planar input graphs for every fixed H.

In this paper, we study the CONTRACTIBILITY and H-CONTRACTIBILITY
problems on subclasses of chordal graphs. Chordal graphs constitute one of the
most famous graph classes, with a large number of practical applications (see
e.g., [6,7,18]). Edge contractions preserve the property of being chordal. Since
trees are chordal graphs, it follows from the above-mentioned hardness result on
trees that CONTRACTIBILITY is NP-complete when G and H are both chordal.
We show that the problem remains NP-complete even when G and H are both
trivially perfect graphs or both split graphs. Note that trees are neither trivially
perfect nor split. Trivially perfect graphs and split graphs are two unrelated
subclasses of chordal graphs, and both classes are well-studied with several the-
oretical applications [2,7]. These two classes share a common subclass called
threshold graphs, which is another well-known subclass of chordal graphs [15].
We prove that CONTRACTIBILITY remains NP-complete even when G is split
and H is threshold. On the positive side, we show that CONTRACTIBILITY can
be solved in polynomial time when G is trivially perfect and H is threshold. This
result can be considered tight by the above-mentioned hardness results. For H-
CONTRACTIBILITY, we give a polynomial-time algorithm when G is a split graph
and H is an arbitrary fixed graph. The results of this paper are summarized in
Table 1.

On the way to obtain our results, we show that the problems CONTRACTIBIL-
ITY and INDUCED SUBGRAPH ISOMORPHISM are equivalent on connected triv-
ially perfect graphs. Hence our results imply that the latter problem is NP-
complete on connected trivially perfect graphs, and that this problem can be
solved in polynomial time when G is trivially perfect and H is threshold. We
would like to mention that INDUCED SUBGRAPH ISOMORPHISM is known to
be NP-complete on split graphs and on cographs [4]. Trivially perfect graphs
constitute a subclass of cographs, and threshold graphs are both cographs and
split graphs. Hence our results tighten previously known hardness results on IN-



G

H

Complexity

Trivially perfect (i) Trivially perfect (i) NP-complete

Trivially perfect (i) Threshold (i) Polynomial

Trivially perfect (i) Trivially perfect (f) Polynomial
Threshold (i) Arbitrary (i) Linear

Split (i) Threshold (i) NP-complete

Split (i) Arbitrary (f) Polynomial

Table 1. The complexity of deciding whether G can be contracted to H, according to
our results; (i) stands for “part of the input”, (f) stands for “fixed”.

DUCED SUBGRAPH ISOMORPHISM. The relationships between the graph classes
mentioned in this paper are given in Figure 1.

trivially
perfect

proper
interval

Fig. 1. The graph classes mentioned in this paper, where — represents the D relation.

2 Preliminaries

All graphs considered in this paper are undirected, finite and simple. For a graph
G, we use V(G) and E(G) to denote the set of vertices and set of edges of G,
respectively. Let G be a graph, and let V = V(G) and E = E(G). For a vertex
v in G, the set Ng(v) = {w € V | vw € E}, consisting of all the neighbors
of v in G, is called the neighborhood of v. The set Ng[v] = Ng(v) U {v} is
the closed neighborhood of v. We omit subscripts when there is no ambiguity.
The degree of a vertex v is d(v) = |N(v)|. An ordering o = (v1,v2,...,0,)
of the vertices of a graph G is called a non-increasing degree ordering of G if
d(vy) > d(vg) > -+ > d(v,). A vertex is called isolated if its degree is 0. If



N[v] = V, then we say that v is a universal vertex of G. A path in G is a
sequence of distinct vertices P = ujus - - - up, where u;u;41 is an edge of G for
every i = 1,...,p — 1. We say that P is a path between u; and u,, which are
called the end vertices of P. If uju, is an edge as well we obtain a cycle. A forest
is a graph without cycles, and a tree is a connected forest. A vertex in a tree is
called a leaf if it has degree 1. A rooted tree is a tree in which a vertex gets the
special role called the root.

A graph is connected if there is a path between every pair of vertices. A
maximal connected subgraph of a graph is called a connected component. A
connected component of a graph is called nontrivial if it contains at least one
edge. For any set S C V', we write G[S] to denote the subgraph of G induced by S.
We write G — v to denote the graph G[V \ {v}]. The set S is said to be connected
if G[S] is connected. We say that two disjoint sets S,.5” C V are adjacent if there
exist vertices s € S and s’ € S’ that are adjacent. A subset S C V is a clique if all
vertices in S are pairwise adjacent, and S is an independent set if no two vertices
of S are adjacent. An isomorphism from a graph G to a graph H is a bijection
¢ : V(G) — V(H) such that wv € E(G) if and only if ¢(u)p(v) € E(H). We
say that G is isomorphic to H if there exists an isomorphism from G to H. The
INDUCED SUBGRAPH ISOMORPHISM problem is to decide, given two graphs G
and H, whether G has an induced subgraph that is isomorphic to H. We say
that two rooted trees T and Tb are isomorphic if there is an isomorphism from
T to T, that maps the root of T} to the root of T5.

The contraction of edge uv in G removes v and v from G, and replaces
them by a new vertex, which is made adjacent to precisely those vertices that
were adjacent to at least one of the vertices u and v. Instead of speaking of the
contraction of edge uv, we sometimes say that a vertex w is contracted onto v
if the new vertex resulting from the contraction is still called v. We write G /uv
to denote the graph obtained from G by contracting the edge uv. We say that a
graph G can be contracted to a graph H, or is H-contractible, if H is isomorphic
to a graph that can be obtained from G by a sequence of edge contractions. Let
S C V(G) be a connected set. If we repeatedly contract edges in G[S] until only
one vertex of G[S] remains, we say that we contract S into a single vertez. Let
H be a graph with vertex set {hi,...,hjy(m) }. Saying that a graph G can be
contracted to H is equivalent to saying that G has a so-called H-witness structure
W, which is a partition of V(G) into witness sets W (hy),..., W (hjv(m)|), such
that each witness set induces a connected subgraph of G, and such that for every
two vertices h;, h; € V(H), the corresponding witness sets W (h;) and W (h;) are
adjacent in G if and only if h; and h; are adjacent in H. By contracting each of
the witness sets into a single vertex, we obtain a graph which is isomorphic to H.
See Figure 2 for an example that shows that, in general, an H-witness structure
of G is not uniquely defined. For any subset S C V(H), we write W (S) to denote
the set of vertices of G that are contained in a witness set W (v) for some v € S,
ie, W(S) = UyesW(v).

Cographs are the graphs that do not contain a path on four vertices as an
induced subgraph. Interval graphs are the intersection graphs of intervals of a



Fig. 2. Three different H-witness structures of a threshold graph.

line, and they form a subclass of chordal graphs. Chordal graphs are the graphs
without induced cycles of length more than 3.

Trivially perfect graphs have various characterizations [2,7,8,21]. For our
purposes, it is convenient to use the following characterization as a definition. A
graph G is trivially perfect if and only if each connected induced subgraph of G
contains a universal vertex [19,20]. Let & = (v, va, ..., vy, ) be an ordering of the
vertices of a trivially perfect graph G. If « has the property that v; is universal
in a connected component of G[{v;,,vit1,...,v,}] for i = 1,...,n, then « is
called a universal-in-a-component ordering (uco). A graph is trivially perfect if
and only if it has a uco, and if and only if every non-increasing degree ordering is
a uco [8,21]. Consequently, for every edge uv in a trivially perfect graph, either
Nlu] € N[v] or N[v] C N[u] [21].

Every rooted tree T defines a connected trivially perfect graph, which is
obtained by adding edges to T' so that every path between the root and a leaf
becomes a clique. In fact, all connected trivially perfect graphs can be created
this way, and there is a bijection between rooted trees and connected trivially
perfect graphs [21]. Given a connected trivially perfect graph G, a rooted tree
T corresponding to G, which we call a uco-tree of GG, can be obtained in the
following way. If G is a single vertex, then T¢ is this vertex. Otherwise, take a
universal vertex v of GG, make it the root of T, and delete it from G. In the
remaining graph, for each connected component G’ build a uco-tree T of G’
recursively and make v the parent of the root of Tz/. All rooted trees that can
be obtained from a connected trivially perfect graph in this way are isomorphic,
and hence T is unique for every connected trivially perfect graph G. If G is
disconnected, then it has a wuco-forest, which is the disjoint union of the uco-trees
of the connected components of G.

A graph G is a split graph if its vertex set can be partitioned into a clique
C and an independent set I, where (C,I) is called a split partition of G. If C
is not a maximum clique, then there is a vertex v € I that is adjacent to every
vertex of C. In this case, ¢/ = C' U {v} is a maximum clique, and (C', I\ {v})
is also a split partition of G. In this paper, unless otherwise stated, we assume
that the clique C of a split partition (C,I) is maximum. This implies that none
of the vertices in [ is adjacent to every vertex of C. Split graphs form a subclass
of chordal graphs.

Threshold graphs constitute a subclass of both trivially perfect graphs and
split graphs. Threshold graphs have several characterizations [2,7,15], and we
use the following one as a definition. A graph G is a threshold graph if and only



if it is a split graph and, for any split partition (C,I) of G, there is an ordering
(v1,v2,...,vx) of the vertices of C such that N[vi] D Nlvs] 2 ... 2 Nvg],
and there is an ordering (uj,us,...,us) of the vertices of I such that N(u;) C
N(uz) C ... C N(ug) [15]. In that case, (v1,va,..., Uk, Ug,. .., U2, u1) IS & nON-
increasing degree ordering, and hence a uco, of GG. Every connected threshold
graph has a universal vertex, e.g., vertex v; in the ordering given above. Since
we assume the clique of any split partition to be maximum, a vertex of C' of
smallest degree, e.g., vertex vi in the ordering given above, has no neighbors
in I. If a threshold graph is disconnected, then it has at most one nontrivial
connected component; all other connected components are isolated vertices.

Split graphs, trivially perfect graphs, and threshold graphs are hereditary
graph classes, meaning that the property of belonging to each of these classes is
closed under taking induced subgraphs. These graph classes can be recognized
in linear time; split partitions and uco-trees can also be obtained in linear time
[2,7,8,21].

3 Contractions and Induced Subgraph Isomorphisms of
Trivially Perfect Graphs

In this section, we will give results on the computational complexity of CON-
TRACTIBILITY on trivially perfect graphs, corresponding to the first four rows
of Table 1. The first theorem reveals the equivalence of the problems CON-
TRACTIBILITY and INDUCED SUBGRAPH ISOMORPHISM on the class of connected
trivially perfect graphs.

Theorem 1. For any two connected trivially perfect graphs G and H, the fol-
lowing three statements are equivalent:

(i) G can be contracted to H;
(ii) G contains an induced subgraph isomorphic to H;
(iii) Te can be contracted to Ty .

Proof. First we prove the equivalence between (i) and (ii). Suppose G is H-
contractible, and let uv be one of the edges of G that were contracted to obtain a
graph isomorphic to H. Since G is trivially perfect, we have either Ng[u] C Ng[v]
or Ng[v] C Nglu]. Without loss of generality, assume that Ng[u] C Ng[v]. Then
contracting edge uv in G is equivalent to deleting vertex u from G. We can
repeat this argument for every edge that was contracted, and conclude that G
has an induced subgraph isomorphic to H.

For the opposite direction, suppose G’ is an induced subgraph of G isomor-
phic to H. Let x be a universal vertex of G. We claim that G has an induced
subgraph G” isomorphic to H such that G” contains z. If G’ already contains z,
then we can take G” = G’. Suppose z ¢ V(G’). Since G’ is a connected trivially
perfect graph, it has a universal vertex z’. Since z is a universal vertex in G, we
have Ng(z') C Ng[z]. Hence the graph G” = G[(V(G') \ {«'}) U {x}] is isomor-
phic to G’, and is therefore also isomorphic to H. Now let y # = be one of the



vertices that has to be deleted from G to obtain its induced subgraph G”, i.e.,
y € V(G)\ V(G"). Since z is a universal vertex, we know that N¢(y) C Ng[z].
Then deleting vertex y from G is equivalent to contracting edge xy in G. Since
x € V(G"), we can repeat this argument for every vertex of V(G)\ V(G”), and
conclude that G is H-contractible.

Next we prove the equivalence between (ii) and (iii). Suppose G contains an
induced subgraph G’ isomorphic to H, and let y be one of the vertices of G
that has to be deleted to obtain G’. As argued above, we can assume that G’
contains a universal vertex = # y of G, which we can assume to be the root
of Tg. This means in particular that G — y is connected. Let = be the parent
of y in T, and let T be the tree obtained from T by contracting y onto x.
This makes x the parent in T” of all children of y in Tg. Other than this, all
parent-children relations are the same in 7" as they were in Tg. Since z was
already adjacent in G to all the vertices in the subtree of T rooted at y, we see
that T” is indeed a uco-tree of G — y, and hence T” is isomorphic to Tg_,,. Now
we can repeat this argument for every vertex of V(G)\ V(G’), and conclude that
T is Ty-contractible.

For the opposite direction, suppose T is Ty-contractible, and let xy be one
of the edges of Tz that were contracted to obtain a tree isomorphic to Ty . Let
T' = Tg/xy, and assume without loss of generality that x is the parent of y
in Tg and that y is contracted onto x. Let G’ be the trivially perfect graph
having T’ as a uco-tree. Note that a vertex u belongs to the subtree rooted at
a vertex v in T” if and only if it already belonged to the subtree of T rooted
at v. Therefore, for every pair of vertices u,v € V(G) \ {y}, wv € E(G") if and
only if uv € E(G), and hence G’ is isomorphic to G — y. Now we can repeat this
argument for every edge of T that was contracted, and conclude that G has an
induced subgraph isomorphic to H. a

Theorem 1 immediately gives us the result mentioned in the third row of
Table 1, since checking whether a fized graph H appears as an induced subgraph
of an input graph G can be done trivially in polynomial time. Since Matousek
and Thomas [16] implicitly proved CONTRACTIBILITY to be NP-complete on
rooted trees, Theorem 1 also implies the following result.

Corollary 1. Both CONTRACTIBILITY and INDUCED SUBGRAPH ISOMORPHISM
are NP-complete on connected trivially perfect graphs.

Proof. Let T1; and T be two rooted trees given as input to CONTRACTIBILITY.
Let G be the trivially perfect graph having 77 as a uco-tree, and let H be the
trivially perfect graph having 75 as a uco-tree. By Theorem 1, G is H-contractible
if and only if G has an induced subgraph isomorphic to H if and only of T} is
contractible to 75. The corollary now follows from the result by Matousek and
Thomas [16], stating that CONTRACTIBILITY is NP-complete on rooted trees.
O

The results below show that both problems can be solved in polynomial time
when G is a trivially perfect graph and H is a threshold graph, even if both G and



H are disconnected. Observe that these results are tight in light of Corollary 1.
The following lemma is used in the proof of Theorem 2 below.

Lemma 1. A connected trivially perfect graph G is a threshold graph if and only
if every vertex in Tg has at most one child that is not a leaf.

Proof. Recall that every threshold graph is trivially perfect. Let G be a threshold
graph, and assume for a contradiction that there is a vertex x in T with two
children v and v such that both u and v have children. This means that u and v
are not adjacent in G, Ng(u) € Ng(v), and Ng(v) € Ng(u), which contradicts
the assumption that G is a threshold graph. For the other direction, assume
that G is trivially perfect and that every vertex in T has at most one child
that is not a leaf. Let P = pips...p, be the unique path in T consisting of
all the vertices that have at least one child, where p; is the root of Tg. Observe
that {p1,p2,...,pn} is a clique in G. Since every vertex x of T is adjacent in
G to all the vertices in the subtree of T rooted at z, the vertices of P satisfy
N¢lp1] 2 Nglp2] 2 ... 2 Ng[pn]. The leaves of T form an independent set
in G. A leaf of T is adjacent in G to exactly those vertices that are ancestors
of it in Tg. Since the leaves of T are only adjacent to vertices of P, there
is also an ordering of them such that their neighborhoods are ordered by the
subset relation. By the definition of threshold graphs, we can conclude that G
is threshold. a

Theorem 2. Given a threshold graph G and an arbitrary graph H, it can be
decided in linear time whether G can be contracted to H.

Proof. First we check if H has at most as many vertices and edges as G, and
output a negative answer if not. Since threshold graphs are hereditary, G is H-
contractible only if H is a threshold graph. We can check in linear time whether
this is the case, and output a negative answer if not. Suppose H is a threshold
graph. Since edge contractions preserve connectivity, we can immediately out-
put a negative answer if G and H do not have the same number of connected
components. Suppose G and H have the same number of connected components.
We trivially output “yes” if H contains no edges. Assume that both G and H
contain at least one edge. Recall that any threshold graph contains at most
one nontrivial connected component. Now the problem is equivalent to deciding
whether the only nontrivial connected component of G can be contracted to
the only nontrivial connected component of H. Hence for the rest of the proof
we can assume G and H to be connected threshold graphs. By Theorem 1, our
remaining task is equivalent to deciding whether the uco-tree T of G can be
contracted to the uco-tree Ty of H.

We compute the uco-trees T and Ty in linear time. Since G is a threshold
graph, we know by the proof of Lemma 1 that Tz has a unique path containing
all the vertices that have at least one child. Let S = s1s2---s4 be this path,
where s is the root of Tg. Let T' = t1to - - - t;, be an analogous path in Ty . Let
I(v) be the number of leaves adjacent to a vertex v of T or S. We describe an
algorithm that either finds a Ty-witness structure W of T, or concludes that



T¢ is not Ty-contractible. First we partition the vertices of S into witness sets
according to the following simple procedure. Initially, we set W (z) = @ for each
vertex x of Ty.

J=1
for i =1to h do
{=0;
repeat
W(t;) = W(t:) U{s;};
C=10+1(s;);
J=J+1L

until (¢ > (t;) or j > g);
if j > gand (¢ <lI(t;) or i < h) then
stop;
end for;
if j < g then
W (tn) = W(ty) U {Sj, AU Sg};

If this procedure runs until the end without being terminated by the stop
command, then for i = 1,..., h we know that T has at least I(¢;) leaves adjacent
to vertices that we placed in W (¢;). For each leaf ¢ of Ty adjacent to t;, we take
a different leaf s of Ty adjacent to a vertex of W(t;), and we let W(t) = {s}.
If T¢; has any leaves that are adjacent to W(t;) but have not been assigned to
witness sets of cardinality 1 like this, then we add all those leaves to W (t;). We
repeat this for each 7. Since the above procedure places each vertex of S in a
witness set, this partitions all vertices of Tz into witness sets.

We first remark that the number of witness sets adjacent to each W (t;) is
equal to the degree of ¢;, and therefore W is a Ty-witness structure of G. Hence,
if the above procedure runs until the end without being terminated by the stop
command, then it produces a Ty-witness structure of T, and hence T is Ty-
contractible.

Now we prove that if the procedure is terminated by the stop command
before reaching the end of the for-loop, then we can conclude that T is not
T-contractible. Assume for a contradiction that T is Ty-contractible, but that
the procedure is terminated by the stop command. Let W (ty1),...,W(t,) be
the witness sets that the procedure generated before it terminated. Let W’ be a
correct T-witness structure of Tez. Observe that W (ty), ..., W'(ty) partitions S
into exactly h subpaths, and hence each of these witness sets contains consecutive
vertices of S. In particular, W’ (¢;) contains s;. Now let k be the smallest integer
such that W' (t;) differs from W (¢x); note that k < p, but not necessarily k = p.
Since k is chosen to be smallest, the vertex of S with the smallest index in W’ (t)
is the same as the vertex of S with smallest index in W (ty). Observe that the
number of leaves of T adjacent to the vertices of W' (¢x) is at least I(¢x). The
repeat-loop for building W (t;) stops as soon as this number is reached, and
hence W (t)) does not contain more vertices of S than W’(t;). Since the two sets
are different, we conclude that W (tx) contains fewer vertices of S than W'(¢),



meaning that W (tx) C W'(tr). Consequently, k was not the step at which the
above procedure stopped. Furthermore, the vertex of S with the smallest index
in W(tg+1) has a smaller index than the vertex of S with the smallest index in
W'(tg+1), and by the same arguments, the vertex of S with the largest index
in W (tg+1) has no larger index than the vertex of S with the largest index in
W'(tg+1). Now we can repeat the same arguments to conclude that the vertex
of S with the largest index in W (¢;) has no larger index than the vertex of S
with the largest index than W'(¢;), for i = k + 2,...,p, which contradicts the
assumption that the procedure terminated after generating the set W (t,).

All the described steps can clearly be completed within a running time of
O([V(G)| + |E(G)]) if G and H are given by their adjacency lists. If G and H
are already recognized as threshold graphs before testing contractibility, and if
they are provided to us in a compact representation, like a non-increasing degree
order, then our running time becomes O(|V (G)]). O

Theorem 3. Given a trivially perfect graph G and a threshold graph H, it can
be decided in polynomial time whether G can be contracted to H.

Proof. If G has less vertices or edges than H, then we return a negative answer.
If G or H is disconnected, we first check whether G and H have the same number
of connected components. If not, then we return a negative answer, since edge
contractions preserve connectivity. Otherwise, for every connected component
G’ of G and the unique nontrivial connected component H’ of H, we check if G’
is H’-contractible. By Theorem 1, this is equivalent to testing whether T+ can
be contracted to Tr. The total running time is no worse than O(|V(G)]) times
the running time of checking contractibility on a pair of connected components.
Hence for the rest of the proof we assume that input graphs G and H are
connected.

We compute the uco-trees T and Ty in linear time. Let S be any path in
Te between the root and a leaf. We define C(S) to be the graph obtained by
contracting every edge of T, apart from the edges that have both endpoints
in S or that are incident to a leaf. By Theorem 1, C(S) is the uco-tree of an
induced subgraph Gg of G, and by Lemma 1, G is a threshold graph. Note also
that C(S) has as many leaves as G. We claim that G is H-contractible if and
only if there is a path S in T such that C(S) is Ty-contractible. Clearly, if such
a path S exists, then T is Ty-contractible and hence G is H-contractible.

We now prove that if G is H-contractible, then such a path S exists in T¢.
Assume that G is H-contractible. Then we know by Theorem 1 and its proof
that G has an induced subgraph G’ isomorphic to H such that G’ contains the
root of T;. Hence we can assume that Tz and T have the same root. Since G’
is a threshold graph, by Lemma 1, Tss has the property that there is a unique
maximal path from the root every vertex of which has at least one child in T¢-.
Let T = t1to - - - t;, be such a path in T/. Hence t; is the root of T/, and ¢, is
the lowest vertex that is not a leaf. By Theorem 1 and its proof, we know that
T¢ is contractible to Ts in such a way that the witness set of ¢; contains the
root of Ti. Let W be such a Tg/-witness structure of T¢;. This clearly implies the
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existence of a path S in T from the root to a leaf such that W (ty),..., W(ty)
partition S into subpaths. For each ¢ € {1,...,h}, let T; be the subgraph of T¢
obtained by deleting the vertices belonging to W (t;) for all j # i. The connected
component of T; containing W (¢;) contains at least as many leaves of Tz as the
number of leaves which are neighbors of t; in Tgs. Hence C(S) is a graph that
is Tgr-contractible. Since G is isomorphic to H, T is isomorphic to T, and
consequently S is exactly the path whose existence in T we wanted to prove.
The algorithm is now clear from the above discussion. For each distinct max-
imal path S of T from the root containing only vertices that have at least one
child, we check whether C(S) is contractible to Ty using the linear-time proce-
dure described in the proof of Theorem 2. Since the number of distinct paths S
is O(JV(G)|), the total running time is polynomial. 0

By Theorem 1, INDUCED SUBGRAPH ISOMORPHISM is equivalent to CON-
TRACTIBILITY on connected trivially perfect graphs. Hence the only difference
between the proofs of the following results and those of the two previous theo-
rems is in the connectivity arguments.

Theorem 4. Given a trivially perfect graph G and a threshold graph H , it can be
decided in polynomial time whether G contains an induced subgraph isomorphic
to H.

Proof. Let G be a trivially perfect graph and let H be a threshold graph. We
construct a graph G’ from G by adding a new vertex x and making it adjacent
to all vertices of G. Note that G’ is a connected trivially perfect graph. Let H’
be the connected threshold graph obtained from H by adding a new vertex y
and making it adjacent to all vertices of H. We claim that G has an induced
subgraph isomorphic to H if and only if G’ has an induced subgraph isomorphic
to H'. Assume that G’ has an induced subgraph G” isomorphic to H’. By the
arguments used in the proof of Theorem 1, we can assume that G contains x.
Consequently, G’ — z is an induced subgraph of G. Since G” — x is isomorphic
to H, this direction of the claim follows. For the other direction, assume that
there exists a subset U C V(@) such that G[U] is isomorphic to H. Then the
subgraph of G’ induced by U U{z} is isomorphic to H'. Hence, in order to prove
Theorem 4, it suffices to show that we can decide in polynomial time whether a
connected trivially perfect graph G’ can be contracted to a connected threshold
graph H'. This follows from Theorems 1 and 3. a

Theorem 5. Given a threshold graph G and an arbitrary graph H, it can be
decided in linear time whether G has an induced subgraph isomorphic to H.

Proof. Since threshold graphs are trivially perfect, we can use the same argu-
ments as in the proof of Theorem 4 to conclude that it is enough to consider
connected input graphs. Now the result follows from Theorems 1 and 2. a

4 Contracting Split Graphs

In the previous section, we showed that deciding whether a threshold graph G
can be contracted to an arbitrary graph H can be done in linear time. The next
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theorem shows that this result is not likely to be extendable to split graphs. A
hypergraph F is a pair (Q,S) consisting of a set Q@ = {q1,...,qx}, called the
vertices of F', and a set S = {S1,...,S¢} of nonempty subsets of @, called the
hyperedges of F'. A 2-coloring of a hypergraph F' = (@, S) is a partition (Q1,Q2)
of @ such that Q1 NS; # 0 and Q2N S; #0 for j=1,...,°L.

Theorem 6. CONTRACTIBILITY is NP-complete on input pairs (G, H) where G
is a connected split graph and H is a connected threshold graph.

Proof. We use a reduction from HYPERGRAPH 2-COLORABILITY, which is the
problem of deciding whether a given hypergraph has a 2-coloring. This problem,
also known as SET SPLITTING, is NP-complete [14]. The problem remains NP-
complete when restricted to hypergraphs in which every vertex is contained in
at least two hyperedges.

Let F = (Q,S) be a hypergraph with @ = {q1,...,¢x} and S = {S1,...,Se}
such that every vertex of () appears in at least two hyperedges. We construct
a split graph G as follows. We start with a clique A = {ay,...,ax}, where the
vertex a; € A corresponds to the vertex ¢; € @ for i = 1,...,k. We add an
independent set B = {by,...,be}, where the vertex b; € B corresponds to the
hyperedge S; € S for ¢ = 1,...,¢. Finally, for ¢ =1,... )k and j = 1,...,¢, we
add an edge between a; and b; in G if and only if ¢; € S;. We also construct
a threshold graph H from a single edge zi;z5 by adding an independent set
Y ={y1,...,ye} on £ vertices, and making each vertex of Y adjacent to both z
and x5. We claim that G can be contracted to H if and only if F' has a 2-coloring.

Suppose F has a 2-coloring, and let (Q1, Q2) be a 2-coloring of F. Let (A1, As)
be the partition of A corresponding to this 2-coloring of F'. Note that A; and
Ay both form a connected set in G, since the vertices of A form a clique in G.
We contract A; into a single vertex p;, and we contract A, into a single vertex
p2. Let G’ denote the resulting graph. Since (@1, Q2) is a 2-coloring of F, every
vertex in B is adjacent to at least one vertex of A; and at least one vertex of Ag
in the graph G. As a result, every vertex in B is adjacent to both p; and ps in
G’. Hence G’ is isomorphic to H, which means that G can be contracted to H.

Now suppose G can be contracted to H, and let W be an H-witness structure
of G. Since we assumed that every vertex of F appears in at least two hyperedges,
every vertex in A has at least two neighbors in B. This means that B is the only
independent set of size £ in G. Since Y is an independent set of size £ in H,
the witness sets W (y1), ..., W(ye) each must contain exactly one vertex of B. In
fact, since every vertex of A has at least two neighbors in B, we have W(Y') = B.
This means that the two witness sets W(x1) and W (z3) form a partition of the
vertices of A. By the definition of an H-witness structure and the construction
of H, each witness set W(y;) is adjacent to both W(x1) and W (xz2). Hence the
partition (W (x1), W(xz2)) of A corresponds to a 2-coloring of F'. O

Although the problem of deciding whether a split graph G can be contracted
to a split graph H is NP-complete when both G and H are given as input, we
will show in the remainder of this section that the problem can be solved in
polynomial time when H is fixed.
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Definition 1. Let G and H be two split graphs with split partitions (Cg, Ig)
and (Cy, Iyr), respectively. A set U C I with |U| = |Iy| is called H-compatible
if G has an H-witness structure W such that W (Ig) =U.

Lemma 2. Let G and H be two split graphs. Then G is H-contractible if and
only if G contains an H-compatible set.

Proof. If G has an H-compatible set, then G is H-contractible by Definition 1.
For the reverse direction, assume that G is H-contractible, and let YW be an
H-witness structure of G. If Iy is empty, then U = ) is an H-compatible set of
G by Definition 1, since the H-witness structure W satisfies W(Ig) = U = 0.
Suppose Iy is not empty. Since Iy is an independent set in H, there can be at
most one vertex v € Iy such that W (v) contains a vertex of Cg. Note that this
implies that G is not H-contractible if |I¢| < [Ig|—1. Suppose there is a witness
set W(v) such that W(v) N Cg # 0. Then for each v’ € Iy \ {v}, the witness
set W (v') contains only vertices of Ig, i.e., W(Ig \ {v}) C Is. Since I is an
independent set in G and every witness set is connected, |W(v')| = 1 for every
v' € Iy \ {v}. Recall that Cp is assumed to be a maximum clique of H. Hence
there is a vertex x of Cy that is not adjacent to v in H, and therefore witness
set W (x) is not adjacent to W (v) in G. Since W (v) contains at least one vertex
of Ce and is not adjacent to W(x), W(z) only contains vertices of Ig. Since
I is an independent set and W (x) is connected, we must have W (z) = {a} for
some vertex a € Ig. This implies that W (v) is adjacent to witness set W (z')
for every 2’ € Cy \ {z}. Moreover, since for every v’ € Iy \ {v} the witness
set W (v') consists of a single vertex from Ig, W(z) is not adjacent to W (v')
for any v’ € I'y \ {v}. Therefore, we can define another H-witness structure W’
of G by setting W'(v) = W(x), W(x) = W(v), and W'(y) = W(y) for every
y € V(H) \ {v,z}. Now W’ has the property that |W'(y)| = 1 for every vertex
y € Iy. Consequently, U = W'(Ig) is an H-compatible set of G by Definition 1.

O

If U is an H-compatible set of G, then, by Definition 1, G has an H-witness
structure W such that W (Iy) = U. The next technical lemma shows that each
of the witness sets of VW contains a small subset, bounded in size by a function
of |V(H)| only, such that the collection of these subsets provide all the necessary
adjacencies between the witness sets of W.

Lemma 3. Let G and H be two connected split graphs with split partitions
(Cq, 1) and (Cp,Iy), respectively. Let Cyg = {x1,...,z1}. A set U C Ig
with |U| = |Ig| is H-compatible if and only if there exists a collection M of
pairwise disjoint subsets M (x1), ..., M(xg) of V(G)\ U satisfying the following
properties:

(i) at most one set of M contains a vertex of I, and such a set has cardinality
1 if it exists;

(ii) for every subset X C U, M(x;) contains at most two vertices a and b such
that Ng(a)NU = Ng(O)NU =X, fori=1,... k;
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(iii) Uiy |M ()] < C| - 2001+
(iv) for every v e V(G)\ (UU Ule M (x;)), there is a set in M that is adjacent
to every vertex in Ng(v)NU;
(v) the graph G' = G[U U Ule M (z;)] has an H-witness structure W' such that
W' (Ig)=U and W'(z;) = M(z;) fori=1,... k.

Proof. Let U be a subset of Ig of cardinality |Igy|. Suppose there exists a
collection M = {M(z1),...,M(zx)} that has properties (i)—(v). Let M =
Ule M (z;), and let G’ = G[U U M]. By property (v), there exists an H-witness
structure W' of G’ such that W/ (Iy) = U and W'(x;) = M(z;) fori=1,... k.
We will show that W’ can be extended to an H-witness structure W of G with
W(Ig)=U.Let v e Cg\ M. By property (iv), there is a set W'(x;) € W’ that
is adjacent to every vertex of Ng(v)NU. Add v to W’(x;). Note that adding v to
W'(x;) does not change the adjacencies between W'(x;) and the other witness
sets of W'. Repeat this until all vertices of Ce \ M have been added to sets of
W'. Let w € Ig. Since every vertex of Cg now belongs to a set of W', there
exists a set W'(z;) € W’ that is adjacent to w. Add w to W'(z;). It is clear that
adding w to W’(z;) does not change the adjacencies between W’(z;) and the
other witness sets of WW. Repeat this until all vertices of I\ U have been added
to sets of W. We end up with an H-witness structure W of G with W (Ig) = U,
which means that U is H-compatible by Definition 1.

For the reverse direction, suppose that U is an H-compatible set of G. Then,
by definition, G has an H-witness structure W such that W (Ig) = U. Suppose
there exist a vertex x; € Cy whose witness set W(x;) contains only vertices
of I. Note that this means that z; is not adjacent to any vertex in Iy, as no
vertex of I has a neighbor in U. Since every witness set is a connected set,
W (x;) = {p} for some vertex p € I5. Suppose there is another set W (z;) that
contains only vertices of I. Then W (x;) = {¢q} for some ¢ € I \ {p}. Since z;
and z; are adjacent in H, the witness sets W(x;) and W (z;) must be adjacent
in G. This contradicts the fact that p and g, both belonging to the independent
set I, are not adjacent. This implies that there is at most one vertex x; € Cpy
such that W(x;) = {p} for some p € Ig. Moreover, if such a witness set exists,
then p has at least one neighbor in the witness set W(x;) for every z; € Cg,
since W is an H-witness structure and Cpy is a clique in H.

We now show how to construct the collection M from W. For i = 1,...,k,
the set M (z;) is a subset of the witness set W (x;), and M (x;) can be obtained
from W (x;) as follows. We first partition the vertices of W(z;) into sets in such
a way, that two vertices a and b of W (x;) belong to the same partition set if and
only if they are adjacent to the same vertices in U, i.e., if Ng(a)NU = Ng(b)NU.
Let S; C W(x;) be the partition set whose vertices have no neighbor in U. From
each non-empty partition set other than S;, we arbitrarily choose one vertex
and add it to M(x;). If S; # W (x;), then no vertex of S; is added to M (x;).
If S; = W(x;) and S; contains at least one vertex of Cg, then we arbitrarily
choose one of the vertices of S; N C¢ and add it to M (z;). If S; = W(z;) and S;
contains no vertices of C'g but contains a vertex of I, then we add that vertex
to M (z;); recall that in this case S; contains exactly one vertex, and that this
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case occurs at most once. After we have generated all the sets M (x;) this way,
we check if there is a set M (x;) = {p} for some p € I. If so, then we check, for
every x; € Cy \ {z;}, whether the set M (z;) contains at least one neighbor of
p. If not, then we arbitrarily choose a neighbor p’ of p in W(x;) and add it to
M (z;). As we argued before, such a neighbor p’ always exists. Note that adding
P’ to M(z;) does not change the adjacencies between M (z;) and U, since M (z;)
already contained one vertex from every non-empty partition set of W(x;).

Let M be the collection of sets M (x;) that are obtained this way from the
witness sets W (z;), for every z; € Cy. For every x; € Cg, every vertex of
W(x;) \ S; belongs to Cg, since no vertex of I has a neighbor in U. The only
time a vertex of I is added to a set M(x;) is when S; = W(x;) and W (x;)
does not contain a vertex of Cg. As we argued above, this situation occurs
at most once, so M satisfies property (i). For every witness set W (z;), there
are at most 2/7#| non-empty partition sets, since U is H-compatible and thus
has cardinality |Iz|. The set M (z;) contains one vertex from each non-empty
partition set, and possibly one extra vertex a which is adjacent to the only set in
M of the form M (x;) = {p} for some p € I¢. If such a vertex a exists, then this
is the only vertex of M (z;) for which there exists another vertex b € M (x;) with
Ng(a)NU = Ng(b)NU. Hence every set M (x;) contains at most two vertices a
and b such that Ng(a)NU = Ng(b)NU, for i = 1,...,k, and therefore certainly
satisfies property (ii). The reason we write “for every subset X C U” instead
of “for at most one subset X C U” in property (ii) will become clear from the
description of the algorithm in Case 2 in the proof of Lemma 4. The number of
non-empty partition sets is at most 2/7#! so |M (z;)| < 2M#l 41 < 2ul+1 This,
together with the fact that k = |Cy|, implies property (iii). Again, the reason
for not formulating property (iii) in the strongest possible way will become clear
in the proof of Lemma 4. Let v € V(G) \ (U U Ule M (z;)). Since v ¢ U, v
belongs to a witness set W (x;) for some z; € Cy. Consider the set M(x;). By
construction, there exists a vertex w € M (x;) such that Ng(v)NU = Ng(w)NU,
as otherwise v would have been added to M (x;). Hence M (x;) is adjacent to all
vertices in Ng(v) N U, and property (iv) holds.

It remains to show M satisfies property (v). For every z; € Cpg, the set
M (z;) is adjacent to exactly the same vertices in U as the set W(z;), since
M (z;) contains a vertex from every partition class of W (z;). If every set in M
contains at least one vertex of Cg, then the fact that Cg is a clique in G implies
that the sets of M are pairwise adjacent. Hence property (v) holds in this case.
Suppose M contains a set of the form M(x;) = {p} for some p € Ig. Since
M satisfies property (i), every set in M \ M(x;) contains only vertices from
Cg, which means that those sets are pairwise adjacent. The last step in the
construction of M ensures that p is adjacent to every set in M \ M(z;). Hence
property (v) also holds in this case. a

We call the collection M in Lemma 3 an essential collection for U, and the
sets M (z;) are called essential sets. The fact that the total size of an essential
collection does not depend on the size of G plays a crucial role in the proof of
the following lemma.
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Lemma 4. Let G and H be two split graphs with split partitions (Cq,Ig) and
(Cu, In), respectively. Given a set U C Ig with |U| = |Ig|, it can be decided
in f(JV(H)|) - |[V(G)]® time whether U is H-compatible, where the function f
depends only on H and not on G.

Proof. Let U be a subset of Ig with |U| = |Ig|, and let Cy = {x1,...,2%}.
Throughout the proof, we use k to represent the number of vertices in Cp.
We present an algorithm that checks whether or not there exists an essential
collection for U. By Lemma 3, U is H-compatible if and only if such a collection
exists. We distinguish two cases, depending on whether or not every vertex of
Cy has at least one neighbor in Iy.

Case 1. Every vertex of Cy has at least one neighbor in Ip.

For every subset X C U, we define the set Zx = {v € V(G)\U | Ng(v)NU = X}.
Note that there are at most 2!V non-empty sets Zy, and that these sets form
a partition of V(G) \ U. Let Z = {Zx | X C U} be the collection of these sets
Zx. Let A be the power set of Z, i.e., A is the set consisting of all possible
subsets of Z. For every element A € A, we have A = {Zx,,...,Zx,} for some
1 < ¢ <2V where X; CU fori =1,...,0 and X; # X, whenever i # j.
Finally, let B be the set of all ordered k-tuples of elements in A, where elements
of A may appear more than once in an element B € B. For any element B € 15,
we have B = (A1, Aa, ..., Ay), where A; € Afori=1,... k.

For every B = (A1, As, ..., Ax) € B, we generate a “candidate” essential set
M(x;) for every vertex x; € Cy as follows. At the start, all the vertices of Cg
are unmarked, and all the vertices of I \ U are marked. Of every set in A; that
contains at least one unmarked vertex, we add one unmarked vertex to M (7).
We mark all the vertices that are added to M (x1). We then generate a candidate
essential set M (xz2) as before, adding an unmarked vertex from every set in As
that contains such a vertex to M(z2), and marking all the vertices added to
M (x2). After we have generated a candidate essential set M (x;) for every vertex
x; € Cg in the way described, we define M = Ule M (xz;), i.e., M is the set
of marked vertices of Cg. Let M denote the collection of all candidate essential
sets M (z;). Note that the sets of M are pairwise disjoint subsets of Cg. It is
clear that, by construction, M satisfies properties (i), (ii), and (iii) of Lemma 3.

We now check whether M satisfies properties (iv) and (v). In order to check
property (iv), we determine for every vertex v € V(G) \ (U U M) whether M
contains a candidate essential set that is adjacent to every vertex in Ng(v) NU.
M satisfies property (iv) if and only if such a set exists for every vertex of
V(G)\ (UU M). In order to check property (v), we first delete all the vertices
in V(G)\ (UUM), and then contract each of the candidate essential sets M (x;)
into a single vertex. M satisfies property (v) if and only if the obtained graph is
isomorphic to H. If M satisfies properties (iv) and (v), then M is an essential
collection for U, and the algorithm concludes that U is H-compatible. If M
does not satisfy properties (iv) and (v), then we unmark all vertices of C¢ (the
vertices of I\ U remain marked) and repeat the procedure on the next element
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of B. If we have processed all elements of B without finding an essential collection
for U, then we conclude that U is not H-compatible due to Lemma 3.

Before we consider Case 2 below, we first prove why the algorithm for Case 1
is correct. If the algorithm finds a collection M that satisfies properties (i)—(v),
then M is an essential collection for U by definition. Hence, by Lemma 3, the
algorithm correctly concludes that U is H-compatible in this case. It remains to
prove that if U is H-compatible, then our algorithm will find an essential set M
for U.

Suppose U is H-compatible. Then, by definition, G has an H-witness struc-
ture W’ such that W'(Ig) = U. Let M’ be an essential collection for U, obtained
from W’ in the way described in the proof of Lemma 3. Since every vertex of C'y
has at least one neighbor in Iy, every set M'(z;) € M’ satisfies the following
two properties by construction: M’(x;) contains no vertex of I, and M’(z;)
does not contain two vertices ¢ and b such that Ng(a) NU = Ng(b) N U, ie.,
M’ (z;) contains at most one vertex from every set Zx, for every subset X C U.
Note that the sets of M’ are pairwise disjoint, which means that, for every set
Zx, the number of vertices in Zx is at least as big as the number of sets of M’
that contain a vertex of Zx. Consider the set M’(x1). Let A1 ={Zx,,...,Zx,}
be the collection of sets in Z such that M'(z1) N Zx, # 0 for i = 1,...,£. Let
A, ..., Ay be defined similarly for the sets M’ (z2), ..., M'(x})), respectively. Let
B = (Ay,...,Ax). Since our algorithm processes every element in B if necessary,
it will consider B at some stage, unless it found an essential collection for U
before and correctly concluded that U is H-compatible. When processing B, the
algorithm will create candidate essential sets M (z1),..., M (z) such that, for
i=1,...,k, the set M(z;) contains a vertex from exactly those sets in Z that
M'(x;) contains a vertex from. Just like the sets M’(x;), the sets M (x;) are pair-
wise disjoint subsets of C¢. Since Ng(a) NU = Ng(b)NU for every two vertices
a,b that belong to the same set of Z, the collection M = {M(x1),..., M(xk)}
satisfies properties (i)—(v) of Lemma 3, and thus is an essential collection for U.

Case 2. At least one vertex of C'y has no neighbor in Iy .

Let S be the set of vertices of Cy that do not have any neighbors in Iy. Assume,
without loss of generality, that z; € S. We first run the algorithm for Case 1
on U. If we find an essential set for U this way, then we conclude that U is
H-compatible. Suppose we do not find an essential set for U using the algorithm
for Case 1. We then run the following algorithm for every vertex p € I \ U.
We first define a candidate essential set for xj by setting M (zy) = {p}. For
every subset X C UU{p}, we define the set Zx = {v € V(G)\(UU{p}) | Na(v)N
(UU{p}) =X} . Let Z2={Zx | X C(UU{p})} be the collection of these sets
Zx, and let A be the power set of Z. Let B be the set of all ordered (k—1)-tuples
of elements in 4, where elements of A may appear more than once in an element
B € B. Then, for every B = (A41,...,Ax_1) € B, we act as follows. We mark
all the vertices of vertices of I \ U, and leave the vertices of Cz unmarked. In
particular, p is marked. For every i from 1 to k — 1, we generate a candidate
essential set M (z;) as we did in Case 1: from every set in A; that contains at
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least one unmarked vertex, we add one unmarked vertex to M (x;). We mark all
the vertices that are added to M (x;).

Let M be the collection of candidate essential sets generated this way, and let
M = Ule M (z;) be the set of all marked vertices, including p. Since we marked
all the vertices of I \U at the start of the algorithm, only the candidate essential
set M(xy) = {p} contains a vertex from I. Hence M satisfies property (i) of
Lemma 3. Every set M (z;) contains at most one vertex from every set in Z, and
therefore never contains two vertices with exactly the same neighbors in UU{p}.
It is however possible, for every X C U, that M (x;) contains two vertices a and
b such that Ng(a)NU = Ng(b)NU = X, in which case exactly one of these two
vertices is adjacent to p. This implies that M satisfies property (ii). Property
(iii) follows from the fact that |[U U {p}| = |Ig| + 1, so Z contains at most
2llul+1 non-empty sets Zx, each of which contributes at most one vertex to
every set M (x;). Checking whether M also satisfies properties (iv) and (v) is
done in exactly the same way as in Case 1. If M satisfies properties (iv) and
(v), then M is an essential collection for U, and the algorithm concludes that
U is H-compatible. If M does not satisfy both properties (iv) and (v), then we
unmark all the vertices in Cg and repeat the procedure on the next element of
B. If none of the elements of B yields an essential set for U, then the algorithm
is repeated with another vertex p’ € Ig \ U playing the role of p. If, for all the
vertices of I \ U, none of the elements of B yields an essential collection for U,
then the algorithm concludes that U is not H-compatible.

Let us argue why the algorithm for Case 2 is correct. If the algorithm finds
a collection M that satisfies properties (i)—(v) of Lemma 3, then clearly M
is an essential collection for U. Hence, by Lemma 3, our algorithm correctly
concludes that U is H-compatible in this case. We now show that if U is H-
compatible, then our algorithm will find an essential collection for U. Suppose
U is H-compatible. By Lemma 3, there exists an essential collection M’ for U.
If there exists an essential collection M” for U such that every M"(x;) € M”
contains at least one vertex of Cg, then the algorithm for Case 1 will find an
essential collection for U by the arguments used in the correctness proof of Case
1. Suppose such a collection does not exist. Then, by property (i) of Lemma 3,
we know that M’ contains exactly one set M’(z;) such that M'(z;) = {p} for
some p € Ig \ U. All other sets of M’ contain only vertices of Cg. Since p is
not adjacent to any vertex of U, z; must be a vertex of Cy that does not have
any neighbors in Iy, ie., ; € S. Recall that x;; € S, and note that all the
vertices of S have the same closed neighborhood in H. Hence we can assume
that x; = xy, since we can swap the indices of z; and x) otherwise. Recall that
the collection Z consists of all subsets of U U{p} in Case 2. Fori=1,...,k—1,
the set M’(x;) contains at most one vertex from every set of Z. For every vertex
x; € Cy \ {z}, let A; be the collection of sets in Z such that, for every Z € Z,
Z € A; if and only if M'(z;)NZ # . Let B = (Ay,...,Ag_1). If our algorithm
processes B, then it will find a collection of essential sets M (z1),..., M(zr_1)
such that, for ¢ = 1,...,k — 1, the set M(z;) contains a vertex from exactly
those sets in Z that M’(x;) contains a vertex from. Since Ng(a) N (U U {p}) =
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Ng(b) N (U U {p}) for every two vertices a and b in the same set Zx € Z,
M ={M(zy1),...,M(zr_1),{p}} satisfies properties (i)—(v) of Lemma 3. Hence
M is an essential collection for U, and U is H-compatible.

It remains to determine the running time of our algorithm. In Case 1, the
set Z contains all possible subsets of U, so |Z| = 2|Vl = 2l/#]. Since A consists
of all possible subsets of Z, we have |[A| = 2% = 22" Since B consists of
all possible ordered |Cy|-tuples of elements of A, we have |B| = |A|/xl =
9Cu1-2"H Y 1 the worst case, our algorithm tries all possible elements of B5.
Each of those elements yields a collection M of candidate essential sets. Testing
whether M satisfies property (iv) can be done in O(|V(G)|?) time. To test
whether M satisfies property (v), we first delete some vertices and contract
each of the candidate essential sets into a single vertex, and then test whether
the obtained graph is isomorphic to H. This can be done O(|V(G)|?) time and

20V IVIE)1og VU time [1], respectively. Hence the algorithm for Case 1 runs
in f(|[V(H)|) - |V(G)|? time. In Case 2, the set Z contains all possible subsets
of U U {p}, so |Z| = 2l#l+1 Hence |A| = 2% = 221" "Since B consists of all
possible ordered (|Cy| — 1)-tuples of elements of A, we have |B| = |A|/C#I-1 =
2(1Cu =12 “The only other difference with Case 1 is that we might have to
run the algorithm for Case 2 for every vertex p € I \ U, which adds an O(|I¢|)
factor to the running time. Hence the total running time needed to test if the
set U is H-compatible is f(|V(H)|) - |[V(G)|3. O

Theorem 7. For every fixed graph H, the problem of deciding whether a given
split graph G can be contracted to H can be solved in polynomial time.

Proof. Let G be a split graph with split partition (Cg, Ig), and suppose G is
an input graph of H-CONTRACTIBILITY. Observe that contracting any edge of
a split graph yields another split graph. Hence G can be contracted to a graph
H only if H is a split graph with |V(G)| > |V(H)|. We can check this in time
linear in the size of H, which is constant. Suppose H is a split graph, and let
(Cu,Ig) be a split partition of H. By Lemma 2, G can be contracted to H if
and only if G contains an H-compatible set. The number of different subsets of

I of cardinality |Ip| is (\IE‘I) < |V(G)|1#1. For each of those sets, we can test

in f(|V(H)|) - |V(G)|® time whether it is H-compatible by Lemma 4. Since the
graph H is fixed, it can be decided in time polynomial in |V (G)| whether G can
be contracted to H. a

5 Concluding Remarks

It is known that INDUCED SUBGRAPH ISOMORPHISM is NP-complete on cographs
and on interval graphs [4,5]. Hence Corollary 1 strengthens these existing NP-
completeness results. The INDUCED SUBGRAPH ISOMORPHISM problem is also
known to be NP-complete on another subclass of interval graphs, called proper
interval graphs [4,5], but only if the input graph H is disconnected [9]. Thus
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we find it interesting that this problem is NP-complete on connected trivially
perfect graphs.

The positive results on H-CONTRACTIBILITY given in this paper and in [11]

give rise to other interesting questions as well. Is H-CONTRACTIBILITY solvable
in polynomial time when G is a chordal graph? Is CONTRACTIBILITY fixed pa-
rameter tractable, parameterized by the size of H, when G is a split graph or a

planar graph, i.e., is there an algorithm with running time f(|V(H)|)-|V(G)

0w,

where the function f only depends on H and not on G?
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