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a b s t r a c t

The object of this article is the comparison of numerical solutions of the so-calledWhitham
equation to numerical approximations of solutions of the full Euler free-surface water-
wave problem. The Whitham equation

ηt +
3
2
c0
h0

ηηx + Kh0 ∗ ηx = 0

was proposed byWhitham (1967) as an alternative to the KdV equation for the description
of wave motion at the surface of a perfect fluid by simplified evolution equations, but the
accuracy of this equation as a water wave model has not been investigated to date.

In order to understand whether the Whitham equation is a viable water wave model,
numerical approximations of periodic solutions of the KdV and Whitham equation are
compared to numerical solutions of the surface water wave problem given by the full
Euler equations with free surface boundary conditions, computed by a novel Spectral
Element Method technique. The bifurcation curves for these three models are compared
in the phase velocity–waveheight parameter space, and wave profiles are compared for
different wavelengths and waveheights. It is found that for small wavelengths, the steady
Whithamwaves comparemore favorably to the Eulerwaves than the KdVwaves. For larger
wavelengths, the KdV waves appear to be a better approximation of the Euler waves.

© 2015 Elsevier B.V. All rights reserved.

1. Introduction

The KdV equation was found by Boussinesq [1] and Korteweg and de Vries [2] as a model equation whose solutions
approximately describe the wave motion at the surface of a shallow fluid layer in a certain parameter range. Assuming that
the undisturbed depth of the fluid is h0, and waves with an amplitude a and a wavelength λ are to be described, the KdV
equation

ηt + c0ηx +
3
2
c0
h0

ηηx +
1
6
c0h2

0ηxxx = 0, (1.1)

has been shown to be a fair model for surface waves over intermediate time scales if the amplitude to depth ratio a/h0
is small and comparable to the square of the depth to wavelength ratio h0/λ. Eq. (1.1) is then valid for waves which
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travel predominantly to the right [3–6]. Note that c0 =
√
gh0 is the limiting long-wave speed, and g is the gravitational

acceleration.
The linear dispersion relation in the KdV equation is found for a solution of the form cos(kx − ωt), where k =

2π
λ

is the
wave number, and ω is the circular frequency. If such a function is to solve the linearized equation then the phase velocity
c(k) =

ω
k needs to satisfy the relation

c(k) = c0 −
1
6
c0h2

0k
2. (1.2)

The dispersion relation (1.2) is a second-order approximation to the dispersion relation of the linearized full surface water-
wave problem

c(k) =


g
k
tanh(kh0) = c0 −

1
6
c0h2

0k
2
+ O(h4

0k
4). (1.3)

It appears immediately that (1.2) approximates (1.3)well only for very small k, i.e. forwaves of rather largewavelength. Since
the linear phase speed of shorter waves is not described accurately by the KdV equation, one may envision an alternative
nonlinear model equation which incorporates an exact description of the linear dispersion relation. To this end, we define
the kernel Kh0 by

Kh0 := F −1


g tanh(h0ξ)

ξ


,

where the inverse Fourier transform F −1 is given by

f (x) =

F −1F


(x) :=

1
2π


∞

−∞

F(ξ)eixξ dξ .

The alternative model for surface waves which may have shorter wavelength which was put forward by Whitham [7]
then takes the form

ηt +
3
2
c0
h0

ηηx + Kh0 ∗ ηx = 0. (1.4)

The rationale behind this model is that the dispersion relation of the linearized Whitham equation is the same as the exact
dispersion relation (1.3) of the full water-wave problem, and the nonlinear term is of the same form as in the KdV equation.
Hence, it is expected that the Whitham equation will be able to model more accurately waves of shorter wavelength.
However, to the best of our knowledge, a verification of themodeling properties of theWhitham equation does not currently
exist in the literature.

In the present contribution, we will take up this question in the context of steady periodic wave patterns. Taking
numerical approximations of solutions of the Euler equations as the basis for the comparison, we compute numerical
solutions of the Whitham and KdV equations, and compare them to the Euler solutions. As it will turn out, at least in the
context of steady periodic wave patterns, theWhitham equation is indeed able to provide approximations of shorter waves
with greater accuracy than the KdV equation.

In order to find traveling wave solutions of the full water-wave problem, we use a modification of the numerical method
devised by one of the authors and F. Reitich [8,9]. This method is based upon boundary perturbations where the parameter
is the wave slope/height. Within the disk of analyticity of the relevant Taylor series (of the surface deformation and velocity
potential), this algorithm delivers highly accurate traveling water wave solutions at any point along the bifurcation branch
in a robust and high-order fashion. These ‘‘Transformed Field Expansion’’ (TFE) recursions can be proven to be strongly
convergent in an appropriate Sobolev space [8], and the resulting numerical algorithm demonstrated to be consistent and
stable [10]. Simply put, the method is essentially Stokes’ approach preceded by a domain-flattening change of variables
which, remarkably, delivers a stable, accurate, and provably convergent algorithm [9]. The novel aspect of the approach
advocated here is the utilization of a Legendre Spectral Element Method (SEM) for depth discretization in place of the
standard Chebyshev tau approach put forward in [9,11]. As discussed in previous work by one of the authors [12] on
the related problem of simulating Dirichlet–Neumann Operators, this methodology provides greater flexibility with its
possibilities for both h- and p-refinement.

While theWhithamequation has been known as a phenomenologicalmodel for surfacewaves for several decades, formal
asymptotic and mathematically rigorous derivations of the Whitham equation as an asymptotic water wave model appear
only in the very recent literature [13,14]. In particular, this means that it is difficult in the context of the Whitham equation
to understand the flow below a given wave pattern at the surface. In principle, in a steady periodic flow without critical
layers, it is possible to determine the velocity field from the shape of the free surface if it is known exactly [15]. In the
case of the KdV equation, one may find the velocity field below a given surface wave pattern [16], and it is also possible to
reconstruct the pressure [17] to the same order of approximation as the model equation is valid. Such developments do not
have a counterpart in the context of the Whitham equation.

On the other hand, it appears that the Whitham equation does feature some pertinent properties of the surface water
wave problem. For instance, the Whitham equation possesses solitary-wave solutions [18], and traveling-wave solutions
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[19,20], and the periodic traveling-wave solutions exhibit modulational instability in a similar way as periodic solutions of
the full water wave problem [21,22]. One particular question which was already considered by Whitham is whether (1.4)
admits breaking and peaking waves. While there are plenty of works concerning mathematical properties of the Whitham
and related equations [23–26], the questions ofwave breaking and peaking have not been answered conclusively. Numerical
work indicates that there is a highest wave which has a derivative singularity, but to investigate these questions in more
detail might require more specialized numerical tools such as the method put forward in [27].

2. Formulation of the problem

Consider an incompressible and inviscid fluid running in a narrow open channel. Suppose that transverse effects can
be neglected. The free-surface problem can then be studied in the (x, z)-plane, and the governing equations are the Euler
momentum equations

ut + uux + wuz = −
px
ρ

in 0 < z < h0 + η(x, t),

wt + uwx + wwz = −
pz
ρ

− g in 0 < z < h0 + η(x, t),

where p(x, z, t) denotes the pressure at a point (x, z) and a time t , η(x, t) is the excursion of the free surface from
its rest position, and u(x, z, t) and w(x, z, t) are the horizontal and vertical velocities, respectively. These equations are
supplemented with the continuity equation and irrotationality condition, which are

ux + wz = 0, in 0 < z < h0 + η(x, t),
wx − uz = 0, in 0 < z < h0 + η(x, t).

The equations can be studied on an infinite domain −∞ < x < ∞, and in particular with periodic boundary conditions.
The bottom boundary condition is given by the requirement that the fluid cannot penetrate the bottom which is expressed
mathematically as

w = 0, at z = 0.

The surface boundary conditions are the kinematic condition

ηt + uηx = w, on z = h0 + η(x, t),

and the dynamic condition

p = 0, on z = h0 + η(x, t).

This formulation of the free surface problem is well known, and a derivation of the Euler equation as well as the boundary
conditions may be found for instance in [28]. We introduce the standard non-dimensional variables

x → h0x, η → h0η, t →
h0

c0
t, z → h0z, u → c0u, v → c0v, p → ρc20p. (2.1)

The Euler equations and the corresponding side conditions may be written as

ut + uux + wuz = −px,
wt + uwx + wwz = −pz − 1, (2.2)

ux + wz = 0 and uz − wx = 0. (2.3)
p = 0 and ηt + uηx = w, at z = 1 + η(x, t). (2.4)

The steady problem to be solved is as follows: Since we assume irrotational flow, a velocity potential φ can be used.
This potential is characterized by the relation (u, w) = ∇φ. Assuming steady waves with translational velocity c , so that
φ(x, z, t) = Φ(x − ct, z) and η(x, t) = E(x − ct), yields the following set of governing equations and boundary conditions
for E and φ:

Φxx + Φzz = 0 in 0 < z < 1 + E(x). (2.5)
−cEx + ΦxEx + Φz = 0, on z = 1 + E(x), (2.6)

−cΦx +
1
2
Φ2

x +
1
2
Φ2

z − E = 0, on z = 1 + E(x), (2.7)

Φz = 0, on z = 0. (2.8)

Solutions of this problem will be found using a numerical bifurcation analysis. For a given wavelength (and disallowing
subharmonic bifurcations), the problem above is linearized, and it is clear that the linear problem has a solution for every
c ∈ R. However, for one particular value c∗ of c , the linearized problem is given in terms of a singular operator, and at that
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point, a branch of solutions of the nonlinear problem may be found. Some aspects of this procedure are explained in [29],
and in particular, it turns out that c∗ is determined by the dispersion relation. For a given wavelength λ = 2π/kwe have

c∗
=


g
k
tanh(kh0).

3. Numerical approximation of Euler equations

For the details of the numerical procedure we utilize to simulate solutions to (2.5), (2.6), (2.7), and (2.8) we refer the
interested reader to [8,9] and indicate below our new enhancements. To summarize these developments we outline the
following crucial elements. We begin with the change of variables

x′
= x, z ′

= h

z − η

h + η


which are σ -coordinates in atmospheric science [30] and the C-method in electromagnetics [31]. The transformed velocity
potential

U(x′, z ′) = Φ(x′, (h + η)z ′/h + η)

and surface deformation satisfy inhomogeneous versions of (2.5), (2.6), (2.7), and (2.8) which are specified in detail in [8,9].
Due to their particular form, solutions to these equations in the forms of regular perturbation expansion of the unknowns,
{c, η, u}, namely

{c, E,U} = {c(ε), E(x′
; ε),U(x′, z ′

; ε)} =

∞
n=0

{cn, En(x′),Un(x′, z ′)}εn,

are natural and, as shown in [8], strongly convergent. We approximate the quantities {c, E,U} with truncations of these
Taylor series

{c, E,U} ≈ {cN , EN ,UN
} :=

N
n=0

{cn, En(x′),Un(x′, z ′)}εn.

Assuming 2π periodicity, we pose Fourier approximations to both EN

EN
≈ EN,Nx :=

N
n=0

Nx/2−1
k=−Nx/2

Ên,keikx
′

εn,

and UN

UN
≈ UN,Nx :=

N
n=0

Nx/2−1
k=−Nx/2

Ûn,k(z ′)eikx
′

εn.

In [9] we advocated a Chebyshev approximation to Ûn,k(z ′) in the depth variable, z ′,

Ûn,k ≈ ÛNz ,Cheby
n,k :=

Nz
ℓ=0

ÛCheby
n,k,ℓ Tℓ


(2z ′

− h)/h


where Tℓ is the ℓ-th Chebyshev polynomial. By enforcing the transformed equations at the appropriate collocation points
one can realize a spectrally accurate Fourier, Chebyshev, Taylor approach to the problem of approximating solutions of the
traveling water wave problem whose utility has been studied in detail in the work [9].

However, the global nature of the basis functions is a weakness. While the choice of a Chebyshev basis ensures efficiency,
as the domain size increases Nz must increase. This was noted and investigated by one of the authors in [12] in the context
of the computation of Dirichlet–Neumann Operators. It was concluded that a Legendre Spectral Element Method (SEM) was
a compelling alternative and thus we now describe a novel approach to computing traveling water waves via this algorithm.

As described in [32], the SEM has features of both h-and p-Finite Element Methods (FEMs). More specifically the domain
is partitioned into elements

[−h, 0] =

NE
e=1

[ae, be].

Lagrangian interpolation formulas are used on each element, andbasis functions have local support. From thepoint of viewof
p-refinement, high-order polynomials are used as basis functions (to deliver high accuracy for smooth solutions). However,
SEM have the additional feature that Gaussian quadrature is used to deliver sparsity from both the local support of the basis
functions and the integration rules used.

In brief, the relevant two-point boundary value problem for Ûn,k(z ′), see [8,9], is posedweaklywith theDirichlet condition
(at the surface z ′

= 0) enforced essentially and theRobin condition (at the bottom z ′
= −h) imposednaturally. The elements
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a b

c d

Fig. 1. Wavelength λ = π : In panel (a) bifurcation diagrams for the Euler (thick solid), Whitham (dotted) and KdV (dashed) equations are shown for
wavelength π . In panel (b), three waves with waveheight 0.131 are shown. The corresponding phase velocities are c = 0.713 for the Euler approximation,
c = 0.701 for the Whitham wave, and c = 0.334 for the KdV wave. In panel (c), three waves with waveheight 0.266 are shown. The corresponding phase
velocities are c = 0.7326 for the Euler approximation, c = 0.7190 for the Whitham wave, and c = 0.336 for the KdV wave. In panel (d), three waves
with waveheight 0.400 are shown. The corresponding phase velocities are c = 0.765 for the Euler approximation, c = 0.746 for the Whitham wave, and
c = 0.339 for the KdV wave. The waves all have zero mean.

[ae, be] are mapped to the reference element [−1, 1] and the approximate solution on element e is expanded in Lagrange
interpolatory polynomials, πℓ(s), based upon the Gauss–Lobatto–Legendre (GLL) points

Ûe
n,k ≈ Ûe,Nz

n,k :=

Nz
ℓ=0

Ûe
n,k,ℓπℓ(s), s ∈ [−1, 1].

Local mass and stiffness matrices are assimilated into their global counterparts via standard FEM technology. These SEM
methods havemany advantages for differential equationswith smooth solutions including high-order accuracy and adaptive
refinement in both polynomial order (p-refinement) and spatial discretization (h-refinement).

Numerical bifurcation branches of steady solutions of the full surface water wave problem with various wavelengths
are shown in panel (a) of Figs. 1–3. Solution profiles with different amplitudes are shown in panels (b), (c) and (d) of these
figures.

4. Bifurcation for Whitham and KdV waves

Introducing the same non-dimensional variables as in Section 2, and defining the kernel K by

K = F −1


tanh(ξ)

ξ


, (4.1)
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a b

c d

Fig. 2. Wavelength λ = 2π : In panel (a) bifurcation diagrams for the Euler (thick solid), Whitham (dotted) and KdV (dashed) equations are shown for
wavelength 2π . In panel (b), threewaveswithwaveheight 0.204 are shown. The corresponding phase velocities are c = 0.883 for the Euler approximation,
c = 0.889 for the Whitham wave, and c = 0.806 for the KdV wave. In panel (c), three waves with waveheight 0.412 are shown. The corresponding phase
velocities are c = 0.914 for the Euler approximation, c = 0.930 for the Whitham wave, and c = 0.856 for the KdV wave. In panel (d), three waves
with waveheight 0.620 are shown. The corresponding phase velocities are c = 0.960 for the Euler approximation, c = 0.973 for the Whitham wave, and
c = 0.883 for the KdV wave. The waves all have zero mean.

Eqs. (1.1) and (1.4) become

ηt + ηx +
3
2
ηηx +

1
6
ηxxx = 0 (4.2)

and

ηt +
3
2
ηηx + K ∗ ηx = 0. (4.3)

Traveling-wave solutions are sought in the form η(x, t) = E(x − ct), and after an integration, the equations transform into

− cE + E +
3
4
E2

+
1
6
Exx = 0 (4.4)

and

− cE +
3
4
E2

+ K ∗ E = 0. (4.5)

It is a general fact (see e.g. [19]) that the Fourier multiplier for periodic solutions is the same as for solutions on the real
line. Writing the linearized equations (4.4) and (4.5) in Fourier variables reveals that the bifurcation points depend on the
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a b

c d

Fig. 3. Wavelength λ = 4π : In panel (a) bifurcation diagrams for the Euler (thick solid), Whitham (dotted) and KdV (dashed) equations are shown for
wavelength 4π . In panel (b), threewaveswithwaveheight 0.192 are shown. The corresponding phase velocities are c = 0.9800 for the Euler approximation,
c = 0.9865 for the Whitham wave, and c = 0.9770 for the KdV wave. In panel (c), three waves with waveheight 0.3852 are shown. The corresponding
phase velocities are c = 1.0213 for the Euler approximation, c = 1.0390 for the Whitham wave, and c = 1.0219 for the KdV wave. In panel (d), three
waves with waveheight 0.5799 are shown. The corresponding phase velocities are c = 1.068 for the Euler approximation, c = 1.088 for the Whitham
wave, and c = 1.0793 for the KdV wave. The waves all have zero mean.

wavelength λ = 2π/k. Indeed, the bifurcation points are given by the expressions (1.3) and (1.2) of the dispersion relation,
so that

c∗

Whitham =


1
k
tanh k,

and

c∗

KdV = 1 −
1
6
k2.

Solutions of (4.4) are given by the well known cnoidal functions, such as explained in [33] for instance. On the other hand,
for the comparison of the bifurcation curves it is actually more convenient to use a numerical bifurcation method to solve
both the Whitham and the KdV equation.

5. Numerical approximation of Whitham and KdV waves

Solutions of (4.5) are approximated using a spectral cosine collocation method [34,35]. For the use of spectral methods,
it is convenient to rescale Eq. (4.5) to the interval [0, 2π ]. This rescaling can be achieved by defining E(x) → E(ax), where
a =

λ
2π . Special attention has to be paid to the operator Kh0 . A straightforward calculation shows that

Kh0 ∗ f

(ax) =

√
aKh0/a ∗


f (a ·)


(x). (5.1)
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Therefore, the rescaled equation for 2π-periodic solutions in non-dimensional form is

− c E +
3
4
E2

+
√
aK1/a ∗ E = 0. (5.2)

To simplify the problem, we assume that solutions are even, so that a cosine method can be used. To define the cosine-
collocation projection of (5.2), first define the subspace

SN = spanR


cos(lx)

 0 ≤ l ≤ N − 1


of L2(0, π), and the collocation points xn = π 2n−1
2N for n = 1, . . . ,N . The discretization is defined by seeking EN in SN

satisfying the equation

− cEN +
3
4
E2
N +

√
aKN

1/aEN = 0, (5.3)

where the operator KN
1/a is the discrete form of K1/a defined in (4.1). The discrete cosine representation of EN given by

EN(x) =

N−1
l=0

w(l)ÊN(l) cos(lx),

where

w(l) =


1/N, l = 0,
2/N, l ≥ 1,

and ÊN(l) are the discrete cosine coefficients, given by

ÊN(l) = w(l)
N

n=1

EN(xn) cos(lxn), for l = 0, . . . ,N − 1.

Now if Eq. (5.3) is enforced at the collocation points xn, the term KNEN may be practically evaluated with the help of the
matrix


KN
1/a


(m, n) by


KN
1/a


EN(xm) =

N
n=1


KN
1/a


(m, n)EN(xn),

where the matrix

KN
1/a


(m, n) is defined by


KN
1/a


(m, n) =

N−1
l=0

w2(l)


1
l
tanh(l/a) cos(lxn) cos(lxm).

Thus, Eq. (5.3) enforced at the collocation points xn yields a system of N nonlinear equations, which can be solved using
Newton’smethod. The cosine expansion removes the singularities of the Jacobianmatrix due to translational invariance and
symmetry of the solutions. The wave velocity c is used as the bifurcation parameter, but as the turning point is approached,
it is more convenient to change to a waveheight parametrization. The computation can be started for c close to but smaller

than the critical speed c∗

Whitham =


tanh(k)

k . The initial guess for the first computation can be given by a cosine function, or
using the Stokes expansions given in the Appendix. Since Eq. (5.3) is based on setting the constant of integration to zero, one
needs to use a Galilean transformation in order to find a solution which has mean zero, and can be compared to solutions of
the full Euler equation. The Galilean shift is explained in [19].

The computations of the numerical bifurcation branch for the KdV equation proceeds along the same lines as laid down
above for the Whitham equation. The scaled discrete equation is

− c EN + EN +
3
4
E2
N +

1
a2

∂2
x EN = 0, (5.4)

and the collocation matrix for the second derivative operator can be computed as
∂2
x


(m, n) =

N−1
l=0

w2(l)(−l2) cos(lxn) cos(lxm).

Numerical bifurcation branches of steady Whitham and KdV solutions are shown in panels (a) of Figs. 1–3, where they are
compared to the bifurcation branches of steady solutions of the full Euler equations.
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6. Discussion of numerical results

We now present the results of a number of computations, in which the solutions of the full water-wave problem are
compared with the corresponding solutions of the two model equations in view in this paper.

Fig. 1 shows the case where the wavelength is set to λ = π . In this case, the normalized depth to wavelength ratio is
1/π ∼ 0.32. We see in panel (a) that the bifurcation points for the Euler and Whitham branches coincide. This is because
the linear dispersion relation is the same for these two models. Moreover, both Whitham and Euler branches are finite,
while the KdV branch is infinite. The shape of all three waves is similar for small amplitudes, such as shown in panel (b) for
waveheight 0.131. However, as already visible in panel (a), theWhithamwave and the Euler wave have similar wave speeds
whilst the wavespeed of the KdV wave is only about half of the value of the Euler solution. This is a remnant of the fact that
the linear dispersion relation (1.2) of the KdV equation does not give a faithful representation of the dispersion relation (1.3).

For larger waveheights, the Whitham wave is situated a bit higher, while the KdV wave is situated a bit lower than the
Euler solution (panel (c)). Note again that we have arranged the waves so as to have mean value zero. A comparison of
the profiles in which the crests are aligned would yield different, and apparently closer comparisons. Finally in panel (d),
we compare the highest wave achieved with the Euler code to Whitham and KdV waves of the same waveheight. Here, it
appears that the Whitham wave is a bit narrower and with a sharper peak than the Euler wave, but it resembles the shape
of the Euler solution more closely than the KdV wave does.

Fig. 2 shows the case where the wavelength is set to λ = 2π . In this case, the normalized depth to wavelength ratio
is 1/2π ∼ 0.16. As in the previous figure, the bifurcation points for the Euler and Whitham branches coincide, and both
Whitham and Euler branches are finite, while the KdV branch is infinite. On the other hand, the waveshape of the KdV
wave is somewhat closer to the Euler approximation than the Whitham wave for small waveheights (panel (b)). For larger
waveheights, the Whitham wave is situated a bit higher, while the KdV wave is situated a bit lower than the Euler solution
(panel (c)). Note again that we have arranged the waves so as to have mean value zero. Finally in panel (d), we compare the
highest wave achieved with the Euler code to Whitham and KdV waves of the same waveheight. Here, it appears that the
Whitham wave resembles the shape of the Euler solution more closely than the KdV wave does.

Fig. 3 shows the case where the wavelength is fixed to be λ = 4π . In this case, the normalized depth to wavelength ratio
is 1/4π ∼ 0.08. We see in panel (a) that the bifurcation points for the Euler and Whitham branches coincide, and that the
KdV bifurcation point is also very close to the other two bifurcation points. Again, both Whitham and Euler branches are
finite, while the KdV branch is infinite. In the case of longer wavelengths, such as λ = 4π shown here, the KdVwave appears
to be a better approximation of the Euler wave both for smaller and larger amplitudes.

7. Conclusion

Simulation properties of the Whitham equation as a model for waves at the surface of a body of fluid have been
investigated. It has been found that periodic traveling-wave solutions of theWhitham equation are good approximations to
solutions of the full free-surface water wave problem. Since the derivations of the model equations such as KdV equation
are based on the inviscid problem, the Euler equations have been used as the basis for the comparison.

A comparison of high-order numerical approximations of solutions of the Euler equationswith spectral cosine collocation
approximations of the KdV andWhitham equations gave the following findings. The bifurcation branches for both the Euler
equations and the Whitham equation are finite, while the bifurcation branch for the KdV equation is infinite. In general,
the Whitham waves are always a little narrower and taller than the Euler waves, while the corresponding KdV waves are
somewhat wider than the Euler solutions. For waves of shorter wavelength, the Whitham equation appears to provide a
closer approximation of the Euler waves than the KdV equation does. Both the phase velocity and the shape of traveling
waves of wavelength shorter than 2π are faithfully described by the Whitham equation. For larger wavelength, the KdV
equation is a better model, and this is in line with the known validity of the KdV equation as a long wave model.

Appendix. Stokes approximation

In order to double check the curves computedwith the numerical bifurcation algorithm, it is convenient to use asymptotic
formulae for the approximation of periodic traveling waves of these equations. This approach was originally used by Stokes
for the computation of approximate solutions of the full water wave problem, and the approximate solutions are therefore
often called Stokes waves. Using this approach which is also recounted in [33], the Stokes waves for Whitham equation can
be written as

E = ε cos(kx) + ε2 A cos(2kx) + ε3 B cos(3kx) + · · · ,

c =
ω

k
=


(1/k) tanh(k) + ε2 3
4
Ak + · · ·

where

A =
3
4

3k
2
√

(1/k) tanh(k) −
√

(2/k) tanh(2k)
,
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and

B =
9
4

Ak
3
√

(1/k) tanh(k) −
√

(3/k) tanh(2k)
.

Similar formulae are derived for the KdV equation in [33]. Numerical validation of these formulae with the curves shown in
Figs. 1(a), 2(a) and 3(a) shows good agreement for small amplitude waves.
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