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Effects of a capillary transition zone on the stability of a diffusive boundary layer
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In geological storage of carbon dioxide (CO2), the buoyant CO2 plume eventually accumulates under the
caprock. Due to interfacial tension between the CO2 phase and the water phase, a capillary transition zone
develops in the plume. This zone contains supercritical CO2 as well as water with dissolved CO2. Under
the plume, a diffusive boundary layer forms. We study how cross-flow between the capillary transition
zone and the diffusive boundary layer affects gravitational stability of the diffusive boundary layer. Linear
stability analysis shows that this cross-flow has no significant effect on the selection of the critical mode.
However, interaction with the capillary transition zone enhances the instability of the boundary layer,
such that the onset of instabilities occurs earlier, when the diffusive boundary layer is thinner. The onset
time may be reduced by a factor of five, which corresponds to the thickness of the diffusive boundary
layer at onset being reduced by a factor of two. This reduced thickness of the boundary layer at onset
can be interpreted in terms of a reduced portion of the critical mode that must ’fit’ inside the boundary
layer when the other portion of the mode is confined within the capillary transition zone. Direct numerical
simulations for the non-linear regime show that the mass transfer rate can be enhanced up to four times
when the cross-flow is accounted for. This increase is related to advective inflow of CO2-saturated water
across the interface. Therefore, the contribution from dissolution to the safety of geological storage of
CO2 begins earlier and can be considerably larger than showed by estimates that neglect the capillary
transition zone.

Keywords: stability analysis, CO2 storage, capillary transition zone.

1. Introduction

In recent years, geological storage of carbon dioxide (CO2) has attained focus as a mitigation strategy
for the excess accumulation of this greenhouse gas in the Earth’s atmosphere (IPCC, 2005). When
the supercritical CO2 is injected into an aquifer, it rises and spreads along the caprock and eventually
dissolves into the resident water that it comes into contact with. A diffusive boundary layer of water
with dissolved CO2 develops under the plume and above the lighter unaffected water, see Fig. 1. After
a period of stability, the boundary layer becomes unstable and density-driven convection begins. This
instability has been noted to greatly enhance the dissolution rate of CO2 and is therefore an important
factor of safe storage of CO2 in deep saline aquifers.

An accurate solution for the dissolution of CO2 in homogeneous aquifers was provided by Riaz
et al. (2006). However, as they note, there may be an influence of capillary forces which is not included
in their work. Indeed, large-scale simulations of a CO2 plume show that CO2-saturated water in the

c© The authors 2012. Published by Oxford University Press on behalf of the Institute of Mathematics and its Applications. All rights reserved.
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Fig. 1. Schematic view of the flow regimes: (1) capillary transition zone with mobile CO2-saturated water phase and mobile CO2
phase; (2) diffusive boundary layer with CO2 concentration between some very small value ε and the solubility limit; and (3)
water with CO2 concentration smaller than ε from diffusion. Higher concentrations may occur in perturbations that have grown
into fingers. The time-evolution is: (A) early in the development of the diffusive boundary layer. Perturbations are small and
independent of each other (linear regime); and (B) later in the development of the diffusive boundary layer. The perturbations
have grown and are interacting with each other (non-linear regime). The analysis performed here applies when the interface
between the capillary transition zone and the water is (nearly) horizontal and the depth of the interface is (nearly) stationary.
This can e.g. occur in the post-injection period of injection operations into structural traps, or in the injection- and post-injection
periods of injection without structural traps, away from the injection well.

capillary transition zone does participate in the convection (Elenius, 2011). The influence of the capillary
transition zone on the stability is at least two-fold: it changes the flow direction at the interface between
the two-phase and single-phase regions, which may lead to differences in the linear regime, and it acts
as a source of CO2-saturated water, which may have an influence in the non-linear regime.

Let us first look at a simplified system where the interface between the capillary transition zone and
the diffusive boundary layer is horizontal. Assume further that the permeability field is homogeneous but
with a reduced effective permeability for the water above the interface due to the interactions between
the phases. For the sake of analytical tractability, we make the further simplifying assumption that there
is a sharp transition in the permeability. We call the permeabilities below and above the interface K1 and
K2, respectively. The angles between the normal to the interface and the flow direction are denoted α1

below the interface and α2 above the interface. Then these angles and permeabilities are related by the
tangent law (see e.g. Pinder & Celia, 2006),

tan α1 = K1

K2
tan α2. (1)

In the investigations by Riaz et al. (2006) and many others, it was assumed that there is no flow across
the interface. Therefore, the flow at the interface was assumed to be horizontal (α1 = π/2). This is
achieved when K2 → 0, i.e. when there is infinite resistance for water to flow into the capillary transi-
tion zone. The other endpoint occurs when there is no resistance to flow inside the capillary transition
zone, K2 → ∞, in which case α1 → 0, representing purely vertical flux at the interface. We present
solutions for the linear regime (linear stability analysis) and for the non-linear regime (direct numeri-
cal simulations), which account for this other endpoint of the influence of the capillary transition zone
and/or changes in the medium properties. The single-phase water region is studied and the interface
is treated as a top boundary where the flow direction is vertical. We also derive the general boundary
condition for any K2 and show how solutions to this case may be obtained.
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EFFECTS OF A CAPILLARY TRANSITION ZONE ON STABILITY 773

A recent paper by Slim & Ramakrishnan (2010) also considers the effects of the capillary transition
zone. Their analysis differs from the one presented here in that they consider arbitrary perturbations
of the initial conditions, while our analysis focuses on perturbations at the interface. Furthermore, they
include no numerical study of the non-linear regime, and do not investigate the upscaled parameters
needed for field-scale simulations. While arbitrary perturbations of the base state lead to faster estab-
lishment of unstable modes, perturbations localized at the interface may yield a more realistic rendering
of the physical situation.

The influence of the top boundary condition on onset of convection was previously studied by Foster
(1968). However, there was no vertical component of the flux at the top boundary. Nield & Bejan (2006)
studied the effect of the vertical versus horizontal flux at the boundary for the thermal convection prob-
lem with a static linear base temperature gradient. They found that the critical Rayleigh number, which
is an indicator of the stability of the system, was reduced by a factor 2.3 with the vertical flux (constant
pressure boundary). Other analytical solutions for density-driven convection of dissolved compounds
assume single-phase flow with horizontal velocities at the top boundary. Lindeberg & Wessel-Berg
(1997) calculated stability numbers for typical high permeability aquifers of the North Sea and con-
cluded that density-driven convection could occur in this type of CO2 storage. Ennis-King et al. (2005)
and Xu et al. (2006) performed linear stability analysis for the anisotropic porous medium for single-
phase water. Riaz et al. (2006) presented a linear stability analysis for homogeneous aquifers based on
the dominant mode of the diffusion operator, and also used the quasi-steady-state approximation and
performed numerical simulations. Hidalgo & Carrera (2009) performed numerical simulations to study
the effect of dispersion and concluded that dispersion reduces the onset time compared with pure diffu-
sion, although mass transfer was not much affected. Heterogeneity effects were studied numerically by
Farjazadeh et al. (2011). Pau et al. (2010) noted that for homogeneous media, dimensionality (2D ver-
sus 3D) has a rather small effect on convective enhanced mass transfer, as shown with high-resolution
numerical simulations. Special focus on the mass transfer rate was also attained by Hesse (2008) and
Pruess & Zhang (2008). Recently, Neufeld et al. (2010) presented a new relation between the mass
transfer rate and the Rayleigh number, verified by experiments and numerical simulations. A combina-
tion of experimental and numerical work was also performed by Kneafsey & Pruess (2010), related to
Hele-Shaw cells.

2. Linear stability analysis

2.1 Model problem for the linear regime

Here, we shall first give the equations for the water phase in two sub-domains; the upper region rep-
resenting the capillary transition zone and the lower region representing the region with single-phase
water. Later, we shall use the interface as a boundary condition and only treat the lower region. For
the lower region, we assume Boussinesq flow with a linear density dependence on concentration and
gravity pointing in the positive z-direction:

u = −K1

μ
(∇p − ρg), (2)

φ ∂tc = −u · ∇c + φD∇2c, (3)

∇ · u = 0, (4)

ρ = ρ0 + Δρc. (5)
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774 M. T. ELENIUS ET AL.

Here u is the Darcy flux, p is the pressure, c is the normalized concentration of CO2, ρ0 is the density
of pure water and ρ is the density of water with concentration c. The material properties are assumed
constant. In particular, K1 is the permeability, μ is the viscosity, φ is the porosity and D is the diffusion
coefficient. Experimental data (Yang & Gu, 2006) confirm a linear relation between concentration and
density for CO2 storage.

For the upper region, the concentration is unity and the equations for the water phase reduce to

u = −K2

μ
(∇p − (ρ0 + Δρ)g), (6)

∇ · u = 0, (7)

where K2 is the effective permeability of the water phase in this two-phase region.
We study the problem in two spatial dimensions where x is the horizontal direction and z is the

downward pointing vertical direction. The interface is located at z = 0 for all times. The stationary inter-
face is motivated by the fast establishment of equilibrium between the phases (Ennis-King & Paterson,
2003). Furthermore, by mass balance arguments, it is easy to see that dissolution causes only rela-
tively slow receding motion of the transition zone. The initial conditions are given by c(x, z > 0, 0) = 0,
c(x, z < 0, 0) = 1 and u(x, z, 0) = 0, where u = (u, w), apart for small perturbations explained below.

The conditions at the interface and lower boundary are,

c(x, 0, t) = 1, [[p(x, 0, t)]] = 0, [[w(x, 0, t)]] = 0, (8)

c(x, H , t) = 0, w(x, H , t) = 0, (9)

where H is the thickness of the lower layer as shown in Fig. 2 and [[ ]] represents a jump of the variable.
The equations are scaled with the characteristic velocity uc = KΔρg/μ, length lc = Dφ/uc and time
tc = Dφ2/u2

c . In addition, the pressure is scaled such that the dimensional pressure p is obtained from
the non-dimensional pressure P by the relation p = Dμφ/K(P + ρ0/Δρ z). The non-dimensional form
of the equations is for the lower layer,

u = −(∇P − cez), (10)

∂tc = −u · ∇c + ∇2c, (11)

∇ · u = 0, (12)

Fig. 2. Interface and boundary conditions.
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EFFECTS OF A CAPILLARY TRANSITION ZONE ON STABILITY 775

and for the upper layer

u = −K (∇P − ez), (13)

∇ · u = 0, (14)

where K = K2/K1. We then write the concentration, pressure and velocities as a sum of base states and
perturbation components as shown here for the concentration,

c(x, z, t, k) = c0(z, t) + ĉ(z, t, k) eikx, (15)

where k is the horizontal wavenumber and ĉ(z, t, 0) = ŵ(z, t, 0) = 0. The base state is described by

c0(z, t) = 1 − erf(z/(2
√

t)), (z > 0) (16)

c0(z, t) = 1, (z � 0) (17)

u0(z, t) = w0(z, t) = 0, (18)

where the first condition follows from mass balance, the second condition is motivated by mass transfer
of CO2 from the CO2 phase to the water phase in the upper layer and the third condition has been chosen
for convenience.

Next, we wish to replace the no-jump conditions in (8) with an explicit top boundary condition to
be used for the lower region. With zero base velocities, we obtain ŵ = −∂zP̂ + ĉ for the lower layer
ŵ = −K ∂zP̂ and for the upper layer. In the upper layer, solving the Laplace equation for the pressure
with periodic functions in the lateral direction and vanishing velocities as z → −∞ gives P̂(z, t, k) =
P̂(0, t, k) ekz, i.e. ∂zP̂ = kP̂ and ŵ = −K kP̂. Then the interface conditions show that

K kP̂ = ∂zP̂. (19)

By use of (12) this can be rewritten it in the terms of the vertical velocity perturbation as

∂zŵ = k

K
ŵ. (20)

Using the ansatz (15) and the specific form of the base state, a system of two linear partial differential
equations in c and w appears. Since the base concentration c0 is self-similar in the variable ξ = z/(2

√
t),

a coordinate transformation from (z, t) to (ξ , t) is appropriate.
Finally, in the new variables (ξ , t), the system of perturbation equations to be solved is

(
1

4t

d2

dξ 2
− k2

)
ŵ = −k2ĉ, (21)

∂ ĉ

∂t
− 1

t
(L − k2t)ĉ =

√
1

π t
e−ξ 2

ŵ, (22)
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776 M. T. ELENIUS ET AL.

where the operator L is given by L = 1
4 (∂2/∂ξ 2) + (ξ/2)(∂/∂ξ). These equations are supplemented

with the boundary conditions

ĉ(ξ = 0, t, k) = 0, ∂ξ ŵ(ξ = 0, t, k) = 2k
√

t

K
ŵ(ξ = 0, t, k), (23)

ĉ(ξ → ∞, t, k) = 0, ŵ(ξ → ∞, t, k) = 0. (24)

The special case K → ∞ corresponds to vertical velocities at the interface because ∂zw = 0 implies
that ∂xu = 0, and without base velocities this means that u = 0.

The focus of the investigation will be on the exponential growth rate of the perturbations, defined by

σ(ξ , t, k) = ∂ ĉ/∂t

ĉ
. (25)

To obtain a complete picture of the growth of the instability, both pointwise and integral values of σ will
be found. In Section 2.3, we describe an analytical method for obtaining σ . In Section 2.4, results from
the analytical method are discussed and compared with numerical solutions to the IVP. For the latter,
the problem is discretized with a fully implicit scheme that is first order in t and second order in ξ . The
step sizes in t and ξ and the streamwise domain size are chosen such that the estimated combined error
in σ is less than 1 × 10−4.

2.2 Initial condition

Next, the initial condition will be discussed and its effects on the growth of the perturbation will be
established. As pointed out by Pau et al. (2010), in the context of the Boussinesq approximation, the
initial perturbation cannot be introduced in the permeability field. Instead, we initiate the perturbations
by means of the concentrations. Since the perturbation ĉ satisfies a homogeneous Dirichlet boundary
condition, the Hermite polynomials of odd order can be used to expand ĉ. We use the Hermite polyno-
mials (Folland, 1992) defined by

Hn(ξ) = (−1)n eξ 2 dn

dξ n
(e−ξ 2

). (26)

This is a natural choice since the functions φn(ξ) = e−ξ 2
Hn(ξ) are eigenfunctions of the operator L on

the domain [0, ∞). Thus, using the weight function ω = e−ξ 2
, the function ĉ can be expanded by

ĉ(ξ , t) =
∑

n=1,3,5,...

An(t)φn(ξ), (27)

where the coefficients are given by

An(t) =
∫ ∞

0 ĉ(ξ , t)Hn(ξ)ω(ξ) dξ∫ ∞
0 Hn(ξ)Hn(ξ)ω(ξ) dξ

. (28)

In the work of Riaz et al. (2006), visual inspection of the solutions of the IVP for an arbitrary
initial condition indicated that if the velocity field is assumed purely horizontal at the top boundary,
then arbitrary streamwise initial perturbations converge to the mode ĉ(ξ , t) = A1(t)ξ e−ξ 2

rather quickly,
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Fig. 3. Normalized Anφn from the decomposed IVP solution of ĉ for subsequent non-dimensional times with (a) an arbitrary initial
condition and (b) the first mode as initial condition (k=0.08). The effect of the initial condition is negligible after non-dimensional
time t ≈ 25. Modes n > 7 are negligible and therefore not shown.

and in particular on a shorter time scale than the onset of convection. Note that this corresponds to the
Hermite polynomial of degree 1.

Using a purely vertical velocity field at the top boundary condition changes the convergence of the
initial perturbation of ĉ towards the first mode. The convergence in this situation is now analysed by
comparing the coefficients in the Hermite expansion (27) in the case where an arbitrary perturbation in
the streamwise direction is specified to the case where initial data of the form ĉ = A1φ1 are given. As can
be clearly seen in Fig. 3, the effect of the initial condition on the streamwise perturbations disappears
at t ≈ 25 (k = 0.08). At this time, the first mode is dominant. On the other hand, it should be noted that
there is a contribution from higher modes even when the system is initialized with the first mode only.
This fact can be explained by the dependence on ξ of the right-hand side of (22). However, as Fig. 3
suggests, this effect can be neglected in a first approximation. In light of the above, only the first mode
is used as the initial condition for the numerical solution of the linearized IVP.

Note that at t ≈ 0 any finite ξ corresponds to z ≈ 0. Therefore, our initial perturbations are restricted
to the infinitesimal diffusion layer. This is physically relevant since we expect the system to be most
dynamic at the interface to the two-phase region. In comparison, Slim & Ramakrishnan (2010) used the
most unstable initial perturbation which is not constrained within the diffusion layer. In this way, they
found a more unstable initial mode giving rise to earlier onset.

2.3 Dominant mode method

Since it appears that the first mode in the Hermite expansion is always dominant, one may also consider
an analysis which focuses exclusively on this dominant mode. Such an approach has been used by
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778 M. T. ELENIUS ET AL.

Robinson (1976) and Riaz et al. (2006), and we aim to supplement the numerical analysis of the IVP by
presenting an analytical solution to the IVP with ĉ restricted to the first mode. As was explained in Riaz
et al. (2006), if only the dominant mode with eigenvalue −1 is used in (22), then an integration across
the domain yields the following expression for the growth rate of the dominant mode.

σ = dA1/dt

A1
= −1

t
− k2 + 1√

π t

∫ ∞
0 e−ξ 2

ŵ/A1 dξ∫ ∞
0 ξ e−ξ 2 dξ

. (29)

From (21), we solve for ŵ and obtain,

ŵ = A1k2t
√

π

{
e2kξ

√
t

(
1

2
ek2terf(ξ + k

√
t) + B1

k
√

π t

)

−e−2kξ
√

t

(
−1

2
ek2terf(ξ − k

√
t) + B2

k
√

π t

)}
, (30)

where the boundary conditions (23) and (24) are fulfilled by choosing

B1 = −k
√

π t

2
ek2t, (31)

B2 = 1 − K

1 + K
B1 − K

K + 1
(k

√
π t ek2terf(k

√
t) + 1). (32)

2.4 Results for the linear regime

The analysis presented in Section 2.3 is valid for arbitrary K . In order to highlight the effect of the
two-phase region, which was not considered by Riaz et al. (2006), we will now focus on the opposite
endpoint of the problem, namely the case where K → ∞.

The growth rates obtained from the numerical solution of the IVP and from the dominant mode solu-
tion are presented in Fig. 4(a). For comparison, solutions with horizontal top boundary velocity are
presented in Fig. 4(b). Note first that the growth rates are not uniquely defined, because they vary in
the streamwise direction. Growth rates computed with three different definitions are shown in Fig. 4.
The squares indicate growth rates computed using the maximum value taken over ξ . The triangles indi-
cate growth rates computed at the maximum of ĉ. The circles indicate growth rates computed using the
integral definition σ = ∫

∂ ĉ/∂t dξ/
∫

ĉ dξ . In the following, the dominant mode results are referred to if
nothing else is specified. With the vertical top boundary flux, the onset of instability occurs much sooner
than with horizontal flux at the top boundary. Indeed, Fig. 4 shows that the transition time is smaller by
a factor of five in the first case. Since the analysis surrounding Fig. 3 showed that the effect of the initial
condition is very weak after t ≈ 25, which is before the onset of instability, we conclude that the exact
form of our initial data does not have a significant effect on the time of the onset of instability as long
as it is constrained within the diffusion layer, cf. Section 2.2. It can also be seen from Fig. 4 that the
wavenumber of the most unstable mode does not show a strong dependence on the type of top boundary
condition used for the velocity.

In Fig. 5(a), the growth rate corresponding to the gravest horizontal mode is shown as a function of
time. Figure 5(b) displays the wavenumber kmax of the gravest horizontal mode as a function of time, as
well as the short- and longwave cutoff modes kS and kL which confine the region of the positive growth.
The non-dimensional onset time is tc = 31 and the critical wavenumber is kc = 0.086. For comparison,
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Fig. 4. (a) Exponential growth rate for our investigation with a vertical flux at the top boundary. The colours correspond to
non-dimensional times t = 20 (black), t = 31 (blue) and t = 100 (red). (b) Growth rates reproduced from Riaz et al. (2006)
with horizontal flux at the top boundary. The colours correspond to non-dimensional times t = 70 (black), t = 170 (blue) and
t = 500 (red).
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Fig. 5. (a) Maximum growth rate computed with the dominant mode method for the two sets of top boundary conditions.
(b) Wavenumbers computed with the dominant mode method, corresponding to the maximum growth rate kmax, with the short-
wave cutoff kS above and the longwave cutoff kL below.

results from the investigation of Riaz et al. (2006) are reproduced in the same figures. Their onset
time is about five times larger (tc = 146) and their critical wavenumber is slightly lower (kc = 0.07). In
addition, the maximum growth rate is three times larger with our vertical top boundary flux. However,
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the growth rate also decays faster after the time when the maximum is reached. The data displayed in
Fig. 5 show that it then decays as ≈ t1/3 instead of as ≈ t1/4 with the horizontal flux boundary condition.
In addition, kmax decays as ≈ t1/3 rather than ≈ t1/4. This means that the wavelength corresponding to
the most unstable mode increases slightly faster with the vertical top boundary flux.

3. Non-linear stability investigation

In this section, the focus is on the effect of the capillary transition zone on flow behaviour in the non-
linear regime, where the linear stability analysis does not necessarily apply. For this regime, the problem
is solved using numerical simulations for a 2D square domain with the finite-volume simulator d3f
(Fein, 1998; Johannsen, 2004).

3.1 Model problem for the non-linear regime

For the non-linear regime, we solve the full set of (10)–(12). Dirichlet boundary conditions are applied
at the top boundary,

P(x, 0, t) = P1, (33)

c(x, 0, t) = 1. (34)

The constant pressure P1 in (33) corresponds to the vertical flux at the top boundary since ∂xP = 0. At
all other boundaries, no-flow boundary conditions are applied,

n · u = 0, (35)

n · (uc − ∇c) = 0, (36)

where n is the normal vector to the respective boundary. Initially, the pressure is static and the concen-
tration is zero within the domain except for small random perturbations described in the next section.

For comparison, we also perform simulations applying boundary condition (35) instead of (33) also
at the top boundary. This corresponds to the horizontal flux at the top boundary. With those boundary
conditions, the pressure is only determined up to a constant. Therefore, we prescribe the pressure at the
bottom right corner.

3.2 Numerical scheme

The governing equations are discretized in time with the second-order Alexander scheme. For space
discretization, we first tried the second-order central difference scheme. However, problems arose due
to the non-monotonicity of this scheme when used with boundary condition (33). Therefore, we apply
a first-order partial-upwinding scheme instead. The non-linear system is solved with Newton’s method
and the linear sub-problems are solved with the biconjugate gradient stabilized method (BiCGSTAB),
with a multigrid preconditioner and overlapping block Gauss–Seidel smoother. In the non-dimensional
setting, the time step size is 48, the cell sizes are 3.9 × 3.9 and the domain size is 2000 × 2000. A
convergence study showed that we obtain a good approximation to the continuous solution of the equa-
tions with these choices, with small effects of the lateral and bottom boundaries. We initiate the sim-
ulations with small random perturbations c ∈ 1 × 10−6[−1 1] on the first grid points below the top
boundary, with consistent perturbations in the pressure and flux field by (10)–(12).
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Fig. 6. Concentration of CO2 in the domain with vertical top boundary flux.
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Fig. 7. Concentration of CO2 in the domain with horizontal top boundary flux. Note that the last time shown differs from the
previous figure.

3.3 Results for the non-linear regime

In Figs 6 and 7, we show concentrations of CO2 in the domain with vertical and horizontal top boundary
flux, respectively. With the vertical top boundary flux, there is advective inflow of water with a large
CO2 concentration into the domain. This causes larger concentrations in the fingers, which therefore
travel faster. The fingers also form earlier, as can be expected from the linear stability results. Between
the fingers, there are regions with low concentrations also adjacent to the top boundary, due to the
upward flow of water through the boundary at those locations. With the horizontal top boundary flux on
the other hand, the diffusion layer never disappears and the fingers form from very local feeding sites
because the water is moving towards the feeding sites from both sides.

Next, we turn our attention to upscaled parameters such as the time development of the exponential
growth rate and the dominant wavenumber. We define the growth rate as

σ(t) = 1

Δt
ln

( ¯̄ω(t)
¯̄ω(t − Δt)

)
, (37)

where ¯̄ω is the absolute value of the horizontal concentration gradient (vorticity), integrated horizontally
and vertically across the domain. The development of the growth rate is shown in Fig. 8(a). At early
times, the growth rates obtained with the 2D simulations resemble the growth rates obtained for the
gravest mode in the linear stability analysis. There is a small delay between the linear dominant mode
results and non-linear results with the vertical top boundary flux, however. From Fig. 4, we saw that
different definitions of σ in the linear analysis gave different results. Based on the numerical solution
to the linearized IVP, the onset time from the integral definition of σ is 50. This is more closely related
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Fig. 8. (a) Growth rate versus time and (b) dominant wavenumber versus time for the vertical and horizontal top boundary flux.
Linear stability results computed with the dominant mode method are shown in red for comparison.

to the non-linear results shown in Fig. 8(a). The delay may also be partly explained by the interaction
between different modes in the 2D simulations. After onset, there is a period of exponential growth until
the fingers move out of the diffusive boundary layer at t ≈ 2.6 × 103 and 6.0 × 103, respectively. It is
shown clearly in Figs 6, 7 and 8(a) that non-linear effects start to dominate at these times.

The dominant wavenumber is defined from the vertically integrated concentration distribution
c̄(x, t). First, we make this function periodic by mirroring it in x = 0. The resulting function is Fourier
decomposed, and we define the Fourier component with largest amplitude to be the dominant wavenum-
ber. In Fig. 8(b), the dominant wavenumbers of the 2D simulations with a random initial perturbation
are displayed together with the most unstable wavenumbers from the linear stability analysis. At early
times, the selection of modes obtained with the 2D simulations resemble the selection obtained with
the linear stability analysis. Shortly after the fingers begin to penetrate below the diffusive boundary
layer, the wavenumbers decrease more rapidly, corresponding to enhanced merging of fingers. We per-
formed multiple realizations with different random initial conditions which give similar results as those
displayed in Fig. 8.

In Fig. 9, the finger tip propagation and mass flux of CO2 into the domain are given for several
different random initial perturbations. Quantified values below are given as mean values. Figure 9(a)
shows that the tip propagates as ≈ t1.6 in the convective regime with the vertical top boundary flux, with
a faster speed initially and a slower speed towards the end. The mean value is the same with the hori-
zontal top boundary flux, but with slower speed initially and a faster speed towards the end. In absolute
values, the speed is twice as large with the vertical top boundary flux. This difference is due to enhanced
concentrations in the fingers. In Fig. 9(b), the non-dimensional mass flux F over the top boundary is
shown. It is related to the dimensional flux Fc as Fc = FK1Δρgm/μ where m is the CO2 concentration at
the solubility limit. The unit of Fc is kg CO2/(m2s). For comparison, the so-called Sherwood number is
obtained by multiplying F by our non-dimensional domain thickness, which is what is usually referred
to as the Rayleigh number, Ra = K1ΔρgH/(μφD). At approximate non-dimensional times 2.4 × 103
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Fig. 9. (a) Depth of the finger tip defined as the lowest occurrence the concentration c = 1 × 10−3 and (b) mass flux across the
top boundary. For each boundary condition, results for five different initial perturbations are presented.

and 5.4 × 103, respectively, there is a minimum in the mass flux. This is close to the times mentioned
above regarding when the fingers leave the diffusive boundary layer. After these times, convective mix-
ing is dominant. We measure the mean values of the mass flux from times 4.8 × 103 and 10.8 × 103,
respectively, until the end of simulation. The mass flux with the horizontal top boundary flux is 0.020.
This is at the lower end of the range of values presented by Neufeld et al. (2010) who also used the hor-
izontal flux boundary condition at the top. The vertical top boundary flux leads to considerably larger
mass flux of 0.075.

4. Discussion

We have shown that the cross-flow between the capillary transition zone and the diffusive boundary
layer may reduce the onset time of instability by a factor of five. This result reflects that the onset occurs
earlier in the development of the diffusive boundary layer. The critical wavelength of the instability
is not strongly affected by the cross-flow, indicating that it is determined mostly by lateral diffusion.
The situation may be illuminated by considering the vertical position of the critical mode relative to the
interface between the capillary transition zone and the diffusive boundary layer. Figure 10 exemplifies
this view. The left circle corresponds to the results here, with no resistance in the capillary transition
zone (vertical flux at the interface). The central circle corresponds to the traditional case examined for
example by Riaz et al. (2006) with infinite resistance in the capillary transition zone (horizontal flux at
the interface). A more realistic case would feature flow directions containing both vertical and horizontal
components, as illustrated by the right circle. If we assume that the flux field is perfectly circular as in
the figure, and that the boundary layer becomes unstable when the concentration reaches a certain value
cs at the bottom of the modes, then from (16) the onset time can be approximated as,

tc ≈ δc(cs)
2

4(erf−1(1 − cs))2
, (38)
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Fig. 10. Positioning of modes with wavelength λc relative to the interface between the capillary transition zone and the diffusive
boundary layer. The positioning of the three circles correspond to different amount of resistance to flow in the capillary transition
zone, from left to right: no-resistance; infinite resistance; and some resistance.

where δc ∈ [λc/2, λc] is the thickness of the diffusive boundary layer. Equation (38) gives onset times
136 and 34 with vertical and horizontal top boundary flux, respectively, when cs = 1 × 10−6 and a mean
value of the critical wavelengths is used. These onset times closely resemble the results from the linear
stability analysis; 146 and 31.

The analysis performed by Slim & Ramakrishnan (2010) displayed considerably more unstable flow
than we have shown. When accounting for the flow between the capillary transition zone and the water
region, they found an onset time that tends to zero and a wavelength that tends to infinity when the size
of the domain is not limiting. Also for the no-flow top boundary which was studied before by Riaz et al.
(2006), the system of Slim & Ramakrishnan (2010) is more unstable. They account the differences to
the dominant mode method. However, since the results from the dominant mode method agree well
with solutions of the full linear and the full nonlinear problems as shown here and by Riaz et al. (2006),
this does not explain the differences. On the other hand, our usage of the similarity variable ξ in the
linear analysis and the introduction of perturbations at the top nodes in the non-linear simulations leads
to perturbations initiated close to the top boundary which is more realistic for many physical settings.
The subsequent evolution of the perturbations introduced in this way is not restricted by the use of
the variable ξ as shown by the agreement between linear stability results (with ξ ) and the non-linear
simulations (without ξ ).

In our investigation, we have defined the onset time as the time when the first mode obtains a positive
growth rate. This is a natural definition in the linear regime and as discussed above, it facilitates an
intuition about the physical mechanisms. However, it should be noted that this definition may not be a
good measure for other important features such as enhanced convective mixing. For instance, the onset
time of the enhanced mixing depends on the size of the initial perturbations, but the time when the first
mode obtains a positive growth rate does not.

5. Conclusions

Most previous stability investigations of diffusive boundary layers assume no-flux through the top
boundary. In the case of CO2 sequestration, this boundary represents the interface between the capillary
transition zone and the diffusive boundary layer, and it is most realistic to assume some flux through
the boundary. We have investigated this scenario. In the special case K → ∞, this model problem
is considerably more unstable than the case where K → 0. Onset occurs earlier and the strength of
convective mixing is larger. Since a realistic case would include both horizontal and vertical flow com-
ponents, it appears that the relations for the onset time of perturbation growth and critical wavelength
for the homogeneous stability problem with pure diffusion should lie within a range of values as given
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Table 1 Parameters motivated by Utsira and Krechba

Parameter Utsira Krechba Unit

K 2.5 × 10−12 1 × 10−14 m2

φ 0.38 0.16 –
Injection 1 × 109 1 × 109 kg/year
Plume extent 2 t/3 × 106† 6 × 106‡ m2

†Our simplified formulae based on seismic observed total plume area under horizontal layers,
presented by Boait et al. (2011). Here t is time in years after 1996 when injection began.
‡2011 simulated extent estimated from Cavanagh & Ringrose (2011).

in dimensional form by,

tc ∈
[

31
(φμ)2D

(KΔρg)2
, 146

(φμ)2D

(KΔρg)2

]
, (39)

λc ∈
[

2πμDφ

0.086KΔρg
,

2πμDφ

0.07KΔρg

]
. (40)

For example, using data motivated by the Utsira formation (Sleipner field) in the North Sea (Bickle et al.,
2007; Neufeld et al., 2010, Table 1), we may obtain onset of perturbation growth in the range 0.5–2 days,
a critical wavelength of approximately 0.1 m and dissolution in 2011 corresponding to 14–52% of the
injected amount CO2 this year, if one assumes that the water column is not saturated with CO2 anywhere
under the plume(s). The time-integrated dissolution is estimated between 7 and 26% of all injected CO2

(1996–2011) with this model. The small onset times and large dissolution rates are mainly related to
the large permeability of the Utsira formation. The permeability is considerably lower at the Krechba
field (In Salah) in Algeria. Using data motivated by this field (Mathieson et al., 2009; Cavanagh &
Ringrose, 2011; Table 1), we may obtain onset times in the range 20–80 years, a critical wavelength of
approximately 15 m and dissolution in the range 0.03–0.1% of the annually injected CO2. In both cases,
we used Δρ = 10.5 kg m−3, μ = 5.9 × 10−4 Pa s, D = 2 × 10−9 m2 s−1 and m = 50 kg m−3 dissolved
CO2 at the solubility limit, compare (Neufeld et al., 2010). Again, note that the onset times given here
mark the beginning of perturbation growth. The onset of enhanced convective mixing begins later and
depends on the size of initial perturbations.

The large sensitivity in onset times and dissolution rates on the influence of the capillary transition
zone call for a closer investigation. Knowledge of the range of time and length scales as provided in this
article should be valuable also when investigating that problem.

Acknowledgements

We thank Professor Hamdi Tchelepi for hosting the first author at Stanford University and for helpful
discussions during that visit. We also acknowledge useful comments from Professor Klaus Johannsen
regarding the non-linear investigation.

Funding

This work was supported by the Norwegian Research Council, Statoil and Norske Shell under grant
no. 178013/I30.

 at U
niversitetsbiblioteket i B

ergen on M
ay 9, 2013

http://im
am

at.oxfordjournals.org/
D

ow
nloaded from

 

http://imamat.oxfordjournals.org/


786 M. T. ELENIUS ET AL.

References

Bickle, M., Chadwick, A., Huppert, H., Hallworth, M. & Lyle, S. (2007) Modelling carbon dioxide
accumulation at Sleipner: implications for underground carbon storage. Earth Planet. Sci. Lett., 255,
164–176.

Boait, F., White, N., Chadwick, A., Noy, D. & Bickle, M. (2011) Layer spreading and dimming within the CO2
plume at the Sleipner Field in the North Sea. Energy Proc., 4, 3254–3261.

Cavanagh, A. & Ringrose, P. (2011) Simulation of CO2 distribution at the In Salah storage site using high-
resolution field-scale models. Energy Proc., 4, 3730–3737.

Elenius, M. T. (2011) Convective mixing in geological carbon storage. Ph.D. Thesis, submitted at the University
of Bergen, Norway.

Ennis-King, J. P. & Paterson, L. (2003) Role of convective mixing in the long-term storage of carbon dioxide
in deep saline formations. SPE, 84344.

Ennis-King, J. P., Preston, I. & Paterson, L. (2005) Onset of convection in anisotropic porous media subject
to a rapid change in boundary conditions. Phys. Fluids, 17, 084107.

Farjazadeh, R., Ranganathan, P., Zitha, P. L. J. & Bruining, J. (2011) The effect of heterogeneity on
the character of density-driven natural convection of CO2 overlying a brine layer. Adv. Water Resour., 34,
327–339.

Fein, E. (1998) d3f -Ein Programmpaket zur Modellierung von Dichteströmungen. GRS, Braunschweig,
GRS-139.

Folland, G. B. (1992) Fourier Analysis and its Applications. Brooks/Cole Publishing Company.
Foster, T. D. (1968) Effect of boundary conditions on the onset of convection. Phys. Fluids, 11, 1257–1262.
Hesse, M. A. (2008) Mathematical modeling and multiscale simulation for CO2 storage in saline aquifers. Ph.D.

Thesis, Stanford University, USA.
Hidalgo, J. J. & Carrera, J. (2009) Effect of dispersion on the onset of convection during CO2 sequestration.

J. Fluid Mech., 640, 441–452.
IPCC (Intergovernmental Panel on Climate Change). (2005) Special report on carbon dioxide capture and

storage.
Johannsen, K. (2004) Numerische Aspekte dichtegetriebener Strömung in porösen Medien. Professorial disser-

tation (habilitation). Germany: Heidelberg.
Kneafsey, T. J. & Pruess, K. (2010) Laboratory flow experiments for visualizing carbon dioxide-induced, density-

driven brine convection. Transp. Porous Med., 82, 123–139.
Lindeberg, E. & Wessel-Berg, D. (1997) Vertical convection in an aquifer column under a gas cap of CO2.

Energy Convers. Manage., 38, 229–234.
Mathieson, A., Wright, I., Roberts, D. & Ringrose, P. (2009) Satellite imaging to monitor CO2 movement at

Krechba, Algeria. Energy Proc., 1, 2201–2209.
Neufeld, J. A., Hesse, M. A., Riaz, A., Hallworth, M. A., Tchelepi, H. A. & Huppert, H. E. (2010) Convec-

tive dissolution of carbon dioxide in saline aquifers. Geophys. Res. Lett., 37, L22404.
Nield, D. A. & Bejan, A. (2006) Convection in Porous Media. New York: Springer.
Pau, G. S. H., Bell, J. B., Pruess, K., Almgren, A. S., Lijewski, M. J. & Zhang, K. (2010) High-resolution

simulation and characterization of density-driven flow in CO2 storage in saline aquifers. Adv. Water Resour.,
33, 443–455.

Pinder, G. F. & Celia, M. A. (2006) Subsurface Hydrology. New York: John Wiley and Sons.
Pruess, K. & Zhang, K. (2008) Numerical modeling studies of the dissolution–diffusion–convection process

during CO2 storage in saline aquifers. Technical Report LBNL-1243E. USA: Lawrence Berkley National
Laboratory.

Riaz, A., Hesse, M., Tchelepi, H. A. & Orr, F. M. (2006) Onset of convection in a gravitationally unstable
diffusive boundary layer in porous media. J. Fluid Mech., 548, 87–111.

Robinson, J. L. (1976) Theoretical analysis of convective instability of a growing horizontal thermal boundary
layer. Phys. Fluids, 19, 778–791.

 at U
niversitetsbiblioteket i B

ergen on M
ay 9, 2013

http://im
am

at.oxfordjournals.org/
D

ow
nloaded from

 

http://imamat.oxfordjournals.org/


EFFECTS OF A CAPILLARY TRANSITION ZONE ON STABILITY 787

Slim, A. C. & Ramakrishnan, T. S. (2010) Onset and cessation of time-dependent, dissolution-driven convection
in porous media. Phys. Fluids, 22, 124103.

Xu, X., Chen, S. & Zhang, D. (2006) Convective stability analysis of the long-term storage of carbon dioxide in
deep saline aquifers. Adv. Water Resour., 29, 397–407.

Yang, C. & Gu, Y. (2006) Accelerated mass transfer of CO2 in reservoir brine due to density-driven natural
convection at high pressures and elevated temperatures. Ind. Eng. Chem. Res., 45, 2430–2436.

 at U
niversitetsbiblioteket i B

ergen on M
ay 9, 2013

http://im
am

at.oxfordjournals.org/
D

ow
nloaded from

 

http://imamat.oxfordjournals.org/


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /ENN ()
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.284 790.866]
>> setpagedevice


