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Abstract

This article takes into account the Korteweg—de Vries (KdV) equation as an
approximate model of long waves of small amplitude at the free surface with
inviscid fluid. It is demonstrated that the mechanical balance quantities, as
defined by the solution of the KdV equation, rigorously approximate those in
the Euler system within the L* space. Furthermore, these approximations are
estimated in relation to the parameter ¢ characterizing the long-wave behavior.

Keywords: KdV equation, Euler equations, mechanical balance laws,
surface waves
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1. Introduction

In this paper, we consider approximations of physical balance laws associated with the
Korteweg—de Vries equation (KdV) from a mathematical point of view. The KdV equation
is written in non-dimensional form as
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where € and p are parameters representing the relative influence of nonlinearity and dispersion,
respectively. As will be shown below, these parameters quantify the amplitude and wavenum-
ber of a typical wave to be described by the equation. In fact, the KdV equation is known to be
a good model for waves at the free surface of an incompressible and inviscid fluid if transverse
effects can be neglected and if the relations ¢ < 1 and € = O(u) hold. This approximation is
rigorously justified using the theory developed in [7, 12, 14, 15, 26, 28, 29] and others.

Even before it was shown that the KdV equation is well posed in a mathematical sense,
it was well known that the KdV equation features an infinite number of formally conserved
integrals (indeed the conservation can be made rigorous by following the work of [8]). If the
equation is given in the non-dimensional form (1.1), the first three conserved integrals are

o (o) o0
/ ndx, / n*dx, and / (inf — 1) dx. (1.2)

—0o0 — 00 — 00

The first integral is found to be invariant with respect to time ¢ as soon as it is recognized that
the KdV equation can be written in the form

0 0 3 1
&(ﬂ)‘ka <77+54712+,u677xx> =0, (1.3)

where the quantity appearing under the time derivative is interpreted as excess mass density,
and the term appearing under the spatial derivative is the mass flux through a cross section
of unit width due to the passage of a surface wave (see [17] for more details). The second
and third integral are sometimes called momentum and energy, but this terminology may be
misleading since these integrals are not readily interpreted as approximations of the physical
momentum and energy appearing in the context of the Euler equations. Indeed, the authors
of [1] already state clearly that they do not believe these integrals to be approximations of
the physical momentum and density, and further doubt was cast on this interpretation in more
recent work [2, 19, 20, 23].

Recently, the problem was considered in [4], and asymptotic expressions for physically
motivated fluxes and densities were found. For example, following the procedure laid out in
[4] gives the expression for momentum density as

3 1
T= 0 =T 1.4
ntegn tugn (1.4

Since the analysis in [4] was based on a formal asymptotic analysis, the question of whether
these physical identities can be made mathematically rigorous have so far remained open (note
however that in the special case of the momentum density Z defined above in (1.4) it was shown
in [16] that this expression converges to the corresponding quantity in the full Euler equations
if the parameters p and < tend to zero. In the present paper, similar convergence results will be
proved also for the momentum flux, as well as the energy density and energy flux.

In the present article we will give a firm mathematical proof for convergence of all physical
densities and fluxes. The main results to be proved thus state that the mechanical densities and
fluxes found asymptotically in [4] converge to the corresponding quantities defined in terms
of a solutions of the governing Euler equation for a perfect fluid if 1 and ¢ tend to zero.
Denoting the original (dimensional) variables with a tilde, we introduce a scaling to make the
small amplitude and long wavelength relative to the undisturbed depth explicit. Thus we define
new variables (without a tilde) by

X=X\, z=hy(z—1), f=an, i=
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Here a is a dominant amplitude of the waves; A is a typical wavelength; / is the undisturbed
depth; g is the gravitational acceleration, and ¢y = +/ghy is the limiting long-wave speed. Then
the free surface Bernoulli’s dimensionless formulation of the water waves problem reads

pd2o + 9% =0 in Q
dp+500) + 5 (09 =—n at z=1+en,

w (1.5)
0.0 =0, at z=0,

O — 3 (—pedmdp +0:p) =0 at  z=1+en,

where
Q={(x,2),0<z<1l+en(x1)},

is the fluid domain limited by the free surface {z = 1+ n(x,) }, and the flat bottom {z = 0}, and
where ¢(x,z,1), defined on 2, is the velocity potential associated to the flow (that is, the two-
dimensional velocity field v is given by v = (9,0, 9,¢)7). As is well known, the existence of the
velocity potential is guaranteed by the assumption of irrotational flow. Finally, as mentioned
above, € and y are the dimensionless parameters defined as

a B h?

ha ,LL - )\2 .

Making assumptions on the respective size of € and p, one is led to derive (simpler) asymptotic
models from (1.5). Sometimes the Stokes number

E =

§= ™
I
is introduced in order to quantify the applicability of the equation to a particular regime of
surface waves. Let us assume for the time being that the Stokes number is equal to unity, so
that we can work with a single small parameter €. The equations above are formally equivalent
to the Zakharov—Craig—Sulem equations. They are written in terms of the Dirichlet-Neumann
operator as

= 1Ge[enly =0,
1.6
[gs [577] (e 5277x¢x] ? (16)

=0.
2(143n2)

Vet + 597 -

It is shown in [26] that if a number of assumptions are met, a solution (¢, () exists on a time
interval [0,7/¢] with a certain regularity, and with a bound on Sobolev norm. Given a solution
of this system, one may then reconstruct the potential ¢ by solving the Laplace equation. More
precisely, in terms of the trace of the velocity potential at the free surface defined as

w = gplr:l«#an ’
the Dirichlet-Neumann operator G.[e7)]- is given by
GeleCly = *8277;; (&C‘P)L,:Hm =+ (az‘P)|
with ¢ solving the boundary value problem

58390 + Bfgo =0,
0., =0, (1.8)
SD‘::HrEW = 1’/}

) (1.7

z=l4en
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1.1. Statement of the results

We start in section 2 by developing an approximate potential function P, laying the ground-
work for subsequent proof of error estimates between the Euler system (1.5) and the KdV
equation (1.1).

In section 3, the discrepancy between vertical integrals of the space and time derivatives of
the complete ¢ = P! and approximate potentials (%P is assessed.

In section 4, a linkage between the Euler solutions (7" oFver) and the KAV solutions
constructed, 7%V and wkdV = pKdv _ is(anV)z + %snfxdv, through an approximation of the
horizontal velocity at the flattened bottom @TE’O and some observations on Boussinesq-type
systems.

In section 5, approximate expressions for the velocity field and pressure in the entire fluid
column are introduced in the context of the KdV equation. These variables will thus be
expressed not only in terms of x and ¢, but also in terms of z. The goal of this section is to
devise formulas for these variables, demonstrating their convergence to the relevant quantities
defined within the full context of the Euler equations as the small parameter ¢ tends to zero.
Here and throughout the rest of this paper we denote by C any constant depending on h[;iL,
€max ‘7]0 HsHN+1, "11[107X|H:+N with N > 8.

In section 6, we establish the main results of this paper, where the mechanical laws in the
Euler equations converge to the mechanical laws (mass, momentum and energy) defined in
terms of the function of the solution of the KdV equation for a perfect fluid as the physical
parameter € approaches zero. In other words, as long as the assumption of corollary 1 is satis-
fied and for any constant C depending on h;ih, Emax, | 10| pp+v-+1, | o x|p+v With N > 8 and for
all t € [0, T/e] the following results are true:

(i) Theorems 4 and 5, state that the mass balance law of the water wave equations can be
approximated in the long wave limit by appropriate balance quantities defined by solutions
of the KdV equation:

‘./\/lEuler_./\/leV’LOC T ’QMEL']H_ QMKdV‘ . < 62(1 +I)C, (19)

L
where the mass density and mass flux for the full Euler and KdV equations are given

Euler
by: MEuler — f01+57l dZ, MKdV =1 + <E.?,]KdV and

Euler e Euler KdV Kdv |, 3/ kav\2 , € Kdv
QM = o Px dZ7 QM =n +Z(7l ) +677xx :

(i) Theorem 7 states that the momentum balance law of the water wave equations can be
approximated in the long wave limit by appropriate balance quantities defined by solutions
of the KdV equation:

‘IEu]er _IKdV‘L n ‘QIEu]er _ QIKdV)L < (1+0C, (1.10)

where the momentum density and momentum flux for the full Euler and KdV equations
are given by: ZPuler = Q  Buler 7KV — g | K4V and

Euler l+snE“1“ Euler\ 2 7+ Euler 1
Qr :/ e (PF")" +(P) =1 dz,
0

1 3e 2 €
kav _ L kav | 2€ / Kav € Kdv
QY = oo+ 5 () et

with (P’)BUer is the dynamic pressure of the fluid (see (5.12)).

4
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(iii)) Theorems 8 and 9, state that the energy balance law of the water wave equations can be
approximated in the long wave limit by appropriate balance quantities defined by solutions
of the KdV equation:

‘gEuler _gl(dv‘Loo + ‘QgEuler _ QEKdV’Lm < 52(1 +1)C, (1.11)

where the energy density and energy flux for the full Euler and KdV equations are given
by:

Euler
ghler / o <5 (ghutr)? 4 L utery? lz) dz,
0 2 2 ’ g

. 1+€n5uler 52 1 5 c 1 ) Buler 1
Qe = [T (S (6 4 S () e () 1) o
0

Te

1 2
grav _ anV Te (anV) ’ Ok — anv " .

- (anV)2 n %n}éd\/ )

1.2. Notation

We denote by C(Aj,\,,...) a constant depending on the parameters A;, A,.... To study
the regularity properties of the solution of the transformed problem, we introduce the
following functional spaces on the flat strip S. In particular, the Banach space H** =
ﬂfonJ((fl,O);Hs*j(R)) endowed with the norm ||u/| s = Zf:o | A~/ &ul|, are intro-
duced to control functions that are differentiated s times in x and z, with at most k deriv-
atives in z where A® is the pseudo-differential operator A* = (1 — 8,)*/?. We write L°H° =

L>*((—1,0); H*(R)) endowed with the canonical norm supess, ¢ (o) |[u(",2) | (w)-

2. The approximate potential PP

This section is devoted to constructing an approximate potential function which will be useful
later for proving error estimates between the Euler system and the KdV equation. The main
task is to obtain an asymptotic expansion in the small parameter ¢ of the potential ¢ in terms of
various combinations of derivatives of the trace 1. Thus we look for an asymptotic expansion
of © of the form

N
PP = ZEJ% ] 2.1
i=0

Indeed, substituting this expression into the boundary-value problem (1.8) one can remove the
residual up to the order O(eN*!) provided that

Vj =0,...,N, Oy =—020; (2.2)
(with the convention that ¢ _; = 0), together with the boundary conditions

. SDj‘>_ = 1/}5

] — () { z=14en (2.3)

az@j = 07
and
. ®j = 07
Vji=1,...,N, { le=1+en 2.4)
8290] = Oa

5
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The differential equation (2.2) can be solved by integrating twice. In view of the boundary
conditions (2.3) and (2.4), one finds

wo =1, (2.5)

1 g2
Y= (Zz - 1) wxx + 5771/})0: + Enzwxx

2
_ 1, 1 2
=57 Yyx + > (1+en) Yu. (2.6)

In our derivation it is essential to find (,, therefore by proceeding in the same way as above
(see [22, 24] for more details of the calculations) one obtains

1 1 5
P2 = ﬂz47//mx - Zzzq;z}xxxx + ﬁwxxxx +0 (5) . 2.7

In the case N =2, P satisfies the elliptic problem

V- IV =R in €,
app _ 8 app 0 (28)
‘P‘:HE” =), z90|2=(J =0,
where following [26], we use the matrix
0
e= ()

and the remainder term R is a polynomial in z with coefficients given in terms of € and various
derivatives of 1 and 7.

We proceed to provide error estimates for ©*P. In order to avoid confusion in what follows,
we denote the velocity potential associated to the Euler system by ", We assume that the
flow depth is always bounded from below, an assumption which is known as the non-cavitation
condition:

Fhin > 0, Vx € R, 1+en=:h2=hyp. (2.10)

For the sake of notational convenience, we consider the difference u = @PU!" — *P_ First of
all, by construction, u satisfies (1.8) with homogeneous boundary conditions up to the same
error term 2R as in (2.8):

{V'IEVM=€3R in €, @.11)

= 0, 6Zu|z_=0 =0.

ulr:H»an

Based on [26], it is convenient to transform the above problem on €2, into an elliptic boundary
value problem on a flat strip S defined as S =R x (—1,0). If condition (2.10) is met, this
transformation is effected by introducing the diffeomorphism

Y S—=Q
(x,2) — 2 (x,2) = (x, (1 +e() 2+ 1 +en) . (2.12)

Then, the composite functions U = 1 o ¥ and R = R o ¥ satisfy the following elliptic boundary-
value problem on the fixed domain S:

{vp(z Vu=cR  inRx (—1,0), 2.13)

u‘f:o 0, egP(E) VU|3:,1 :07

6
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and the matrix P is given by

22 2
P<z>—fg‘zs<fs>T|deuE|—< e(len) 5(1+Z)m>’

R 143 (142) %9
—52(1+Z)77x EI(T;)TI

where /. is defined in (2.9) and Jy, is the Jacobian matrix of 3.

3. Regularity estimates

On the strip S, it is possible to define mixed Sobolov spaces in a straightforward fashion.

Definition 1. For s € R, we define L2H* as the space of functions

0 1/2
DPH = fel*(S) : [l = (/IV(-i)I%z»vd%) <o

Here we use shorthand notation by denoting the generic norm associated to a function space
over R by |- |, and use the double bar notation || - || for functions defined on the flat strip S.
We shall use intensively the following main estimates on S.

Lemma 1 ([26]). Let s >0 and ty > 1/2. Assume that R,0,R € H*® and u € B! be a
solution to the boundary value problem (2.13) such that assumption (2.10) is satisfied. Then
there exists a constant C depending on h,;;,, Emavs |N|ps1vierr and |Om|pp+1vig+1 such that the
estimates

HASVUHLZ(S) < €3C (hr;ilzagmwm ‘77

Hs+l\/r0+l> ||A?R
AVl 2(s) < €C (it Emaxs I

12(S) » (3.1
H.\-+lvr0+l) ||A‘V8,R||L2(S) s (32)

holds. Here €4y is an upper bound of the parameter ¢ and we have used the notation V =

(Ox,0)T.

Proof. The proof of the first estimate (3.1) is exactly the same proof of [lemma 3.43, p 83,
[26]]. In order to prove the second estimate stated in the lemma, we differentiate (2.13) with
respect to f to get

HsF1Vip+1, ‘6;’17

alu\?:o =0, e;-P(X) vatu\fz,l +e;-0,[P(Y)] VU|3: 0

—1 .

{V~P(Z)V0,U+V~0,[P(E)]Vu536tR inR x (—1,0),

Note now that v = 9,u can be decomposed into v = v; 4 v, so that the above problem is now
v1 and v, solving

V-P(Z)Vv =R inRx (-1,0), (33)

V1ot =0, e2~P(E) Vvl\z:—l =0. .
V-P(Z)Vvy=-V-9[P(X)]Vu inRx(-1,0), (3.4)
V2l = 0, ez'P(E) VV2|§=71 = —e;- Oy [P(E)] VUb:il. '

As for (3.1), since v; is solves the BVP (3.3), from [lemma 3.43, p 83, [26]]
it holds that |[A*Vvi|2 <C(ht, emae, |Nlgtiviort) [|AOR| 2. To obtain similar
estimate on v, we will use first [lemma 2.38, p 50, [26]] to bound from above
AVl 2 < C(hpibs s Emaxs [0 1vio1 ) [|A*O[P(2)]Vul| 2. Now, it is not hard to check

min?’

7



Nonlinearity 37 (2024) 025013 S Israwi et al

that ||A*9,[P(X)]Vul|,2 SEC(hr;iLﬁmux,‘8,77|H\-+1vr0+1)||A‘YVU||L2. Then using again (3.1),
the desired estimate holds. ]

We shall also need the following continuity results of the Dirichlet-Neumann operator
Gelen].
mmmmqmnLanem“ﬂ®wumﬂ®ﬁmmw@Qimwws>am>uzmm,
the following two mappings G.[en]: H'/2(R) — H~/2(R) and v[en]: B*H/2(R) —
H~'/2(R) defined by

[gs [577} (e 5277x¢x] ?
2(1+&%2)

Y= Gelen] Y= vlend =
are continuous. In particular, one has
|g5 [En]w‘[-]s(R \[C( mm7€maX7|77|Hr0+2) (lw-’lej(]R) + |77|H"+](R)|1/}X|H’0+](R)) ’ (35)

< VEC (I Emaxs |1 o2 (W/x H(R) +|U\Hs+l(R)\¢x|H/o+l(R)) . (3.6)

(R ) {fe L (R), f. € H(R)} stands for the Beppo-Levi spaces [13] endowed with
the (semi) norm [f]H\+1(R) = il (m)-

|ven]v

Proof. More general version of the first inequality (3.5) was proved in [theorem 3.15, p 67,
[26]]. Consequently, one may deduce the desired estimate directly. The second inequality fol-
lows using (3.5) combined with the following estimate on f/(1+ g) for any f€ H*(R) and
g € H° N H"(R) (see [proposition B.4, [26]] for the proof):

C( mm7|g‘H'(‘) (mH" + lﬂH'O|g H‘)~ (37)

1+¢ ‘H\

O

The main goal of this section is to estimate the difference between of vertical integrals
the space and time derivatives of the full and approximate potentials. These estimates will be
required later on to estimate the energy density and flux, as well as the pressure forces. To do

so, let us introduce the following inequalities that we shall use intensively in our analysis.
First of all, we shall use the product estimate:

Wellzas < WAlLems |l gl i2es for f€ L°°H* and g € L*H° | (3.3)

we refer the reader to corollary B.5(1) in [26] for detailed proof. Moreover, we need the fol-
lowing essential Poincaré inequality which reads:

ull2(sy < 20Ul 28y < 2[VUll sy - (3.9
Indeed, for any (x,%) € S, by Cauchy-Schwarz inequality we have

\u|2:2/ ud:u dz <
Z

Integrating the latter on (—1,0) in Z, we get ||u||iz(71 0) S 4||82u\|%2(71 o) Integrating now on
R in x, the desired inequality (3.9) holds. Also, it is not hard to check that by Cauchy-Schwarz
inequality and Fubini’s theorem we have

0
-1 H

21,00 19:Ul| 2 (1,0 -

< WAl - (3.10)
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Now we turn on stating and proving the main results of this section in three distinct
propositions.

Proposition 1. Suppose that the assumption of lemma 1 holds. Let n € H*T7(R) N H*"(R)
satisfying (2.10) and 1, € HT(R) NH* T (R) with s >0, to > 1/2. Then the following
estimate holds

1+4en
: —1
’ / SOFuler — gO?pde‘H < 53C (hmm,gmax, |77|H3+7\//0+2, |wx|HJ+6VIU+l) . (31 1)
0 'S

Proof. Recall that d,u := P — P by (3.10), the product estimate (3.8) and Poincaré
inequality (3.9), one may observe that

14+en
/ oudz
0

0
= ’/ [hou —en, (1 +2)0:u] o X d2
H(R) -1 (R)

w(®) +1) |0w] 2 + 2e|ne|me || A* Ozl 2 sy
H(R) + 1) ||AS(9,VUHL2(S) +2€|T], Hs(R)HASVUHLz(S) . (3.12)

(eln

<
<2(eln

The first equation of (1.6) combined with (3.5) yields

1 _
17| () < %C(hmi}17€max7|n|H'0+2) (Wx\HS(R) + |77|H“+1(R)|¢x\mo+l(u§)) . (3.13)

Now, combining the latter inequality with (3.1) and (3.2) in (3.12), yields

l4+en
‘ /O a[U dZ’HS(R) g 63C (hlgiimgmam |’I7|Hs+2w0+2, |¢X|H:+1v:0+1)
< ([IA*0R|2(s) + ARl 12s)) - (3.14)
It remains to estimate |R|z:w) and |[0;R|y(r). To do so, remark that by definitions (2.8)—
(2.5)(2.6)~(2.7), we have R(x,z) = O:(nsh)0%) + 2 (h+ )ndty + (%24 — 122+ )% in

€2;. Now we recall that 1) and ¢ are independent from the vertical variable, then for all (x,z) € S,
we have

R(x,2) =Ro X (x,2) = Oy (1ch) 9% + % (h+ 1)nd*y

L4A4 _le 2 i 6
+<24h (E+1) =g+ + 57 o

Therefore, it is not hard to check that
IRy < Cnluet2) |03 e and |0R|m=Ry < C(Inlgst1,10mlgss2) |80kl . (3.15)

It is worth noticing that as for estimate (3.13), one may control |9, gs+:. Moreover, by the con-
tinuity properties of the operator v[en]y provided in (3.6) combined with the second equation
of the Zakharov-Craig-Sulem system (1.6), one may observe that

|0t gots < C (h,;iil,é;‘max, [ gs7vi0+2, |'(/)X‘Hr+6\/r0+l) . (3.16)
Gathering the information provided by the above estimates (3.13)—(3.15)—(3.16) in (3.14) the
proof is complete. O



Nonlinearity 37 (2024) 025013 S Israwi et al

Proposition 2. Suppose that the assumption of lemma 1 holds. Let n € H*"3(R) N HT!(R)
satisfying (2.10) and 1, € H'FS(R) with s > 0, tg > 1/2. Then the following estimates hold

H.r+3\/r0+l 5 |¢x Hs+6) 5 (317)

1
+E77 Euler app 3 -1
( ) dZ I g € C (hmi117€max’ |TI

v [Udpes) .« (3.18)

1+5n
‘/ Euler —(p aPP) dZ‘ . <e C( mm75nmxa|77

Proof. We start by using the transformation 3, for any function f{z,x, z), such that it holds

I4en 5 04 5
/ (0f)} dz = / - hOLf + (2, +2n) O d2
0

—1

0
= / h(0d)* +2 (2hy +5nx)&d‘6zf+ - (2 +eG)* (87 dz . (3.19)

—1

To estimate (3.17), we use the above identity to write

[ () s = [ a] (e ) (o )] o

0
+2 / G+ 1)ens [awa“'e'GchE“ler - 8&””’&@“”’] oXd:
—1

0

1 uler 2 aj I~

+/ z(2+1)262n§[(82g01“ ) = (@ "P)Z] oS d: =1+ +1I.
1

To control I, by (3.10), the product estimate (3.8), the Poincaré inequality (3.9), the fact that
|Us|zoo e < Supess ¢y )|U|gs+1.1, then it holds that

s < (I (Ue +208P) Ul 2 < [ (Ur A+ 2605 ) [l oo o[ 21
< (|h7 1 Hs + 1) Hux‘i’ZQOapp”LOOHJ u”LZHH»l
< (1= e+ 1) (Juellzeo e + 2 (1011 + 1) [l ) 1A U]l 25
< (| - 1|H: + 1) (HUHH""'»' +2(|77 Hs+ T 1) |¢xxxxx‘HY) ||As+lvu||L2($) . (3.20)

5 C( n_,,,ila Emax ‘77|H5+2V’0+1
[ASTIR 2, [ gots ) We recall that from (3. 15) we have \R|Hs+1 ) < C(|nlgs+3) [thx| po+s and
then (3.17) holds.

To control the cross term II, remark that

DB 9 GBI _ 9 5PP Y. P = 9 ud:U — D,UD: 0P 4 DD, (3.21)

Consequently, as in (3.20), it holds that |II|;; < °C (h,;m, Emaxs || gp+3vio+1, | x| gs+s ). The con-
trol of [I|y < &3C (hml'n,emax, [9| gs+2vig+1, || gsts) follows similarly using in addition the

below estimate :

C(hr;m’{':maxa |77 lf”LzHi- (3.22)

Hl—l—an Hs)

We refer the reader to corollary B.6 in [26] for the proof of the latter estimate. As a result,
estimate (3.17) holds. To estimate (3.18), as for III, using (3.22) the desired estimate holds. [

L2H¢

10
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Proposition 3. Suppose that the assumption of lemma 1 holds. Let n € H*"3(R) N HT!(R)
satisfying (2.10) and 1, € H'YS(R) with s > 0, tg > 1/2. Then the following estimates hold:

l+£(
’ / Euler app) dZ

]+£C
’/ Euler _ SO?PP) dZ’ ) <e C(hmm,smux, |77|H3+2v10+1 s |¢x

< EC (i Emas [l prsvionrs [thalipss) , (3.23)

aes) . (3.24)

Proof. Recall that u = (P — »?P) 0 33 and R = R o ¥. Changing variables in the integral
in (3.23), we get

14en 0
/ 8xudz:/ hou+ (z+ 1) eno:udz =1+11 .
0 —1

As in Propsition 2, by (3.10), the product estimate (3.8) and (3.9), it holds that

e < (Jh =g+ D) Ul 2 < C(Inlae) [AF VU2

and

A0l 2 sy < C(In|ps1) [A°VU| 2

E|77x H¢

Now using the first estimate of lemma 1 for s and s + 1 combined with (3.15), estimate (3.23)
holds. The proof of the second estimate (3.24) follows similarly as follows.

1+en 0
’/ azudz‘ = ‘/ 82u dZ‘ < ||82u|lL2HS < 2||ASVU||L2(S)
0 H —1 H

O

Proposition 4. Suppose that the assumption of lemma 1 holds. Let n € H*T3(R) N H*T!(R)
satisfying (2.10) and 1), € H*FO(R) with s > 0, ty > 1/2. Then the following estimates hold

1+6n
‘/ Euler ( app) dZ‘ ‘<€ C( mm,é‘,,mx,ln HH3Vig+L |1/}x|Hs+ﬁ) s (325)

l+an
‘ / Euler (Qﬁgpp)3 dZ‘HS < €3C (hf;i}’l7€max’ |7]le+2vxo+1 , |'l/}x|[.]x+5) . (326)

Proof. For the first estimate, remark that

I+en 3 l+en 2 (
A ((p)l;:uler) 7( dpp) dZ—A ((QOEUIEI) 7(80;pp)2> Uy dz
I+en ) Ful 2 I I4-en anps 2
+ / o ((so) — (&™) ) dz + / (3°) e dz
0 0

=h+L+J3.

To control J, + J3, first remark that by definitions (2.8)—(2.5)—(2.6)—(2.7), it holds that

sup Qpipp |H5 (hy;[n? Emaxy |77 Hs+2, |1/}X|H~‘+5) .

z€(0,1+en)

1
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Consequently, using the latter inequality combined with the estimates (3.17)—(3.23), we get
that [J> + 3| < 3C (s Emaxs Ml g+2vio+1, [ |gs+s). To control Jy, we start by using the
transformation X. In view of (3.19) and (3.21), it is not hard to check that

0 0
J = / Uy 4+ 26" U2 a2 + 2/ (4 1) ene (Ut — U™ + U:03) Uy d2

—1 —1
’ L. 2.2.2 app A 0 IS app n
—l—/ ﬁ(z—l— 1) n; (uz +2¢% )uzuxdz—i—/ e(z+ 1) ne (Ux 4+ 29" ) uyus dz

—1 —1

0 0
1 . . 1. .
+ 2/ 7 (z+1)° 7 (et — uepl® + Uz Uz dz + / 7 E+1)° ) (us +2¢2) U dz .
—1 —1

Controlling of the above integrals follows same lines of the proof of proposition 2, in particular,
we refer to (3.20) for similar procedure. To estimate (3.26), remark that

r\ 3 3 r\ 2 2 2 r\ 2 2
(55r) = ()" = | (02)7 = ()2 | (o) 27 [ ()" = (277

The rest of the proof follows as above. O

Proposition 5. Suppose that the assumption of lemma 1 holds. Let n € H**7(R) N H"T2(R)
satisfying (2.10) and 1, € H*TO(R) N H Y (R) with s > 0, ty > 1/2. Then the following estim-
ate holds

I+en
Euler, Euler app _aj 3 —1
’ / Py . @xu — ¥t @xpp dZ‘H\_ <e€ C (hmin7 €max ‘77 HsHTVig+2, |1r/)X|H‘"+(’V’O+‘) 5 (327)
0 s

1+en
2 2 _
’ /0 (02"17) " QB — (27P)” i dZ’HA < E2C (s Emars [

wes) - (3.28)

H+H2Vip+l, |wx

Proof. To estimate (3.27), remark that

14+en 14+en
Euler, Euler app _a _ Euler app
/ o e — o PP dz = / (0" = ™) uy dz
0 0

14+en 14en
+ / QPP (e — PP dz + / o u, dz
0 0

=Ji+h+J;.

To control J, + J3, first remark that by definitions (2.8)—(2.5)—(2.6)—(2.7), it holds that

<C (h,;ilnv Emaxs |77t

’ sup " HJ+2,‘aﬂ/)x|H.\-+5) .

z2€(0,1+¢m) "
Consequently, using the latter inequality combined with the estimates (3.11), (3.23), (3.12)
and (3.16), we get that |Jo + J3|p < €3C(h,;i}1,€max, 1| g+7vig+2, [thx| pprovi+1 ) . To control Jy,
we start by using the transformation . In view of (3.19) and (3.21), it is not hard to check that

0 0 0 0

N R . R - | B -

Ji =/ huxutdz+5/ 7]x(Z+1)u2utdZ_5/ 7]t(Z+1)U2deZ—€2/ Enx(zﬁ—l)uzzdz
1 1 1 —1

=Ju+Je+Jiz+Jus.
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By (3.10), the product estimates (3.8)—(3.22) and Poincaré inequality (3.9), one may observe
that

T+ Jialae < (elnlas@) + 1) [Uellzoo s 10:ll 2 + €lnel s 10z [l Lo s [| Q1] 2
<2 (5|7]‘HY(R) +1 —|—6‘7]x H‘) |U||H.\-+1,1 HA‘Y@,VUHU(S)
and  |Ji3 4+ Jialee <2 (elmlmr) +&°Cln, o) Ul |ASF VU2 -

Now as in the proof of proposition 1, estimate (3.27) holds. To estimate (3.28), remark that

2 2 2
(@fuler) QR — (3P PP = [(905”1“) - (903"")2] s+ () 1ty + o3P [(wf‘““) - (903”")2] :
The rest of the proof follows as in the proof of proposition 2. O

4. Mathematical justification of the KdV equation

The next step is to connect the approximated velocity potential to the KdV equation.
Completing this step turns out to be dependent on an approximation of the horizontal velocity
at the bottom and some observations on Boussinesq-type systems. For the sake of readability,
we introduce the following simplified notation.

Definition 2. We denote by O(¢"), with n € N any family of functions {g°}.¢(o,1) such that

1
— g° remains bounded in L ([0, £] x R) or in L*°([0, ], H*(R)) for some s > 1/2 and for all
6’1 g 1>
¢ small enough.

4.1. The intermediate system

This section is dedicated to revealing the fully symmetric Boussinesq system (4.6) as a bridge
between the Euler system and the KAV equation. Also we will present the mathematical jus-
tification of the system (4.6).

It will be convenient in the following to use the velocity potential evaluated at the bottom. By
using the above approximations of ¢ (2.1), it becomes clear that to order O(¢?), this quantity
is represented by

1
fi= P, =+ e @.1)

It is to hard to check that at the free surface we have 0,0 = 1, + O(c?) and 9,0 =
— e — E2N e — %Ezwxxxx + O(&%). Thus, in view of the function f, the second boundary con-
dition in (1.5) becomes

1
et fos + €+ €y — g foans = O (), 4.2)

where f, represents the horizontal velocity at the bottom (note that in the present inviscid
theory, the velocity component tangential to the bottom is unrestricted). Furthermore, the third
boundary condition in (1.5) becomes

n+fi— gfm + %fxz =0(%). (4.3)
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Differentiating (4.3) with respect to x, using (4.2) as the first equation, and denoting w = f,
yields the following approximation:

1
N+ Wy (W), — —ewe = O (7).,

¢ 4.4)
Wi+ 1+ EWW, — 3 W = 0(e?).
The last system can be approximated using the fact that n, = —w, + O(e):
1
et (1 408 w2 ), = O ().
2 » [ 2
1-— 568)6 wi+ | 1— geax M +eww, =0 (5 ) . 4.5)

Let us now define two new unknowns, (&,v), where £ is an approximation of the free surface
elevation 7 and v is an approximation of the horizontal velocity on the bottom w. The unknowns
(&, v) are solutions of the system (4.5), but with the error terms removed. To put it another way,
we look at the fully symmetric Boussinesq equations given by

&+ (1 - ged) ve+e(€v), =0,
(1—220%) v+ (1 — £20?) & +evv, = 0.

This system acts as an intermediate system between the Euler system and the KdV equation.
To make this more rigorous, we define the concept of consistency between the water-wave
problem and the fully symmetric Boussinesq system (4.6) in the following sense:

(4.6)

Definition 3 (Consistency). Let ¢ < 1. We say that the water-wave equations (1.6) are con-
sistent at order O(£?) with the fully symmetric Boussinesq equations (4.6) if there exists n € N
and 7 > 0 such that for all s > 0, 75 > 1/2,

e There exists a solution (,v,) € C([0,T/e]; (H**t")?) to the water-wave equations (1.6).
e Defining w =, + %wam one has

+ (1= Lte0?)wi+e(nw), =Ry,
{ Y ( 6 ) (77 )x 1 (47)

(1—3e0?) wi+ (1 — t20?) ne + eww, = 2Ry,

with [Ry | + [Ra|ie < C (P Emaxs 1

H+7Vio+2, |'l/}x|]_l.\'+6\/t(]+l) on [0, T/é‘}.
The consistency result mentioned above for the fully symmetric Boussinesq system is the
following.

Proposition 6 (Consistency of (4.6)). Letc < 1. The water-wave problem (1.6) is consistent
at order O(e?) with the fully symmetric Boussinesq system (4.6).

Proof. In order to check that the two equations are satisfied up to order O(£?), we need an
asymptotic expansion of 1, in terms of w which can be deduced from (4.1) as follows :

1
Y =W SeWe e (4.8)
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Now, substitute G[en]t in the first equation of (1.6) by its expression (1.7) with ¢ replaced by
PP

Gleny = —ethr — & (mx), — éezwxm +R=—w,+ éezwm —¢ (mqw), + e (r+R). (4.9)

Also, take the derivative of the second equation of (1.6) and replace v, by its expression (4.8).
We denote by £2R; and 2R, the residual of the first and the second equations corresponding to
the consistency result stated above, one therefore has that R; and R, depends on the remainder
O,r and R the same error term as in (2.8). Now we use (4.8) and definition of w to give some
control on r as follows :

‘rX|H"' < |8§wx

Taking advantage of the estimates (3.13), (3.15) and (3.16) in the proof of proposition 1 the
proof is complete with n large enough (mainly greater than 7). 0

e <1030 (4.10)

= and |0y

We turn our attention now to the full justification (existence+-stability-+convergence) of the
fully symmetric Boussinesq system (4.6). In other words, we state here that the solutions to
the water waves equations exist on the relevant time scale associated to the Boussinesq regime
under consideration and remain close to the approximation furnished by (4.6). Let us first
remark that the model (4.6) is in fact the same as the system (5.34) of [26] if one takes the
parameter values

in the notation from [26].
The well-posedness result of system (4.6) has been proved in [27], note that according to

2
the notation used in [27],a = ¢ = 3 b=0andd= 3 for our system (4.6).
Theorem 1 (Local existence [27]). Letty > 1/2 and s > ty + 2. Assume that Vo = (&, v)" €
X*(R) = HF3(R) x HH(R) satisfying condition (2.10). Then there exist T > 0 independent

of € such that system (4.6) has a unique solution V= (£,v)T € C([0,T/<]; X*(R)). Moreover
we have the following size estimate

x < C(h;ilnagmaxv |§O|H"+37 |VO|H~“+4) i 4.11)

max ,
1€[0,T/¢] &)
Theorem 1 is complemented by the following result, which shows the solution’s stability
with respect to perturbations and is very useful for justifying asymptotic approximations to the
exact solution. The solution V = (£,v)T and time T in the following statement are provided by
theorem 1.

Theorem 2 (A stability property). Suppose that the assumption of theorem 1 is satisfied and
moreover assume that there exists V= (£,v)" € C([0,T/e],X*T'(R)) such that

&+ (1-1e02) v +e (5) =7,
x -
(1 3e00) Vi + (1 — 4£07) &+, =R,
with F = (7,k)T € L™ ([O,T/e],HHS(R)). Then for all t € [0,T/¢|, the error V = V-V=

(&)1 — (&,9)T with respect to V given by theorem 1 satisfies for all 0 < t < T/< the following
inequality

4.12)

’V‘Lw([o,;],xs(R)) <C (|V\z:o X+ (R) +t‘?’L°°([0,t],HA+5(R)))’

15
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where the constant C is depending on hot Voo (j0,7/¢] 30 (R)) and |\~/|Loo([077/e] X (R))-

Proof. The proof is a direct and classical consequence of similar energy estimates evaluated

in [27] consists on the evaluation o

5% R) combined with Gronwall’s inequality. The

key step of the proof that we shall omit, is subtracting the equations satisfied by V and V then
proceeding as in [27]. O

As a conclusion, we are able now to provide the full justification of system (4.6) through
the below theorem.

Theorem 3 (Full justification of (4.6)). Let c € (0,1), to > 1/2, s > 19+ 2 and (no,vo )" €
HNVFL(R) x HSTN(R) satisfying condition (2.10) where N sufficiently large (mainly greater
than 8). Then there exists T > 0, independent of € such that

e There exists a unique solution (n,1,) € C([0,T/e]; H*TNTI(R) x H*TN(R)) to the
water-wave equations (1.6), and to which one associates through Oyp|_, = w™! €
C([0,T/¢); H+N=5) the bottom horizontal velocity.

e There exists a unique solution (&,v) € C([0,T/e]; X**N=6) c C([0,T/e]; X*T™¥~11) to (4.6)
with initial data (&o,vo) = (M0,%0x + %5¢0,m) +O(e?).

e The following error estimate holds, for all 0 <t < T/e,

1€ = nlwece <X (1+1)C (hpih, Emax, |10 s+t [Wolsin—s, [0, ) (4.13)

|V_W|W’oo (1+t)c(hmln75max7‘UO‘H3+N+1,|WO|H:+N s,|’l/Jova+N) s 4.14)
and

|V — WEuler|W2 (1 + l) C(hmm,{:‘mdx, |77()|H:+N+l ‘WO Hs+N—6, |’l/)0 x‘HH»N) . (415)

Proof. In view of the large assumption made on N, we refer to [theorem 4.16, p 102, [26]] for
the deduction of the existence and uniqueness of a solution to (1.6). To prove the regularity of
wEYer we recall that w = 8,5@"“}7:" ' and remark that

14+en
Euler _
w - W|H5+N—6 < |u|Z:0|H:+N75 S ’/ azu dZ‘H:JerS

K EC (I Emars M psnv—svig+1, [ ) (4.16)

Here we did similar proof to that of (3.24) by using (3.1). Hence, the regularity of w holds.
The second point follows directly from theorem 1. For the third point, proposition 6 implies
that

4+ (1 — %583) wy+e(nw), = e’R, ,
(1—220?) w,+ (1 — L20?) ny + eww, = 2Ry,
with [Ri | + [Re i < C (R Emaxs 1 s+, ‘QZ)X|H$+6) on [0,T/¢]. Now by theorem 2, with V =

(&,v) and V = (n,w) € C([0,T/e]; X**N=19) and F = £2(R,,R,), the stability property (4.12)
implies that
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V- V|L°°([0,r],X“+N—“(R)) = ¢~ T]|L‘>°([O,r],H‘+N—*‘(R)) +]v- W|L°°([0,t],H‘+N—7(R))
< 82 (1 + t) c (h;;l? | (U,W) |X“+N*'03 | (571}) |X“+N*“ ) | (RlvRZ) |H5+N*6)

< (1+1nC (h;ﬁnfmax, |70 rs+v+15 |¢0,x|H.«+N) .

For the latter inequality we used the size estimate (4.11) and that |wo|gs+v—s < 2[1)0 x| potn—a.
Finally, from the assumption made on N (mainly greater than 8) and the Sobolev embedding
H°~2(R) C L°(R), the desired estimates (4.13) and (4.14) holds. The last estimate (4.15)
follows from (4.14) and (4.16) combined with a triangle inequality. O

4.2. Full justification of the KdV equation

It’s known that the KdV equation
3 1
e e+ Sen Yt + zenisY =0, 4.17)
can be derived from (4.6) by assuming a certain relation between the horizontal velocity
and the surface deflection. We prove in this section that one can associate to the solutions

of (4.17) a family of approximate solutions consistent with the fully symmetric Boussinesq
equations (4.6) in the following sense:

Definition 4. Let ¢ < 1 and T > 0. We say that a family (XY, wk4V) is consistent at order
O(e?) with the fully symmetric Boussinesq equations (4.6) if for all s > 0,

{ nthV + (1 _ éga/g) wfde iy (anVWKdV)x — 621"1 ,

252, KdV 142\ ,KdV KV, KdV _ 2
(1—2e02) Wi + (1 — £e02) kY + ewk ViV = 2p, |

with (ry,r2) € L ([0, T/e]; H*(R)?).

The following proposition shows that there is one-parameter family of KdV equations of
the form (4.17) which is consistent in the same sense of definition 4 with the fully symmetric
Boussinesq equations (4.6).

Proposition 7. Let € < 1. Then there exists n € N (mainly greater than 7), such that for all
s >0 and T> 0, and for all bounded families n*% € C([0, L]; H*t"(R)) solving (4.17), the
family (n®Y W&V such that

1 2 1
WKdV = anV _ 15 (anV) + gET}ﬁdV, (418)
is consistent of order O(g*) on |0, g] with the fully symmetric Boussinesq equations (4.6).

Remark 1. The KdV equation (4.17) is in fact globally well posed as shown in [8], but this is
not needed for our present purposes.

Proof. Let n be large enough (mainly greater than 7), and suppose n*® € C([0, ]; F*™"(R))
is a solution of the KAV equation (4.17). We seek a function W(x, ) such that if wkdV = &4V 4
eW and 7%V solves (4.17), then the first equation of (4.6) is satisfied up to O(g?) term. This
is equivalent to checking that

I
e et +eWe — cenQY 4 2en VY = 0.
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Since %%V is a solution of the KdV equation (4.17), then replace 7K%YV 4 nKdV =

X
—3enRdVpKaV _ 1enKdV. Therefore, it holds that

1 1
eW, = —Eennx + gsnm .

If we integrate the last equation with respect to x, then one can choose

1 2 1
W= —— (pKav ~ kv
5 ()" 3
Consequently,
KdV __ _KdV _1 kavy2 , 1 kav
whV = 25 (") + e

Now, it is straightforward that the pair of functions (74, wKdV) satisfies the first equation

of (4.6) up to O(e?) containing &1%4V as a highest derivative. On the other hand, for the
second equation of (4.6), use the fact that nX4Y = —pXdV 4 O(¢) so that this equation is also
satisfied up to O(£?) terms containing 977%%V as a highest derivative. O

A consequence of the following proposition is a stronger result: this consistent family
(nR4V wKdVY of solutions of the KdV equation (4.17) constructed, provides a good approx-
imation of the exact solutions (§,v) of the fully symmetric Boussinesq equations (4.6) with
same initial data in the sense that (£ ,v,) = ( SV KAV + O(?) for times of order e~

Proposition 8. Suppose that the assumption of theorem 3 is satisfied, then it holds that:

e There is a unique family (n*®, w¥¥V) € C([0,T/e]; H"™V T (R) x H*™N=1(R)) given by the
resolution of (4.17) with initial condition n(lfdv = 1o and formula (4.18).

e There exists a unique solution (£,v) € C([0,T/e];H*N=2(R) x H*HNV=1(R) = X*TV=3)
to (4.6) with initial data (§0,yo) = (1o, W& = — %sng + %5770,;0:) +O(£?).

e The following error estimate holds, for all 0 <t < T/e,

HeN) (4.19)
) (4.20)

<X (141) C (hyh Emax, M0
- WKdV|Wlf°° < 52 (1 + t) C(hr;ilnagmaxa |770

Proof. The first point of this proposition is a direct consequence from the well posedness the-
ory of the KdV equation (4.17) (see for instance [15, 18, 21]). The second point is deduced
using theorem 1. For the third point, we know from proposition 7 that (7%, wKdV) is con-
sistent with the fully symmetric Boussinesq equations (4.6) in the sense of definition 4, this
implies that

KOV 4 (1 — Le02) wKaV L g (nRKaVyKaV) — g2y,
(1—3e02) Wl + (1 — £202) nKdY 4 ewKaVy KV — 2 |
with |ri | + |r2]m < C(Emax, 1% [+7) on [0,7/e]. Now by theorem 2, with V= (£,v) €

C([0,T/e); X N=11) and V = (K wKdV) € C([0,T/e]; X*TN19) and F = €2(ry, r,), the sta-
bility property (4.12) implies that
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17 _ Kdv KdV
V= Voo (o1, 0008) = 1€ =7 |ioe (0., tvmscay) 127w e (0,0, 407 )
2

e (1+ I)C(h,;i:w‘ (ﬂKdv,WKdV) [xs+n—10, | (QE) [xotv—1,| (r1,72) |H»*+N*")

<
<EA+0C(hh eman [m0lgpinir)

min’

where for the latter inequality we used the size estimate (4.11). Finally, from the assumption
made on N (mainly greater than 8) and the Sobolev embedding H*~2(R) C L>°(R), the desired
estimates (4.19) and (4.20) holds. O

So far, proposition 3 states that the fully symmetric Boussinesq system (4.6) provide
good approximation to the water wave equations (1.6), and proposition 8 states that the KdV
equation (4.17) provide good approximation the fully symmetric Boussinesq system (4.6).
Consequently, for small initial data we can deduce that the KdV equation (4.17) is also a good
approximation for water wave equations (1.6).

Corollary 1. Suppose that the assumption of theorem 3 is satisfied. Moreover, assume that
max (|no|gp+v—2, |0 x| pptv—2) < €, then for all 0 < t < T/, it holds that:

I — YV yzoe < P = Vs <2 (140 C (h;ihvﬁmax, 70| psn41, Wo,x|yv+w) , (421

|WEUler_WKdV|WZ,oo <52(1+I)C(hn:i]n76max"770

HsHN+1 |'(/)O,x HS+N) s 4.22)

and in addition we have

W]x - WKdV|L°° < 52 (1 + t) C (h,;ilnysmaxa ‘770|H5+N+‘ ) |w0,x|Hf+N) . (423)
Proof. The proof requires similar estimates between the solutions of the Boussinesq systems
mentioned in propositions 3 and 8. By theorem 2, with V= (§,v) € C([0,T/¢];X**N=3) C
C([0,T/e);XN=6) and V= (&,v) € C([0,T/e];X**N¥=6) c C([0,T/e];X*tN~7) and F=
(0,0), the stability property (4.12) implies that

€—¢

The first two estimates follows from the Sobolev embedding H*~%(R) C L>°(R) combined
with a triangular inequality. The last estimate is a direct consequence of the second one com-
bined with (4.16) and the fact that w = 1), + ety + O(€?). O

Hs+N—2 + 6C(|770 Hs+N+1, ‘w07x HA+N> .

pev—4 =+ [V — V| s < 1o — Yoy

Remark 2. The precision of the KdV approximation is O(+/¢) if no additional assumption
was made on the initial data (see corollary 7.2, p 180, [26]). Otherwise, in order to improve
the precision into O(e), a smallness assumption is required on the initial data (as assumed
here) or under an additional decay assumption on the initial data (see corollary 7.12, p 188,
[26]) or one may assume that 79 = 1)p_.

5. Velocity field and pressure in the KdV equation

So far, in the context of the KdV equation, we have developed a formula for the horizontal
velocity component at the bed. In the KdV equation, this variable is given in terms of the prin-
cipal unknown nk4V as wKdV = pKdv _ %E(anV)z + %snfxdv. To understand mass, momentum,
and energy balances in the context of the KdV equation, approximate expressions for the velo-
city field and pressure in the entire fluid column must be available. These variables will thus be
expressed not only in terms of x and 7, but also in terms of z. The goal of this section is to create
formulas for these variables and demonstrate that they converge to the appropriate quantities

defined in the context of the full Euler equations as the small parameter € approaches zero.
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—1

Here and throughout the rest of this paper we denote by C any constant depending on A ,

€max ‘7’]0 Hs+NA+1, ‘¢O,x ps+v With N > 8.

5.1. Velocity field

We denote that approximate velocity field to be reconstructed from knowledge of the solution
n(x,1) of the KdV equation by (4.17) by (XY, pX4V). It will be shown presently that at any

X
non-dimensional height z in the fluid column, the approximated velocities can be defined by

1 2 1 2
o (2 0) =0t — e (V) e (3 -~ 2) eV, (5.1)
cpfdv (x,z,1) == —Ezn}fdv . (5.2)

Consequently, we will prove the following.

Lemma 3. Suppose that the assumption of corollary 1 is satisfied. Then for all 0 < t < T/e,
we have:

R — %P oo < % (141) C, (5.3)

X

and

|| K — 2P| | oo < €7 (141) C. (5.4)

z

Proof. From section 2, we have

PP =) _%E(ZZ_ 1)¢xx+62L

where the residual term r depend on the error term R that appears in (2.8) given in terms of
z and derivatives of (7,1)) (see the proof of proposition 1). Therefore, as for (3.15), we have
that |r|gs < C(|n|gs+2) |y |ps+s. Continuing, using (4.1) twice, we may re-write the expression
to read

1
P =f 5T ut e,

Recalling that w =f; is the approximate horizontal velocity in the context of the Euler
equations at the bottom, we write

1
PP = w— e Wt e (.5
Inserting in (5.5) the wX4V from the KdV theory (4.18), it holds that

(p;pp _ (W _ WEu]er) + (WEuler _ WKdV) _ 5122 [(Wxx _ wEuler) + (WEuler _ WKdV)]

2 XX XX XX
1
+whkdV 6§zzwﬁdv + 52[ .
. ) 1 )
Now, it is not hard to check that using (4.18) we have wKdV — ¢~ 22KV — LKAV 22,7 with

2
7|5 < C(|n%9Y|jp14). Consequently, the latter equations combined with (4.16) and (4.22)

yields the first estimate (5.3). Similarly, for the second estimate we have

SDzzapp _ SDé(dV =z [(WKdV _ WEuler)x 4 (WEuler _ W)x] + EZK < 53 (1 + l) C.
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We are interested in mechanical quantities due to the flow through a slice of the fluid domain
and they are therefore integrated over the vertical coordinate. With this in mind we find it
convenient to make a definition.

Definition 5. Let ™" be a solution of the Euler equations, then we define its integral
representation as

14-enBuler
EEuler _ / (PEuler ()C, z, l) dZ~
0

and similarly for any other quantity 6( ' ).

Also, let us introduce the following inequality that we shall use in our analysis. By Fubini’s
theorem we have

foe

We now turn to the main results of the section, needed to estimate energies associated to the
KdV approximation.

< Alzeens - (5.6)

Hs

Corollary 2. Suppose that the assumption of corollary 1 is satisfied. Then for all 0 < t < T/e,
we have:

——FEuler  —KdV
— Px

Px w<e(l+1)C, (5.7)

and

‘—Euler —KdV

F XV < S (1+0)C. (5.8)

Proof. We start by proving the first estimate. We have to control the following integral

14 enPuler 1 4eqtuler 14enkeV
—FEuler  _—KdV __ Euler app d Kdv app d Kdv d
Px — Px = Px — $x = $x  —Px l— Px <
0 0 1+E,,7Euler

=I4+I1+1II.

We refer to (3.23) for estimating I. For estimating III, using the expression (5.1) we have

1 2 1 1
I = {anv -7 (anv) + 5577)Ifxdv . gfnﬁdv (3 + 3877Euler + 3Eanv

4e? (nEuler)z g (anV)z n €2nEuleranV>:| . (nEuler _ anV) .

Therefore, using the assumption of the corollary and (4.21), we have |III|zs < £3(1 +¢)C. For
estimating II, we change variables in the integral using the transformation ¥ defined in (2.12).
Consequently, denote by AFY°" = 1 + enF¥er using (5.6) combined with (5.3) and (5.4), it holds
that

<2 (1+19)C.
. e”(1+1)

0
W= | [ 7 (Y — ) (e 1) (Y — ) 08 a2
—1

For the second estimate we have to control the following integral
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1+67]Eu]er 1+E77Euler 1+6anV
—FEuler  —KdV _ Euler app Kdv app Kdv
o =P —/ o &*/ o =t dz— @, dz
0 0 1-FenPuler

=I1+1+1I.

We refer to (3.24) for estimating /. For estimating /11, using the expression (5.2) combined
with (4.21), we get

1
—e2 <ef(1+0C.

]y = 3

P

anV (anV _ nEu]er) (2 4 6,',}KdV 4 EnEu]er) "

For estimating /I, by changing variables in the integral using the transformation ¥ defined
in (2.12) and using (5.6) with (5.4), we get

0
‘[[|H::‘/1(p;<dV_(p;PPd2

o SN = Pl < ¥ (140)C.

Similarly we have another important result.

Corollary 3. Suppose that the assumption of corollary 1 is satisfied. Then for all 0 < t < T/e,

we have:

—Euler —KdV

P2 —@? | <e(1+1)C, (5.9)

and

—Euler
|02

Proof. We start by proving the first estimate. We have to control in H® the following integral

[ enBuler 1 enBuler
——FEuler —KdV 2 p 2 2 2
e e = /0 (@) = () dz+ /O (¢:)

) 14-enkY 5
— () dz— / (PXV)* dz =: T+ T+ TIT .
1

+87]E“]°r

2N <S . (5.10)

We refer to (3.17) for estimating 1. For estimating III, using the expression (5.1), it is not
hard to check that as for III in the proof of corollary 2, we have |III|g < &3(1+£)C. For
estimating I, we change variables in the integral using the transformation ¥ defined in (2.12).
Consequently, denote by hPe" = [ 4 enPuer and using the identity (3.19), one may write

0

0
= / P (03P 4 RV) (o3 — V) 0 B dz 42 / @+ D e [Pl — XV kY] o2 dz
—1 —1

0
+/)m%;@+lﬁzﬁﬁmf(%”+wyw(@”—wywozdi
—1

=: I} + 1T, + 115 .

To control I, from the expression (5.2) we have that ||V || Lo i < C(|754Y|s+2), then com-
bining (5.6) and (5.3), it holds that

e < (12 = L+ 1) (XY = @ loom + 2018 (o) 08Y — @ lleeem < €2 (141 C.

22



Nonlinearity 37 (2024) 025013 S Israwi et al

To control I, note that
ot = (wi‘“’ — dv) (@2"" - oF dv) + (wip" —pr dv) or vV + (w?,"" — o dv) oY

Now using the latter identity combined with (5.6), (5.3), (5.4) and expressions (5.1) and (5.2), it
holds that [Tl | < €*(1 + ¢)C. Similarly, using in addition the non-cavitation condition (2.10),
it holds that |IT3|z < (1 +¢)C. For the proof of the second estimate, we have to control in
H’ the following integral

1 +E7}Euler 1 +E7]Euler
—=Euler —KdV 2 5 2 2 2
2 2 Euler\2 _ (, _app app
vl = /0 (P")" = (&™) det /0 (¥5)

5 1+€T]Kd\/ 5
S B
1

+6,,7Euler

app . _app Kdv
X T Px

Px P 12

Similarly, with (3.18) and (5.2) in hands, It is not hard to check that as above the desired
estimate holds. O

Similarly we have another important result.

Corollary 4. Suppose that the assumption of corollary 1 is satisfied. Then for all 0 <t < T/e,
we have:

—Euler —KdV

P e e < (1+0)C,
and

——FEuler —KdV

03— e <E(1+0)C.

Proof. We start by proving the first estimate. We have to control in H* the following integral

14-entuler |penfuler
—Euler —KdV 3 3 3 3
e /0 (™) o) det /O (@) = ()" dz

1+677Kdv ;
—/ (PXY) de=:T14+ 12435 .
1

+€nEuler

We refer to (3.25) for estimating J;. For estimating J3, using the expression (5.1), it is not hard
to check that as for III in the proof of corollary 2, we have |J3|g < (1 +¢)C. For estimating
J, denote by h =1+ enEuler , we first write

I4en ) 5 1+en 2 2
I, = / () = (5V)7) (20 — p5) dz+ / A ()7 = (1)) e
o 0

/Hsn( KdV)z( app KdV) d
+ X x  Fx

o ¥ ® @ Z
=Jo +Jn+J2.

To control Jy; + Jo3, first remark that by definition (5.1), it holds that

| sup o Ht2) - (5.11)

2€(0,1+em)

B < C(gmaxa |7]
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Consequently, using the latter inequality combined with the estimates (3.17)—(3.23)—(5.7)—
(5.9), we get that |Jo; + Ja3|me < €2(1 +1)C. To control J,;, we start by using the transforma-
tion X. In view of (3.19) and (3.21), denote by ® = P — K4V one may check that

0

0
lez/ h(®x+2wf‘”)¢>§dz+2/ G+ Den (2.@: — 2,05 + 0:05V) @, a2
-1 —1

0

0
1
[ e 2R @2 ) bt i [ e (@4 28 @0
1 —1

0

1

+ 2/ A G+ 172 (0,8; — .05 + &:05V) 3, a2
-1

0
Lo 3 .
+/lﬁ(z+1) e (@5 +205Y) @2 dz.

The latter integrals can are controlled by 53(1 +1)C. Indeed, we used (5.3), (5.4), (5.6), (2.10),
and from expressions (5.1)—(5.2) the fact that || XV || oo gs < C(|7%?Y | p+2) and || XY || oo e <
eC(|n*®V|gs11). The proof of the second estimate follows similarly. O

Similarly we have another important result.

Corollary 5. Suppose that the assumption of corollary 1 is satisfied. Then for all 0 < t < T/e,
we have:

1+6nEuler 5 1+€anV )
Eul Eul Kdv Kdv
[ ey e [ () A
0 0

<eX(1+41)C.
S (1)

Proof. We have to control in H* the following integral

1+E,’7Eu]er ' ) 1+E,’7KdV ) ; 1+E,'7Euler ) )
Ei Eul KdVv Kdv Eul Eul ay
[ eyt [T (s [T (o b ()]
0 JO 0

I+EnEuler
+/ [(wi‘pp)zwippf (soi‘dv)zwi(dv] dz
| . :

l+EanV )
Kdv KdVv
- / (DEV) oV dz
14 nFEuler

=l +0+4.

We refer to (3.28) for estimating ¢. For estimating /3, using the expressions (5.1) and (5.2), it
is not hard to check that as for III in the proof of corollary 2, we have |¢3|ps < £3(1 +¢)C. For
estimating ¢,, remark that

1 +€nEuler

l+EnEu]er
0y :/ {(wippy - (gpfdv)q ((p;pp _ %IC(dV) dz+/ (<p;<dv)2 (@ipp _ (pl(dv> dz
0 0

l+8nEu]er ) 5
+/ oY {(Sﬁgpp) - (sﬁfdv) ] dz="0ly + o+ lo3 .
0

To control ¢y, + >3, first remark that by definition (5.2), it holds that

KdV
’ sup @,
z€(0,1+en)

Hx+l) .

He < C(Ema)m |77
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Consequently, using the latter inequality combined with (5.11) and the estimates (3.18)—

(3.23)~(5.7)~(5.10), we get that |{5; + £o3|p < €2(1+1)C. To control £, we start by using

the transformation . In view of (3.19), denote by & = ¢*P — ©K4V one may check that

0 0
. 1 .
by = 1 1 (®: +205Y) 020, d2 4 € [ 1 (@2 200 ) O dz
The latter integrals can are controlled by (14 ¢)C. Indeed, we used (5.6), (5.3), (5.4),
(2.10), and from expressions (5.1) and (5.2) the fact that ||@*%V|| s < C(|n%?|pe+2) and
[E N (oo < eC(I*Y ). O

5.2. Pressure

The forces that cause the momentum to change are the fluid’s forces on itself, which is the
pressure force. At any point, cut the liquid. The liquid on each side of your cut exerts a force
equal to the pressure on the opposite side of the cut. The force is always directed normal to the
cut. In this sense, the weight is distributed equally in all directions. Because the fluid is pushed
far from where the pressure is high, the gradient of pressure per unit volume is the opposite of
these forces. The dynamic pressure of the fluid is defined as

(P/)Euler —p_ Patm + gz
Since the atmospheric pressure is of a magnitude much smaller than the significant terms in the
equation, it will be assumed to be zero. Therefore (P’)E°r can be written by using Bernoulli’s
dimensionless form of (1.5) of the water wave problem as:

Eul 1 2 2
(P/) uler = _@Fuler _ E (E ((pfuler) 4 (<plziuler) ) . (5.12)
We show in the next proposition that (P’)E" can be approximated by the pressure defined
in the context of KdV equation as follows:
1

(P/)KdV .= T]KdV_EE (Z2_ 1)7,])12C(1V7 (513)

in the meaning of convergence. Indeed, we obtain:

Proposition 9. Let 7% be a solution of the KdV equation (4.17), and (n®" 1), ) be a solution
of the water-wave problem (1.6). Define the non-dimensional pressure by (5.13) in the KdV
approximation. Then for all time t € [0,T /<] we have the estimate

—FEuler —KdV

[P’ P g <2 (1+1)C.

Proof. Consider the pressure formulated in the full Euler equations is given by (5.12). We
may rewrite this equation by adding and subtracting convenient terms,

1+E77Eu]cr 1
—Eul : —Euler —KdV 1 /—Euler —KdV
P [ ) e e (A ) 4 ()

l+€nKle l 1+57]Kdv Kav ) 1+EnEuler 1 1+ET]Kdv av )
a a
—/ P dz—fa/. (k) dz—/ P dz—f/ (K™Y dz.
Jo 2 Jo . 2 Jo

14enkdv

We then find that the H°-norm of each term within the brackets are controlled by 2(1 +¢)C as
a result of proposition 1 and corollary 3. While the H*-norm of the last term, defined by (5.2)
is also of the same order after a simple integration.
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To complete the proof we need to prove that the remaining terms given by

™ e ()’ (5.14)

corresponds to the definition of (P’)%4V. From its definition (2.1) and using (4.1) twice, we
obtain

1
@:lpp = wl - EE (Z2 - 1) '(/}xxt +52E
1
=fi— Eszzfxxt + EZE )

where the residual term R depend on the error term 0,R that appears in (2.8) given in terms of
z and derivatives of (7),1) (see the proof of proposition 1). Therefore, as for (3.15) and (3.16),
we have that |R|gs < C(|n|gs+7) 1] gsts-

Recognizing the formulation of 7" by (4.3) and using the usual trick 7, = —(f,), + O(e),
gives

€ 1
@?PP: _nEuler+§(ZZ_I)](;CXZ_§€X+€2(E+R/) ;
1
_ _nEuler+ % (ZZ_ 1) 77)];:);xler_ §5ﬁ+62 (R-I-RI)

where R’ depending on the same remainders R; and R, of definition 3 stemming from the
proof of proposition 6. Consequently, we have |R’ | < C(|9|gs+7)|1x| gs+e. Again, adding and
subtracting convenient terms and noting that f, = w, it holds that

% (Zz _ 1) (n)lci);xler B nﬁd\/) + % (Zz _ 1) nxlidv
_ %E ((WEuler)Z B (WKdV)Z) B %5 (WKdV)2 +2(R+R') .

app __ Euler Kdv KdVv
== (=) =t

12 n

As a result of corollary 1, most terms can be neglected in the sense of converging in the L>°-
norm, we therefore consider relation (5.14) in the following way

1 1
- — 56 (‘P}fdv)z = anv a 56 (Z2 - 1) U)Icfcdv +e’R, (5.15)

where we also used the relations (5.1) and (4.18) to deal with remaining terms so that |R|gs <
(1 4¢)C. Thus, by definition of the dynamic pressure in the KdV (5.13) the proof is complete.
With this in hands, it remains to control the following integral as follows

1+€nl:'u|er ) l+snliulcr l > l
—/ o PP dzz/ |:§€ (@fdv) +77Kdv—55 (12— l)nﬁdv—i—ezR] dz=hL+.+1s.
1 1

+enKav +enKav

As for III in the proof of corollary 2, we have |I; + I, + L]z < (1 +£)C by a simple integ-
ration combined with (4.21). Finally, it is not hard to check that I, < 52(1 +1)C. O

Corollary 6. Suppose that the assumption of corollary 1 is satisfied. Then for all 0 < t < T/e,
we have:

Euler

I+en Eul 14-enkdV Kav
[ e [T e A ] <2 e,
0 0 Hs

26



Nonlinearity 37 (2024) 025013 S Israwi et al

Proof. Recall the pressure formulated in the full Euler equations given by (5.12). We may
rewrite this equation by adding and subtracting convenient terms

ey Buler | e pfEuler
K p’ Euler _Euler dz — K Euler _Euler app app d 3Euler —3Kdv
(P o™ de=— (oo™ — ) Z+2€ — i
0 0

1 e Bl 1 v Kav
uler uler
+5/ (o) pr dz— 2/ (e ) dZ]
0

|+E7]Kdv |+E7]Kdv Kdv
- / PP dz — / Pz
Jo
e Ien™ PKaVy2 KAV
_/ SOaPPSOVPP dz — / s dz
1enKav
=T +..+7s.

As a result of proposition 5 and corollary 5 we have | Y| + ..+ T4|g < e2(1+1)C. While
the H*-norm of the last term g, defined by (5.1) and (5.2) is also of the same order after a
simple integration. To complete the proof we need first to write ¢ in terms of %Y. From
definition (2.1) and using (4.1) twice with f, = wEYer combined with (4.18) and (4.22), we
obtain

1 1
Kdv 2. Kdv Eul Kdv 2 (yyBuler _\ Kav
— 56 Wy + (W —w )fiez (Wl — ) +e’r

= KV 2 (5.16)

app
(px =w

such that |r|g < C. Now, combining the two approximate equations (5.15) and (5.16) yields
the desired estimations to complete the proof. O

6. Estimates for densities and fluxes

In the present section, we will prove that for some mechanical quantities of time, the approx-
imation between the equation of KdV and Euler system may be rendered mathematically rig-
orous. The results in the following theorems shows therefore that the mechanical laws in the
Euler equations converges to the mechanical laws defined in terms of the function of solution
of the KdV equation for a perfect fluid when the physical parameter € goes to zero. We recall
that C is any constant depending on h;i'n, Emax, | 10| g+v+1, [0 x| pptw With N > 8.

6.1. Mass balance

We now look at the convergence of the mass density and flux for the KdV equation. Recall
from [4] that the (depth-integrated) mass density for the KdV equation in non-dimensional
variables is given by MXV =1 + enKdV_ On the other hand, the mass density in the full Euler

Euler
approximation is given by MEer — fOHEn dz. Taking the difference of these two quantities

yields the estimate
‘MEuler 7./\/1KdV|Loo < EmEuler o anV‘Loo . (61)
Thus we have the following theorem.
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Theorem 4. Suppose that the assumption of corollary 1 is satisfied. Let (n®'°" 1)) be a
solution of the full water-wave problem (1.6), with initial data regular enough given by
Euler

(g™, 2bo.x). Let n&Y be a solution of the KdV equation (4.17) with corresponding initial
data. Then there exists a constant C, so that we have the estimate

MBI MEY| < S (1+0)C. (6.2)

Proof. Using the above inequality (6.1) in connection with the estimate (4.21) yields the result.
O

Next we consider the mass flux through a section of the fluid which is defined in the context
1+E,’7Eulcr
of the Euler equations as Q 5" = @PUer 4z, 1t was shown in [4] that the mass flux
0
in the KdV approximation is given by QXY =KV 4 5%(77K‘W)2 + 5%77)56‘“’. As noted in

[4], this expression is identical with the approximate momentum density Z defined in (1.4).

Theorem 5. Suppose that the assumption of corollary 1 is satisfied. Let (nF""", o®") be a
solution of the water-wave problem defined below, with initial data given by (n5"r, @Euler)

which is regular enough. Let %% be a solution of the KdV equation (4.17) with initial data
Kdv — ng”k’r . Then there exists a constant , so that we have the estimate

"o
’QMEu]er _ QMKdV ’Loo < 62 (1 + t) C. (63)

Proof. Firstly, let us denote by

I4-enkeV
Kdv
Qj\/l ::/ Px dz .
0

Then one can use corollary 2 to ensure the existence of a constant C independent of €. Such
that

‘QMEUler—QM*‘Lm <€2(1+I)C.

To complete the proof, we approximate Q" by Q*?. Recall equation (5.1), it is clear
from direct computation that

N 1 2 1
QM o QM Kdv _ EanV (nEuler . anV) o Z62,,7Euler ( KdV) _ g62 Eulern)IC(de

1 1
-3 &3 (nEuler)z )I;dV - o (nEuler)3 n;(de.

Hence, using the estimate (4.21), we conclude

1Om" = Qe <2 (141)C.

6.2. Momentum balance

This section is devoted to finding a rigorous approximate expression for momentum
density and flux. The momentum density associated to the full Euler equations ZBu°r =

1 Euler . .
Ji 0 ten @Buler gz corresponds with the mass flux Qﬁ”/[ler. On the other hand, momentum density

for the KdV equation in non-dimensional variables is given by Z¥V = QK4V and is therefore
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covered by theorem 5. Moreover, one may prove that the momentum density ZXV = Qﬁﬂv
converges to the physical momentum density defined in terms of the governing Euler equation
for a perfect fluid if € tends to zero. The precise statement is as follows:

Theorem 6. Suppose that the assumption of corollary 1 is satisfied. Let n*% be a solution
of the KdV equation (4.17), and (nF'", oB"") be a solution of the water-wave problem (1.5).
Then for all time t € [0,T/c] we have the estimate

3 2 1
Bp |y — <Y — 3 (V)" — sgnﬁdv‘m < (1+19)C, (6.4)
and
3 2 1
¢x—anV—sZ (n*) —sgnﬁdv‘m < (1+19)C, (6.5)

One can deduce that
’aﬂO\;:o - 1/)X|Loo < e (1 th) C.
Proof. Remark that using (4.18) we have

3 2 1
Out o =1 —3 () — Y]

2 1
1 < |wEuler _ WKdV|Loo _|_5| (anV) + gnﬁdvhm )

Then using (4.22) the first estimate holds. The second estimate follows similarly using (4.23).
The last estimate is a direct outcome of the latter two estimates. 0

Regarding the momentum flux we have the following theorem.

Theorem 7. Suppose that the assumption of corollary 1 is satisfied. Let N8 be a solution of
the KdV equation (4.17), and (nB oBY") be a solution of the water-wave problem (1.5). Let
(P")EYer be the corresponding dynamic pressure. Define the non-dimensional momentum flux

1 3e2 2 &2
0KV _ S+ eV 4 5 (av)? 1 ?n}fxdv.

Then for all time t € [0,T/c]| we have the estimate
1+€n|‘lu|e|‘ 5 Eul
’/ (52 (Buler)® e (PP — (7 — 1)) dz — QIK‘W’L <2(1+0)cC. (6.6)
0 oo

Proof. Firstly, let us denote by
1+enk®V
o= [ (2 reP) - - 1)
0

Then one can use the proposition 9 and corollary 3 to ensure the existence of a constant C
independent of €. Such that

‘QIEuler _ QI*|L°C g 53 (1 —|—I)C .

To complete the proof, we approximate Q7" by Q7% Recall equation (5.1) and (5.13), it is
clear from direct computation that
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Ifen< ) |
QI*:/O 62 (anV) +€anV7§€2 (Zzil)n)ﬁdvi(zil) dZ+€3R
_ QIKdV +€3R .

Kdv pkdv , we conclude

and anV

Hence, as R depend on 7 B

‘QIEuler _ QIKdV‘LOO < CE3 (1 + l) .

Attention is now turned to the energy balance in the fluid.

6.3. Energy balance

Suppose that the assumption of corollary 1 is satisfied. In this section we would like to prove
results analogous to the work presented in [16] concerning the energy formulated in the KdV
approximation.

Theorem 8. Let % be a solution of the KdV equation (4.17), let (nB", BT be a solution
of the water-wave problem (1.5). Define the energy density of the wave by

1
gkav _ 5 TenkdV 4 2 (anV){ (6.7)
Then for all time t € [0,T/¢], we have the estimate
1+E,’7Eulcr 52 ) c )
‘/ (2 (Buler)? 4 s (pBuler) +z) dr — £KaV ’L <S(1+1)C. (6.8)
o oo

Proof. The estimate is again a direct consequence of corollary 3, using the general formulation
of the energy density in terms of X4V by

I4enkeV s
EF = / (Z (@fdv)z + % (@fdv)z +z> dz.
0

While the formula (6.7) is derived from the formulas for ¥4V and X4V given by (5.1) and (5.2)

Z
respectively. Indeed,

I4enkaV 22 ,
E* = / (2 () +z) dz+ 0 (£?)
0

:%+E77Kdv+62 (anV)2+O(€3).

Therefore one can find a constant C independent of ¢ such that for all time ¢ € [0,T/¢|
‘gEuler o SKdV|Loo < 63 (1 + l) C.

O

Theorem 9. Suppose that the assumption of corollary 1 is satisfied. Let n*% be a solution of
the KdV equation (4.17), and (nF"'", o®°") be a solution of the water-wave problem (1.5). Let
(P')Ewler be the corresponding pressure. Define the non-dimensional energy flux

72 2 &2
Qe KV _ opKav e (V)2 ¢ g77)1§1v
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Then for all time t € [0,T/c] we have the estimate

l+€17Eulsr 63 ) 62 )
Eul
’/ ((2 ((p)lciuler) + E ((pfuler) + 62 (P/) uer) C,OEUIH +€sﬁ)l;2uler)
0
dz- QM| < (1+nC. (6.9)
LOO

Proof. The proof follows by the same argument as in theorem 7 by turning to the general form
of Q¢* and apply corollaries 2, 4 and 5, combined with corollary 6 to handle the cross terms.
Moreover we have the following equality up to O(&?):

™ g Kdvy3 e KdV\2 Kdv |, 2 KdV Kgdv Kdv

* !

Q¢ ::/ (2(% )+ 5 (@) e+ (P)T e fegy )dz
0

_ QSKdV +0 (63) )
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