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Instability of Solitary Waves for a Nonlinearly Dispersive
Equation

Henrik Kalisch and Nguyet Thanh Nguyen

ABSTRACT. Solitary-wave solutions of a nonlinearly dispersive evolution equa-
tion are considered. It is shown that these waves are unstable in a certain
parameter range.

1. Introduction

Consideration is given to the dynamic stability of solitary-wave solutions of the
nonlinearly dispersive model equation

(1.1) Ut + Wiy + Uty — Uggr = V(2Uz Uy + Ullgrs),

where v € R and w > 0. Equation (1.1) is a fully nonlinear dispersive evolution
equation similar to the so-called Camassa-Holm equation which emerges if the pa-
rameter 7 is set equal to 1. If also w = 0, the Camassa-Holm equation has an
integrable bi-Hamiltonian structure, which fact has lead to intense activity regard-
ing the equation. Results related to the integrable structure may be found in
[5, 6, 7, 11, 19, 20, 29].

A formal derivation of the Camassa-Holm equation as a long-wave model for
water waves in a long uniform channel was provided in [24]. In addition, there
are now mathematical proofs available which show that solutions of the Camassa-
Holm equation approximate solutions of the full water-wave problem in a certain
sense [13, 28]. As shown in [17], if w = 0, and the range of the parameter = is
roughly from —29.5 to 3.4, equation (1.1) may be used to study the evolution of
wave packets of mechanical vibrations in compressible elastic rods.

Equations of Camassa-Holm type have been actively studied recently with re-
gard to well-posedness, singularity formation and numerical approximation schemes.
A small selection of results may be found in [4, 8, 9, 10, 12, 23, 33]. Recent results
on stability for equation (1.1) with v = 0 can be found in [26, 27]. For equation
(1.1), Yin [34] has proved local well-posedness in H*, when s > 2. He also showed
that global well-posedness is prohibited by the existence of smooth solutions that
develop an infinite slope in finite time.
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222 HENRIK KALISCH AND NGUYET THANH NGUYEN

The focus in the present article is on stability of solitary-wave solutions of (1.1).
In particular, the instability of solitary waves in a certain parameter range will
be proved. Let us first discuss some properties of solitary-wave solutions of (1.1).
Solitary waves are solutions of (1.1) which have the special form u(z,t) = ®.(z—ct),
where ®.(§), for £ = x —ct, is a function which decays at infinity, and has a positive
maximum.

As was already observed by one of the authors in [25], when v < 1, equation
(1.1) admits only smooth solitary waves with wave speed ¢ > w. These waves were
shown to be stable in [25] by a similar method as was used to show stability of the
Camassa-Holm solitary waves in [16]. The notion of stability used in these works
is orbital stability, as defined in [2], and the proof is based on the general theory of
Grillakis, Shatah, and Strauss [21].

When v > 1, equation (1.1) admits both peaked and smooth solitary waves,
depending on the wave speed c¢. Solitary waves are smooth for ¢ in the range
w<e< %, while for ¢ = ,Yw—jl, the solitary waves are peaked waves, similar to
the peakons appearing in the Camassa-Holm equation with w = 0. It was proved
in [25] that smooth solitary waves with ¢ > w, are stable if ¢ is close enough to
w. On the other hand, it was indicated that smooth solitary waves are unstable
if ¢ < 274, but ¢ is close to ~~%. It will be our purpose in the present paper to
provide a full proof of the latter fact. Thus, the main result to be proved here is
the following theorem.

THEOREM 1.1. Suppose v > 1, and let w < ¢ < % For ¢ close enough but
wy

not equal to =75, solitary-wave solutions of (1.1) are unstable with respect to small
v
perturbations.

The proof proceeds along the lines of the general theory of instability outlined
in [21, 31], and developed in [3, 32]. However, due to the fully nonlinear character
of the equation (1.1), the proofs given in these works do not carry over to the
situation at hand here, and a number of nontrivial modifications have to be made
in the argument.

One important ingredient in the proof of Theorem 1.1, is the fact that (1.1)
has three invariant integrals, namely

I(u) = /Oouda:,

—00

V(u) = %/ (u? + u?)d,

E(u) = —%/ (u® + yuu? + wu?)dz.
Note that equation (1.1) can be written in the form

0y
(1.2) g = e [—wu — 2u? + 0, (uuy) — Tu2],
(1— 3%) [ 2 2 ]

or simply
(1.3) u = JE' (u),

if the operator J is defined by J = (1’_9—%2) and it is recognized that the term in
brackets in (1.2) is the variational derivative of E(u). Now for a given wave speed c,
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INSTABILITY OF SOLITARY WAVES 223

the stability of the corresponding solitary wave ®. is determined by the convexity
of the scalar function
d(c) = E(®.) + cV(P,).

In particular if d”(¢) > 0, then it can often be shown that the solitary wave is stable,
while if d”(c) < 0, the solitary wave is expected to be unstable. The applicability
of these considerations depend on a certain spectral problem which will be recalled
in Section 4.

While the conservation of I(u) is unnecessary for the proofs of stability given
in [16, 25], it is essential for the proof of instability. Indeed, I(u) plays a crucial
role in proving the estimate

(1.4) sup ‘/:0 u(y, t) dy‘ < C(141°),

—oo<r<oo

for some positive constant C, and for 0 < ( < 1 and ¢ > 0. This estimate in turn
is intimately related to growth of the Lyapunov functional to be used in the proof
of instability. The estimate (1.4) will be proved in Section 2. In Section 3, we will
recall some properties of smooth solitary waves, and finally Section 4 contains the
proof of Theorem 1.1.

Before we embark on the analysis, some notation is established. For 1 < p < oo,
the space LP = LP(R) is the set of measurable real-valued functions of a real variable
whose p!* powers are integrable over R. For f € LP, the norm |f|, is defined by

uw:/ @) do

— 00
as usual. For the case p = oo, we say that f € L if there is a constant A, such
that |f(x)] < A almost everywhere. The norm in this case is defined by

[floo =inf {A: |f(z)] < Aa.e}.

For s > 0, the Sobolev space H® = H*(R) is the subspace of L?(R) consisting of
functions such that

91 = [ (4 1EP)1F©Pds < +oc
where f denotes the Fourier transform of f. We will also use the space C([0, 00); H*)
of continuous functions of ¢ with values in H*(R).

The duality pairing of a distribution with a test function is denoted by (T, ¢).
For distributions in L?(R), this reduces to the L-inner product(f, g)=/""_ f(z)g(z)dz
since all functions considered here are real-valued. Finally, the convolution of two
functions is defined as usual by g x f(z) = ffooo g(y) f(z —y) dy.

2. Estimate on a Lyapunov functional

The aim of this section is to provide a proof of the estimate (1.4). Defining the
operator M = 1 — 92, it is elementary to check that M is self-adjoint with respect
to the L?-inner product, and that the inverse M ! is given by convolution with the
Green’s function

(2.1) G(z) = Sel=l.

For the proof of the estimate (1.4), a number of auxiliary results will be needed.
The first is concerned with the following linear initial-value problem.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



224 HENRIK KALISCH AND NGUYET THANH NGUYEN

LEMMA 2.1. Let K be the propagator for the equation [875 + wM‘law]w = 0;

that is, K 1is the solution of

[0y +wM~10,] K =0, t>0,

K(z,0) = d(),
where §(x) is the Dirac delta function centered at 0. Then, there is an evolution
operator S(t) given in terms of K(x,t), such that w(z,t) = S(t)wo(z) = K(-,t) *
wo(x), where w(x,0) = wy. Moreover, for all t > 0, there is a positive constant k
such that

K (1) % wol , < k(L4677 (ol + Jwoly)-

This lemma can be proved exactly as in the analogous case of [32]. The proof
is based on the van der Corput lemma, and is similar to the techniques used in
[1]. In order to relate this linear initial-value problem to the equation under study,
observe that (1.1) can be written in the form

[(’925 + walaz]u = —-M"10,g(u),

where, g(u) = 3u®+ Zu? — 0, (uu,). The next lemma provides an estimate for the
H'-norm and the L'-norm of M ~tg(u(-,t)).

LEMMA 2.2. Let M~ be the inverse of the operator M =1 — 92 and let g(u)
be defined by

(2.2) g(u) = 3u* + Fu? — 70, (uuy).

Suppose u € C([0,00); H') is a solution of (1.1). Then there is a positive constant
k1 such that the estimate

M~ g )|+ [M ™ g(u )l < kalluoll:
holds for all t > 0.

PROOF. First, the H'-norm is estimated using the mapping properties of M.
The dependence on t is suppressed in the following computations.

It gl = | M B+ 2 - y0u(uu)] |

IN

3| M ||+ M2 g (]| M 0y () || e
< B+ Qa2 - + |1+ (€122 Lig] wa) .

Using the simple bilinear estimate ||v?||-1 < ka|v|3, and examining the growth of
the weights in the L? norm in the last term, it is plain that we get

1M gl < §halul3 + Blkalual3 + 1yl
Finally using the standard Sobolev estimate

sup |u(z)| < Ksllull a1,

z€R

and the time-invariance of V' (u) = 3||ul|%., the estimate

(2.3) M7 rg(u) | < SkollullZn + Fhkal|ullZ + |ylksllull%:
< (3o + Lk + [ylks) [luoll 2
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appears. Next, the L'-norm will be estimated using the triangle inequality as
follows.

‘Mﬁlg(u)ll = ’Mﬁl{%lﬂ + Ju —fyax(uuw)}‘

IN

3IM ]+ BHM NG o | M0 (v

Now from the definition (2.1) of the Green’s function G(z), it appears that G(z) is
in L'. Therefore, it can be seen that

|M~? |, = |G *u?|y < |Ghlu?|y < kalul3 = kalluo |3,
and that
MM, = |G xully <|Ghluily < kaluels = kalluol|7 -

Finally, to estimate the last term, note that also G’(z) is in L'. An integration by
parts shows that

oo o0
M0, (uuy) = / G(z — y)0y (uuy) dy = / G'(x —y) uuy dy.
—00 —00
Now one may estimate

|M 710, (wug) |, < |Gl fuugly < kslulafug |2 < Kslluo 7

Putting together the last three inequalities and estimate (2.3), and collecting the
constants finally proves the lemma. O

Lemma 2.1 and Lemma 2.2 are now put to use in the proof of the estimate
(1.4). The precise statement is as follows.

THEOREM 2.3. Assume that ug € H'(R)NLY(R), and let u(x,t) be the solution
of (1.1) with initial data ug. Then there exists a constant C' depending only on ug,
such that the estimate

sup ’/ U(y,t)dy’SC(lth?’/‘l),

—oo<r<oo

holds for t > 0.

PrOOF. Recall that another form of the equation (1.1) is
[@ + wMﬁlam]u = -—M"10,g(u),

where g(u) is defined in (2.2). Then, the solution u of equation (1.1) may be
expressed in the form

u(x,t) = /700 K(z —y,t)uo(y) dy
[ Gt oyl r) dyr

= K(,t) % uolx a/ Gt T) *Mflg(u(.,T))(x)}dT.
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Let
Ut = [ oy
o) = [ oty
and
W(t) — /_ io (K () % uo(y) ) dy.
Then,

(2.4) U(x,t):W(x,t)—/O {KCt=m) s M7 g(u( 7)) pdr

Next, we will estimate the two terms on the right-hand side of equation (2.4)
separately. First of all, observe that

K(,t)xuy = K(-,O)*u0+/0t87{K(~,7')*u0}d7'

t
u0+/ {—wafolK(-,T)*uo}dT
0
t
= uo—wﬁx/ {K('7T)*M_1U()}d7'.
0

And thus,
t
W(z,t) = Up(x) — w/ {K(,7)* M tug(z)} dr.
0
However, the first term of W is estimated as
Vo) =| [ wow)dy] < fuol
—00

while using Lemma 2.1, the second term of W is estimated as follows.
t t
w‘/ (K(\7) *M*luo(x)}dT‘ < w/ K (7) ¢ M~ tug(:)|_dr
0 0
t
< (1M Mgl + Mol ) [ (147 dr
0

t
< wh([lullzs + Juol:) / (1+7)"V4dr
0

< gk (luollr + fuol1) (1 +£)*/%,

where the positive constant k is defined in Lemma 2.1. Therefore, an estimate for
W is given by

W (z,t)] = ‘Uo(x)—w/ot{K(~,T)*u0(x)}dT’

Juols + Jwk([luoll s + [uol1) (1 +#)2/4
(14 3wk) ([uollzr + |uol1) (1 + t)3/4.

IANIA
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On the other hand, using both Lemma 2.1 and Lemma 2.2, the estimate for the
second term on the right-hand side of equation (2.4) is given as follows

‘/Ot {K(-7t —7T)* M_lg(u('ﬂ'))(x)}dq-‘
= /0lt ‘K(wt —7) % Mﬁlg(u(',T))LodT
< k/ot (H]W_lg(u(.7 N + |M_1g(u(~77))|1) (41— T)_1/4 "

t
< Kk ||uol| % / (L+t—7)"Y0dr < $kky ||uol|?: (1 + ¢)%/4,
0

where k and k; are defined in Lemma 2.1 and Lemma 2.2, respectively. Conse-
quently, an upper bound for U is

U(e,t)] = ’W(x,t)—/ot{K(',t—T)*M_lg(u(~,7'))(x)}d7"

[(1+ 4k) (luoll s + fuoly) + $Rknlluo 2 ] (1 -+ 6)2/%
(1+ 3wk + gkk1) (lluoll7 + lluoll o + luol1) (1 + )%/,

IN

IN

Now, using the last estimate and the fact that I(u) = [* u(z,t)dz is time-
invariant, the final estimate is revealed as follows.

[ty

|I(u) - U(J?,t)‘ < ’I(uo)’ + ‘U(J?,t)‘

< uoly + (1 + 3wk + 3kk1) (lluollZn + luollmr + |uolx) (1 +1¢)%/4
< C+3),
where C is a positive constant which only depends on the initial data ug. O

3. Solitary-wave solutions

Solitary-wave solutions of (1.1) will be reviewed in this section. Following
the usual method of obtaining an equation for solitary waves, suppose there are
solutions of the form

u(z,t) = ®.(z — ct),
where ®.(), for £ = x —ct, is a function which decays at infinity, and has a positive
maximum. Inserting this form into the equation (1.1), there appears the ordinary
differential equation

(3.1) (w— )P, + 30D, + P! = (20,9 + ¢, D),

where ¢/, = d;zc . Since ®.(§) is assumed to approach zero as £ — 400, this equation

can be integrated, and there appears

3
(3.2) (@ = )P + 587 + Pl = gq)'f + DD
Multiplying by @/, and integrating once more yields
(3.3) (w—c)®2 + D2 + c®? = DD
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228 HENRIK KALISCH AND NGUYET THANH NGUYEN

If ¢ # w, rearranging the equation yields

(3.4) (c—w) | ——a? — 82| = 2, (v — 3?).

cC—w
c
c—w’

It is apparent that when v =
given by the formula

the solutions of (3.4) are peaked solitary waves

0 (¢) = (c—w)e VTl
where the wave speed is

(3.5) c:%, for vy # 1 and w # 0.

If ¢ does not have the special form (3.5), an explicit formula for the solution has
not been found. However, as observed by one of the authors in [25], (3.3) may be
rearranged in the form

(3.6) (c—w—P)7 = (c— 7P) 27,

and a phase plane analysis of this equation shows that ®. is a positive smooth
function of maximal height ¢ — w, symmetric around and monotonically decreasing
from its crest. Moreover, ®., @, and P/ are all exponentially decaying at infinity.
Moreover, when v > 1, the relation (3.6) implies w < ¢ < % The peaked solitary
waves arise as the limiting case of this relation in the case ¢ = %
summarizes the stability properties of the solitary waves in this range.

Figure 1

peakon ®,(&) = (c —w)e V= I

) -

} o) ) -c(y>1)
0 w wy
v—1
smooth ®. is stable smooth ®. is unstable

FIGURE 1. If v > 1, solitary waves exist only in the range w <
c< % The peaked solitary wave occurs at the maximum value
22 For c close to the lower limit w, solitary waves ®. are

c= %
wy
5

stable. On the other hand, for ¢ close to the upper limit %,
solitary waves ®. are unstable.

4. Proof of instability

After a short review of the concept of orbital stability, the proof of the instability
is given. As is plain from examining the time evolution of two solitary waves of
similar but unequal height and speed, a solitary wave cannot be Lyapunov stable
in the usual sense. In the situation just alluded to, the two waves will drift apart
over time because their speeds are not equal. Recognizing this behavior, Benjamin
introduced the notion of orbital stability in [2]. In the situation just described, it
is evident that two solitary waves with slightly differing heights will stay similar in
shape during the time evolution, even though their peaks will be located at different
positions. We say the solitary wave is orbitally stable, if a solution u of the equation
(1.1) that is initially sufficiently close to a solitary-wave will always stay close to a
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translation of the solitary-wave during the time evolution. A formal definition can
be given using an e-neighborhood of the collection of all translates of ®.. To be
precise, for any € > 0, consider

U.={uc H" :inf |lu — 7.®.|| g1 < €},
where 7,®@.(z) = ®.(z — s) is a translation of ®..

DEFINITION 4.1. The solitary wave is stable if for any € > 0, there exists § > 0
such that if ug = u(-,0) € Us, then u(-,t) € U, for all ¢ > 0. The solitary wave @,
is unstable if @ is not stable.

Determining the optimal translation 7, for a given solitary wave and a pertur-
bation can be achieved by choosing o € R, such that

| {ute+at) - a0} de =t [~ {ute+a) - wul)} de

if this infimum exists. If the integral on the right is a differentiable function of a,
and |Ju|z2 = ||®¢|/ L2, then a(u) can be determined by solving the equation

(4.1) (u(- + a(u)), @) = 0.
This idea is summarized in the following proposition.

PROPOSITION 4.2. There is € > 0, such that there exists a C'-mapping o :
U. — R, with the property that (u(- + a(u)), ®.) = 0 for every u € U..

The proof of this fact is well known, and can be found for instance in [3].
Next we establish a few facts which are important for the proof of instability. First,
observe that the differential equation (3.2) defining the solitary waves can be written
in terms of the functionals £ and V in variational form as
(4.2) E'(®,) + cV'(®,) = 0,

where E'(®.) = —3®2 + 102 + 79! — wd, and V'(®.) = @, — P/ are the
Fréchet derivatives at ®. of E and V', respectively. The functional derivative of
E'(®.) + cV'(®D,) is given by the linear operator

L.=E"(®.)+cV"(®,) = (0, — )02 + 48,0, — 30, + P! + (c — w).

Since ®., @/, and @/ are exponentially decaying, the spectral equation L.v = Av
can be transformed by the Liouville transformation

® 1
z = / — dy,
0 2c—2vP.(y)

and
P(z) = (2¢ = 2@, () *v(x),
into
Hep(z) = (=022 +q(2) +2(c —w))P(2)
= \(2),
where

_ 37 REAGIN
qe(z) = —=6P.(z) + 7‘30 (z) — m

Since ¢, has exponential decay, it can be shown that the operator H. has continuous
spectrum [2(¢c — w),00), and there are finitely many eigenvalues below 2(c — w).
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Moreover, the n-th eigenvalue in increasing order from the left has an associated
eigenfunction with exactly (n — 1) zeroes (cf. Dunford and Schwartz [18]). These
considerations carry over to the operator £.. Note that (3.1) shows that L.(®’) = 0,
and we know that @/, has exactly one zero. Therefore 0 is the second eigenvalue from
the left, and it appears that there is exactly one negative eigenvalue for the operator
L., with a corresponding eigenfunction x. which can be taken to be strictly positive,
and normalized so that x.(0) = 1. Finally, note the following relation involving L.
and the derivative of ®. with respect to c.

LEMMA 4.3. In the notation established above, the following relation holds.
(4.3) Lo (d./dc) = =V'(®,.).
PRrROOF. The relation (4.3) follows from (4.2) after the following computation.
0 = OJE (D) +cV'(Re)] = [E"(Dc) + V(D) ]dDc/de + V(D)
= L(d®./dc)+V'(D,).
O
The instability of the solitary wave ®. will follow from the fact that the func-

tional £ has a constrained maximum at the critical point ®.,. This fact will be
established in the following lemma.

LEMMA 4.4. Let ¢ close to but less than 27 be fized. If d”(c) <O, then there

exists a curve v — U, in a neighborhood of ¢, such that ¥. = ®., V(¥,) =V (D,)
for allv, and E(V,) < E(®.) for v # c.

ProOF. Consider a mapping R x R — R given by (v, s) — V(®, + sx.), where
Xe is the eigenfunction corresponding to the negative eigenvalue of the operator L..
Note that (¢,0) maps to V(®.). To obtain the curve v — ¥, we first apply the
implicit function theorem to find a mapping v — s(v), such that V(®, + s(v)x.)
is constant. To this end, it has to be shown that

V@ )] = (V@0 x)

v=c, s=0

is nonzero. This expression can be evaluated explicitly when ®..(¢) = (c—w)e”V = ¢l

(recall that then ¢ = %, v > 1 and w # 0). First record the derivatives of ®. as

BL(E) = =/ =2 (c—w) sen(€) eV KL

() =~/ (c—w){20(©e Vol - fere e VE L
Therefore, it can be seen that
(V'(®), xc) (@) xe(8)) = (2(E), xe(€))
(c—w)2y/=2 (8(6) V=" Wl )
+lemw)(1-m2) [T eV (e dg

— 00

- (c—w){2\/?xc(o)+(1—%)/_oo eV, df}-

oo

and
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Observe that 1 — <= > 0 since ¢ > w > 0. Now, since x. is normalized so that
Xc(0) = 1, we see that last expression in the above string of equalities is bounded
away from zero for values of ¢ close to % Consequently, <V’ (D), Xc> is positive
for ¢ close enough to but less than % Now the implicit function theorem may be
used to find the mapping v — s(v), and ¥, is defined by ¥, = &, + s(v)xe-

Next, we show that ¢ is a critical point of v — E(¥,). Since V(¥,) is constant
near ¢, we have

(1.4 L B(R,) = S {BW,) + V(1))

and in light of (4.2), the above expression is zero when evaluated at v = ¢. Further-
more, as will be shown next, at this critical point, the curve v — E(3),) is strictly

. d2
concave, i.e, 75 E(¥,)

dv,
V:c7 dv

E(V,)|

(e

W dv u:c>'

< 0, and hence has a local maximum. Differentiating
c
equation (4.4) and using (4.2) gives
d? av,
Recall now that L. = E"(®.) +cV"(®.), and x. is an eigenfunction corresponding
to the negative eigenvalue —\2. Therefore, if we define

av, _ dd,. ,
(4.5) v=g | = g T exe
then
d2
WE(\IIV) e = <£cy7y>'

Thus, the proof of Lemma 4.4 will be completed if it can be shown that <£Cy, y> <0.
First observe that

(4.6) (V'(@c),y) = 0.

This can be seen from differentiating v — V(¥,) as follows.

_ (v, ] Ny
0=—V(w)| _=(V(@), 2 )= (V'(@).y).
Combining (4.6) and Lemma 4.3, we obtain
(Leyy) = <£c(d<1>c/dc+ S/(C)Xc)7y>

= (~V/(@)+5(0)Lexey)
= s (e)(Lexe:y)-
Since L. is self-adjoint, we obtain further
(Ley,y) = 8'()(Xer Ley)
' () Xer Lo(dc/de+5'(c)xc) )
s'(€)(Xe, =V (D) + 8'(¢) Lexe)
= =5 () {Xe, V'(2e)) + [8'(€)]*(Xes Loxe)-

Observe that the first term on the right of this equation is exactly d”(c). Indeed,
since d(c) = E(®.) + ¢V (®.), we have

d'(c) = (E'(®.) + V' (®.),dD./dc) + V(D) = V(P.),
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and hence,
(4.7) d"(c) = (V'(c),d®./dc) = —5'(c)(V'(c), Xe),
in light of (4.5) and equation (4.6). Therefore,
(Ley,y) = d"(0) + [5' () (Xes Loxe) = d" () = N*[s' (@) [Ixell72 < O,

since d” (c) is assumed to be negative. Therefore we have shown that %E (9,) =
v=c

<£Cy,y> < 0, and thus v — E(¥,) has a local maximum at v = c. O

Next, an auxiliary operator B is defined. For uw € U, define B(u) by the

formula
B(u) = y(- — a(u)) = (Mu,y(- — () )M ' 0,0/ (u).

The next lemma provides a connection between B and the fact that £ has a con-
strained maximum near ®.. It can be proved exactly as in the analogous case of
[3], and is therefore stated without proof.

LEMMA 4.5. Let ¢ close to but less than =5 be fized. If d"(c) < O, there is
a C'-functional A : D. — R, where D. = {v € U. : V(v) = V(®.)}, such that
A(®.) =0, and if v € D, and v is not a translate of O, then

E(®.) < E(v) + A(v){E'(v), B(v)).

Furthermore, <E'(\I/,,), B(\I/l,)> changes sign as v passes through c, where v — ¥,
is the curve constructed in Lemma 4.4.

With these auxiliary results in hand, we may attack the proof of the main
theorem of this paper. Note that Lemma 4.4 and Lemma 4.5 depended on the
condition that d”(c) < 0. Thus it will the necessary first to establish the concavity
of d(c). As shown in [25], the derivative of d(c) is given by

Vime /- etay

forw < ¢ < % Taking the second derivative and evaluating at the endpoint

c= % yields

I (—2w7+(v+1)w>/% dy
7_1 Y w ’

w

where kg is a constant depending on w and ~. Since d”(n/_l) = —oo for v > 1, it
appears that d”(c) will be negative for values of ¢ close to %

We choose a solitary wave ®, with wavespeed ¢ in the range where d”’(c) < 0,
and let ¢ > 0 sufficiently small be given. By Lemma 4.4 and Lemma 4.5, we
can choose ug € H' N L! arbitrary close to ®., such that uy € U., V(ug) = V(®,),
E(ug) < E(®.), and |(E'(ug), B(ug))| > 0. Note that the last condition guarantees

that ug is not a translate of @, '.

IFor example, let ug = ®, + s(v)xe, for an arbitrary v close to ¢, but not exactly equal to c.
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Now, if u(z,t) is the solution of equation (1.1) with initial condition wg, let
[0,¢1) denote the maximal time interval for which u(-,t) € U.. Instability of the
solitary-wave will be demonstrated by showing that ¢; < co.

Let B(t) = a(u(-,t)), where o was defined in equation (4.1), and Y(z) =
[ (1= 98%)y(z) dz, where y was defined in (4.5). Then define

- [ T Y@ - BW)ule, t)de,

which will serve as a Lyapunov functional. First, it will be shown that L(¢) is finite,
and grows no more rapidly than t3/4 over time.

LEMMA 4.6. There is a positive constant D such that |L(t)] < D(1 4 t3/4) for
0<t<t.

Proof. Let H be the Heaviside function, and define k = ffo

oo

F(z)=[ foo y(&) d¢. Then the following equality appears after integration by parts.

y(x) dz, and

L(t) = /00 [F(x —B(t) — kH(z - ﬁ(t))}u(x,t) dr +

oo

/ y(z — B(t))us (2, t) do + IQ/ u(z,t) de.
—oo B(t)

Using the Cauchy-Schwarz inequality on the first and second integrals, and applying
Theorem 2.3 to the last integral, an upper bound for |L(t)] is estimated as follows.

(4.8) L] < (IF = wH]z + yl2) a1 + [KIC(1+ £4).
Next, F — kH can be shown to belong to L?(R), as follows. First of all, note that

F(z) — kH(z) = { ?EQ’_ K, ii ; 8

Thus in order to investigate |F' — k|2, it is expedient to consider the cases z < 0
and x > 0 separately. When = < 0, Minkowski’s inequality can be used to show
that

(49) [ = #Hls = |F@)]1r( o) = \/ / OOO (v w
<[ ‘; V() de.

Recall that phase plane analysis of equation (3.3) shows that ®., decays exponen-
tially at infinity. An analysis similar to the one given in [30] shows that df; also
decays exponentially at infinity. Finally, note that since y. is an eigenfunction of
L., it features exponential decay at infinity, as well (cf. Hislop and Sigal [22]).
Now, since y is defined in terms of d®./dc and ., it is immediate that the last
term in the above string of inequalities (4.9) is finite. An analogous argument holds

for > 0. Therefore the inequality (4.8) can be written as
IL(D)| < D(1+¢%/%),

with the positive constant D defined by D = (|F — &H|2 + |yl2)|Juoll s + |5|C,
where C' was defined in the statement of Theorem 2.3. [J
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The previous lemma provides an upper bound on the growth of L(t). Next, we will
obtain a lower bound by giving and estimate of the derivative of L.

LEMMA 4.7. There is a positive constant m such that |L'(t)] > m, for all
te0,t1).

PRrROOF. We have
L'(t) = =B' () (My(- = B(), u(- 1)) + (Y (- = B()), us(-,1)).

Since B'(t) = (a’(u),u), this derivative is equal to

< - <My( - B(t))vu('vt)>al(u)7ut> + <Y( - B(t))vut('vt»'

Since M is self-adjoint, this derivative can be written in the form

(= (yl- = BW), Mul, )’ (u) + Y (- = B(t)), ut).

In view of equation (1.3), this derivative turns out to be
(= (= B(), Mu(- D)’ (u) + Y (- = B()), 0, M "/ (u)).

Using integration by parts together with the fact that M ! is self-adjoint and 9,
is skew-adjoint, this expression is equal to

((y(- = B(1)), Mu(,£))0.M o’ (w) = y(- = B(1)), B (u) ).
In view of the definition of B, it is clear that L’(¢) has the compact expression
(4.10) L(t) = ~(B(u), '(u)).

Recall that for ¢ € [0,;), the solution u(-,t) € U, is not a translation of ®. since
its initial solution is not. However, V (u(t)) = V(®.) since both are equal to V (ug).
On the other hand, Lemma 4.4 together with Lemma 4.5 imply that

(411)  0< B(®.) - E(uo) = B(®.) — E(u(t)) < Au(t))(E'(u(t)), B(u(t))).

Using the continuity of A and the fact that A(®.) = 0, which follows from the
construction of the functional A in Lemma 4.5, and recalling the assumption that
u(t) € Ue, for t € [0,%1), we may assume that |A(u(t))| < 1, possibly by choosing ¢
smaller if necessary. Therefore, in view of equations (4.10) and (4.11), we have

L) = [(B'(u(t), Bu(®)| > [E(@.) = B(u(t)] = E(@) - E(uo) = m.
for all t € [0, 7). O

Finally, we are in a position to complete the proof of Theorem 1.1. In view of
Lemma 4.6 and Lemma 4.7, it turns out that

¢ ¢
2D(1+t3/4)2|L(t)\+\L(0)\2/ |L’(s)|ds>/ mds = mt,
0 0
for t € [0,t1). However, since 3/4 < 1, the rate of growth of the curve f(t) =

2D(1+t3/4) is less than the rate of growth of the line I(t) = mt. Therefore, t; must
be the point where these two curves meet, and thus t; < co.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



INSTABILITY OF SOLITARY WAVES 235

References

(1] J. P. Albert, Dispersion of low-energy waves for the generalized Benjamin-Bona-Mahoney
Equation. J. Differential Equations 63 (1986), 117-134.

[2] T. B. Benjamin, The stability of solitary waves. Proc. Roy. Soc. London A 328 (1972), 153~
183.

[3] J. L. Bona, P. E. Souganidis and W. A. Strauss, Stability and instability of solitary waves of
Korteweg-de Vries type. Proc. Roy. Soc. London A 411 (1987), 395-412.

[4] A. Bressan and A. Constantin, Global conservative solutions of the Camassa-Holm equation.
Arch. Ration. Mech. Anal. 183 (2007), 215-239.

[5] R. Camassa, Characteristics and the initial value problem of a completely integrable shallow
water equation. Disc. Cont. Dyn. Sys. B. 3 (1993), 115-139.

[6] R. Camassa and D. Holm, An integrable shallow water equation with peaked solitons. Phys.
Rev. Lett. 71 (1993), 1661-1664.

[7] R. Camassa, D. Holm and J. Hyman, A new integrable shallow water equation. Adv. Appl.
Mech. 32 (1994), 1-33.

[8] G. M. Coclite, H. Holden and K. H. Karlsen, Global weak solutions to a generalized
hyperelastic-rod wave equation. STAM J. Math. Anal. 37 (2005), 1044-1069.
[9] G. M. Coclite and K. H. Karlsen, A singular limit problem for conservation laws related to
the Camassa-Holm shallow water equation. Comm. Part. Diff. Eq. 31 (2006), 1253-1272.
[10] G. M. Coclite, K. H. Karlsen and N. H. Risebro, An ezplicit finite difference scheme for the
Camassa-Holm equation. Adv. Differential Equation 13 (2008), 681-732.

[11] A. Constantin, On the scattering problem for the Camassa-Holm equation. Proc. Roy. Soc.
London A 457 (2001), 953-970.

[12] A. Constantin and J. Escher, Well-posedness, global existence, and blowup phenomena for a
periodic quasi-linear hyperbolic equation. Comm. Pure Appl. Math. 51 (1998), 475-504.

[13] A. Constantin and D. Lannes, The hydrodynamical relevance of the Camassa-Holm and
Degasperis-Procesi equations. Arch. Ration. Mech. Anal. 192 (2009), 165-186.

[14] A. Constantin and W. A. Strauss, Stability of peakons. Comm. Pure Appl. Math. 53 (2000),
603-610.

[15] A. Constantin and W. A. Strauss, Stability of a class of solitary waves in compressible elastic
rods. Phys. Lett. A 270 (2000), 140-148.

[16] A. Constantin and W. A. Strauss, Stability of the Camassa-Holm solitons. J. Nonlinear Sci.
12 (2002), 415-422.

[17] H. H. Dai and Y. Huo, Solitary wave shock waves and other travelling waves in a general
compressible hyperelastic rod. Proc. Roy. Soc. London A 456 (2000), 331-363.

[18] N. Dunford and J. T. Schwartz, Linear operators vol. 2, Wiley, New York, 1988.

[19] A. S. Fokas, On a class of physically important integrable equations. Physica D 87 (1995),
145-150.

[20] A. S. Fuchssteiner and A. S. Fokas, Symplectic structures, their Bachlund transformation
and hereditary symmetries. Physica D 4 (1981), 47-66.

[21] M. Grillakis, J. Shatah and W. A. Strauss, Stability theory of solitary waves in the presence
of symmetry. J. Funct. Anal. 74 (1987), 160-197.

[22] P. D. Hislop and I. M. Sigal, Introduction to spectral theory with applications to Schrodinger
operators. App. Math. Sciences 113, Springer, New York, 1996.

(23] H. Holden and X. Raynaud, Global conservative solutions of the Camassa-Holm equation-a
Lagrangian point of view. Comm. Partial Differential Equations 32 (2007), 1511-1549.

[24] R. S. Johnson, Camassa-Holm, Korteweg-de Vries and related models for water waves. J.
Fluid Mech. 455 (2002), 63-82.

[25] H. Kalisch, Stability of solitary waves for a nonlinearly dispersive equation. Discrete Cont.
Dyn. Sys. 10 (2004), 709-717.

[26] H. Kalisch, Solitary waves of depression. J. Comput. Anal. Appl. 8 (2006), 5-24.

[27] H. Kalisch and N. T. Nguyen, On the stability of negative solitary waves. Electron. J. Differ-
ential Equations 80 (2009), 139-150.

(28] M. Kunze and G. Schneider, Estimates for the KdV-limit of the Camassa-Holm equation.
Lett. Math. Phys. 72 (2005), 17-26.

[29] J. Lenells, Stability for the periodic Camassa-Holm equation. Math. Scand. 97 (2005), 188—
200.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



236 HENRIK KALISCH AND NGUYET THANH NGUYEN

[30] J. Lenells, Traveling wave solutions of the Camassa-Holm equation. J. Differential Equations
217 (2005), 393-430.

[31] J. Shatah and W. A. Strauss, Instability of nonlinear bound states, Comm. Math. Phys. 100
(1985), 173-190.

[32] P. E. Souganidis and W. A. Strauss, Instability of a class of dispersive solitary waves. Proc.
Roy. Soc. Edinburgh A 114 (1990), 195-212.

[33] Z. Xin and P. Zhang, On the uniqueness and large time behavior of the weak solutions to a
shallow water equation. Comm. Partial Differential Equations 27 (2002), 1815-1844.

[34] Z. Yin, On the Cauchy problem for a monlinear dispersive wave equation. J. Nonl. Math.
Phys. 10 (2003), 10-15.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF BERGEN, 5008 BERGEN, NORWAY
E-mail address: henrik.kalisch@math.uib.no

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF BERGEN, 5008 BERGEN, NORWAY
E-mail address: nguyet.nguyen@math.uib.no

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



