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ABSTRACT

This is the first part of a series of two articles analyzing the global thermal properties of
atmosphere-ocean coupled General Circulation Models (AOGCMs) within the framework
of a two-box Energy Balance Model (EBM). In this part, the general analytical solution
of the system is given and two idealized climate change scenarios, one with a step forcing
and one with a linear forcing, are discussed. These solutions give a didactic description
of the contributions from the balanced response, and from the fast and slow transient re-
sponses during a climate transition. Based on these analytical solutions, we introduce a
simple and physically-based procedure to calibrate the two-box model parameters using an
AOGCM step-forcing experiment. Using this procedure, the global thermal properties of
twelve AOGCMs participating in CMIP5 are determined. It is shown that, for a given
AOGCM, the EBM tuned with only the abrupt 4xCO, experiment is able to reproduce with
a very good accuracy the temperature evolution in both a step-forcing and a linear-forcing
experiments. The role of the upper-ocean and the deep-ocean heat uptakes in the fast and
slow responses is also discussed. One of the main weakness of the simple EBM discussed
in this part is its ability to represent the evolution of the top-of-the-atmosphere radiative
imbalance in the transient regime. This issue is addressed in Part II by taking into account

the efficacy factor of deep-ocean heat uptake.
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1. Introduction

Determining the response of the climate system to an imposed external perturbation
is a major challenge in climate science. The global and annual mean surface temperature
response is a useful metric to determine the magnitude of a climate change induced by an
externaly imposed radiative perturbation. Indeed, many studies suggest that most of the
climate variables are related to the global mean surface temperature response. Coupled
atmosphere-ocean general circulation models (AOGCMs) are the most comprehensive tool
to study climate changes and perform climate projections. They can be used to assess the
changes in global temperature but they are computationally expensive. Alternatively, simple
climate models (SCMs), which estimate approximately the global mean surface temperature
change for a given, externally-imposed perturbation in the Earth’s radiation balance (Mein-
shausen et al. 2008; Good et al. 2011), can be used to emulate the AOGCM responses in
order to cover a wide range of scenarios with a negligible computational cost.

Energy-balance models (EBMs) are physically-based SCMs. They are useful to sum-
marize AOGCM global thermal properties, intercompare and analyze AOGCM responses
(Raper et al. 2002; Soden and Held 2006; Gregory and Forster 2008; Dufresne and Bony
2008). In the case of a small perturbation, some EBMs assume that the thermal energy
balance of the climate system is expressed as a linear function of temperature perturbation
only (Budyko 1969; Sellers 1969). The net radiative imbalance due to an external forcing
and a temperature change can be expressed as N = F — AT. The radiative feedback pa-
rameter A with respect to the global mean surface air temperature 7" depends on the type
of forcing (Hansen et al. 2005). The imposed radiative forcing F includes the effects of both
fast (few months) stratospheric and tropospheric adjustments (Gregory and Webb 2008). In
this formulation of the radiative imbalance N, the assumption of linear dependency in T
suffers from some limitations (Gregory et al. 2004; Williams et al. 2008; Winton et al. 2010;
Held et al. 2010) that are adressed in Part II of this study.

In equilibrium, N = 0 and the steady-state temperature is equal to 7., = F/A. The
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equilibrium climate sensitivity (ECS), which is defined as the equilibrium mean surface
air temperature perturbation resulting from a doubling carbon dioxide radiative forcing,
is commonly used as a metric of anthropogenic climate change. However, this metric is
not sufficient to study the transient regime because of the climate-system thermal inertia.
Indeed, the rate of change in the heat content of the climate system is equal to the Earth’s
radiative imbalance and this change occurs on large timescales due to the large thermal
inertia of the deep ocean (Dickinson 1981; Hasselmann et al. 1993; Murphy 1995; Gregory
2000; Held et al. 2010). Based on empirical relationships, Gregory and Mitchell (1997) and
Raper et al. (2002) propose a formulation for the deep-ocean heat uptake proportional to
the surface temperature perturbation: H = xT. However, this formulation is not able to
represent the equilibrium temperature response in the case of a step-forcing or a stabilization
scenario because the deep-ocean temperature response is by definition neglected.

The solution to circumvent this shortcoming is to introduce a second layer which rep-
resents the deep ocean. Splitting of the climate system into two thermal reservoirs with
different heat capacities allows one to take into account the ocean thermal saturation along
a transient regime until equilibrium and then to represent the two distinct timescales to
the global mean climate system response (Hasselmann et al. 1993; Held et al. 2010). This
sytem is similar to the three-box EBM presented in Dickinson (1981), the atmosphere and
the upper-ocean layers being considered as one single layer characterized by the surface air
temperature.

In this study, we analytically derive the solution of this two-box energy-balance model
and propose a calibration method for determining the equivalent thermal parameters of
a given AOGCM. We then assess the validity of this simple framework to represent the
behavior of the complex coupled models in response to an idealized forcing scenario by
analyzing the results of twelve AOGCMSs participating in the fifth phase of the Coupled
Model Intercomparison Project (CMIP5). The role of each box heat uptake in the fast and

slow components of the transient response is also discussed.
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The structure of the paper is as follows: after introducing the theorical framework and
describing the analytical solutions for different forcing scenarios in Section 2, the methodol-
ogy used to adjust the two-box EBM response to AOGCMs results is presented and applied
to CMIP5 AOGCMs in Section 3.

2. Theoretical framework
a. Two-box energy-balance model

We consider the linear two-box energy-balance model described in Held et al. (2010). Held
et al. (2010) also proposed an alternative model with an additional parameter, an efficacy
factor for deep-ocean heat uptake that will be discussed in Part II. The climate system is
split in two layers (Gregory and Mitchell 1997; Gregory 2000). The first one corresponds to
the atmosphere, the land surface and the upper ocean, and the second one represents the
deep ocean. The state of each layer is described by a temperature perturbation 7" and Ty.
T is usually taken as the global mean surface air temperature perturbation from the control
climate. T is a characteristic temperature perturbation of the deep ocean. T" and Ty verify

the following system of equations:

O = F AT (T ~Ty), M)
dT;
Co—r =T = To). (2)

This system has two prognostic variables and five free parameters: A, v, C, Cy and a
radiative forcing amplitude parameter. Whatever the radiative forcing agent, the radiative
forcing formulation requires at least one model-dependant reference radiative parameter F,.s
due to stratospheric and tropospheric adjustments. In the case of a COq perturbation, the

radiative forcing can be expressed as a function of the COs concentration and a radiative
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parameter following (IPCC 1990):

 Facos [CO,);
F(t) = lng)) 1n<[002]0). (3)

where [COs]; is the time-dependant carbon dioxide concentration, [COslg is the preindustrial
CO4 concentration and Fayco, is the net radiative forcing associated with a doubling of the
atmospheric COs concentration.

C % and C’odd% are the tendencies of heat contents respectively of the upper and the lower
layer. C' and C are effective surfacic heat capacities respectively of the upper (by neglecting
atmosphere and land surface heat capacities) and the deep ocean. The parameter v is a heat
exchange coefficient. The heat flux exchange between the two layers is thus assumed to be
proportional to the difference between the two temperature perturbations. In the limit of an
infinite deep-ocean heat capacity (Cy — 00), Tp is zero and the expression of the heat flux
exchange is the one proposed by Gregory and Mitchell (1997) with x = . In this one-box

model (the deep-ocean layer is an external infinite reservoir), the temperature perturbation

verifies the following equation (Raper et al. 2002; Dufresne and Bony 2008):

dT
— =F - \T'—KT. 4
Cdt F K (4)

The differences between the two models are analyzed in the next section.

The temperature Ty associated with the climate system heat-uptake is defined as the
disequilibrium temperature difference between 7' and the instantaneous equilibrium tem-
perature 1.,(t) = F(t)/A (Winton et al. 2010). The latter is the equilibrium temperature
associated with the instantaneous forcing applied at time ¢. The heat-uptake temperature

represents the instantaneous rate of heat storage in the climate system:

Tu(t) = T(t) — Toy(t) = —~ |C + 020

Al dt dt

1 [ dT dTO}. (5)

Contrary to Winton et al. (2010), a negative heat-uptake temperature corresponds here to

a positive heat storage in the climate system.
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b. Analogy with electricity

The two-box energy-balance model and its simpler version (one-box model) can be ad-
vantageously described in terms of equivalent electrical circuits (Fig. 1). While temperature
differences are analogous to electrical potential differences, heat fluxes are analogous to in-
tensities.

In the case of the one-box model (see Fig. 1a), the first layer is a capacitor with capacity
C. Tt is linked to the external system by a resistance 1/\ and to the second layer by a
resistance 1/k. The input voltage is equal to the instantaneous equilibrium temperature
T.,(t) = F(t)/ X and the output voltage is the surface mean temperature 7". The intensity in
the main branch of the circuit is the radiative imbalance N = F—\T. For a step-forcing, the
capacitor voltage increases until saturation. The intensity through the capacitor becomes
zero and the equilibrium temperature response is given by a voltage divider and is equal to
F/A+ k).

In the case of the two-box model (see Fig. 1b), there is a resistance 1/ and an additional
capacitor with a higher capacity value Cj in the secondary branch through which the intensity
analogous to the deep-ocean heat uptake flows. The deep-ocean temperature perturbation
Ty is the voltage across this capacitor. In equilibrium, both intensities are zero and T =
Ty =1T.,.

Both circuits are low-pass filters. The Bode diagram of the second one is given in Ap-
pendix C. It is interesting to note that in the framework of electrical circuits, the forcing
is directly seen as an input perturbation in temperature 7;, instead of a perturbation in
radiative flux, from which the output temperature 7' can be derived by applying a transfer
function H. Indeed, these functions are apparent in the analytical solutions that are given

in the following section.
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c. Analytical solutions

In Appendix A, the general solutions of both the mean surface temperature and the
deep-ocean temperature responses are derived for any forcing function t — F(t). With an
integration by parts of the equations (A8) and (A9), the temperature perturbations 7" and Tj
can be written as the sum of the balanced temperature T,,(t) and two modes characterized
by two distinct timescales, 7, (fast) and 7, (slow):

1) = L0~ 3 % (F0e v [ Fee o). ©)
i={s,/}

T = - ¥ X (Foes [ Foctora), @

i={s.f}
where 7;, a; and ¢; are parameters depending on C', Cy, v and . Their expressions are given
in Table 1. Note, in particular, that ay +as = 1 and ¢ras + ¢sa, = 1, and that ¢ < 0 while
ayf, as, and ¢4 are all positive.

The sum term in Eq. (6) is the heat-uptake temperature Ty. The latter is the sum of
two modes that can be decomposed in two terms depending on the forcing function. The
first contribution is an instantaneous deviation associated to a discontinuity of the forcing
at t = 0. The second one is due to the time-evolution of the forcing.

In the following paragraphs, we briefly discuss the analytical solution for two idealized
forcings: step and linear. In Appendices B and C, we present solutions for stabilization,

abrupt return to zero and periodic forcings.

1) STEP FORCING

For a step forcing:

]—‘(t):{o ift <0

F ift>0, (®)
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the analytical solution of the two-box energy-balance model is given by:

T(t) = § [af(l — e V) +a,(1— e_t/“)} , 9)
10 = T [opart ) + a1 - ). (10)

By decomposing the response as the sum of the equilibrium temperature response and
the two modes characterized by the two distinct timescales, 77 (fast) and 7, (slow) following

Egs. (6) and (7), the temperature perturbations 7" and 7} are :

Tt) = Tou— afTeqe_t/Tf — aSTeqe_t/TS, (11)

To(t) = Toq— gbfafTeqe_t/Tf — qbsasTeqe_t/Ts. (12)

Thus, a; is the partial contribution of the mode ¢ to the Ty initial amplitude in the case
of a step forcing. Initially, both the slow and the fast terms are negative with respective
amplitudes —aTe, and —a,T,,. During the transition, they increase exponentially towards
zero with their respective relaxation times 7; and 7 as illustrated in Fig. 2a, b.

In Egs. (11) and (12), we can also see that the last two terms are the projections of
the perturbations Ty (t) = T(t) — 1., and Ty (t) = To(t) — Ty, from the new equilibrium
T(t) = To(t) = T., onto the eigenmodes of the linear system of equations. Since ¢ > 0,
the projection of Ty and Tyy onto the slow eigenmode have the same sign, and the slow
eigenmode corresponds to a joint adjustment of the upper and lower layers. On the other
hand, since ¢y < 0, the projection of Ty onto the fast eigenmode is of opposite sign to the
projection of Ty (in the fast mode, Ty < 0 and Tyy > 0). The perturbation heat flux from
the lower layer to the upper layer is —H = —y(Ty — Tog) and its projection onto the fast
eigenmode is of opposite sign to Ty. The fast eigenmode thus corresponds to an adjustment
of the upper layer by both the radiation imbalance and the deep-ocean heat uptake. The two
physical processes at play interact positively to adjust the smallest energy reservoir. This
explains why the characteristic timescale 7 is shorter than the characteristic timescale of

a one-box model of the upper layer without deep-ocean heat uptake, that is the limit of 7y
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when Cj tends toward zero: 7, < C'/\. Still, 77 is longer than the characteristic timescale of
the one-box model of the upper layer with deep-ocean heat uptake presented in Gregory and
Mitchell (1997) and Raper et al. (2002), that is the limit of 7 when Cj tends toward infinity:
7r > C/(y+ A). In that model, the deep-ocean heat uptake damps 7 more efficiently than

in the two-box model because of its infinite heat capacity.

2) LINEAR FORCING

To derive the analytical solution of the system for a linear forcing:

0 ift<0
F(t) = {Ft if t >0, (13)

we have to compute the integral Z(t) = f(f ces/mide. As we found Z(t) = it/ +72(1—et/7),

the general solution can be written as

F F F

T(t) = 5t = 5rpas(1 = e7/7) = Sra,(1— ™™, (14)
F F F

T(](t) = Xt — X(bfo@f(l - e_t/Tf) - X(bsTsaS(l - e_t/TS)7 (15)

As in the step-forcing case, the surface temperature perturbation is the sum of a balanced
response 1.,(t) = F(t)/A and an imbalance term which can be decomposed into a fast
and a slow mode response as illustrated in Fig. 2c, d. Contrary to the abrupt case, the
system is initially in equilibrium and deviates from its instantaneous balanced temperature
T,,(t) afterwards. The fast and slow responses decrease with time and asymptotically tend
towards negative limits. Their amplitudes are proportional to their respective relaxation
times resulting in a negligible amplitude of the fast response.

Assuming a logarithmic relationship between the radiative forcing and the carbon dioxide

concentration [Eq. (3)], the 1% y~' CO experiment corresponds to a linear forcing with:

_ Faxco,

F with t2X002 ~ 70 Y. (16)

LoxCO,
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3. Multi-model analysis

In this section, a method for tuning the two-box model parameters described above to
individual AOGCMs using only the idealized step-forcing experiments is proposed. The
tuning method is then applied to twelve available AOGCMs participating in the fifth phase
of the Coupled Model Intercomparison Project (Taylor et al. 2011) and is validated by

comparison with AOGCM responses to the linear-forcing, 1% y~! CO, experiments.

a. Method for parameter calibration,

The method uses only an AOGCM non equilibrated response of a step-forcing experi-
ment. We assume that the top of the climate system corresponds to the model top-of-the-
atmosphere (TOA). Both radiative net flux change at TOA and surface temperature change
T are used to adjust the two radiative parameters F,.; (the adjusted radiative forcing am-
plitude) and A. Only 7" is used to adjust the thermal inertia parameters C', Cy and 7. The

method can thus be decomposed in two steps.

1) 1% STEP

The first step consists in estimating the radiative parameters by using the method de-
scribed in Gregory et al. (2004). Using this method, the computation of F,.; and X takes
into account both stratospheric and tropospheric adjustments. However it assumes a linear
dependancy between the Earth’s radiation imbalance and the surface temperature pertur-

bation such that N = F — AT. The limitations of this assumption are discussed in Part

IT.

10



221 2) 2nd STEP

222 The second step consists first in the calibration of the four mode parameters 74, 75, ay

2

N

s and ay by fitting the global mean surface air temperature response. For t > 7, Eq. (11)

24 can be approximated as follows:

N

T 1
T ~T.,1—ae ™) = log(l— T ) ~ logas — —t. (17)

eq Ts

s Assuming that 7 < 30 y, the linear regression of log(7;, — T") against ¢ over the period

2

N

26 30 — 150 y gives estimations of 75 and as.

N

207 Then ay = 1 — a, is known. 74 can then be expressed from Eq. (11) in function of these

2

N

s three parameters and the surface temperature response:
7 =t/ [logay; —log (1 —T/Teq—ase_t/“)] . (18)

»9 Its value is estimated by averaging over the first ten years of the step-forcing experiment.

230 Finally, the remaining physical parameters of the model (the heat capacities C' and Cj

w

a1 and the heat exchange coefficient 7) are computed from the other parameters using the

&)

2 following analytical relationships (see Table 1):

&)

C = Mlag/1s + as/75), (19)
C(] = )\(Tf@f -+ TSCLS) — C, (20)
v = Co/(Tras + Tsay). (21)

233 This methodology is applied to instantaneous carbon dioxide quadrupling (abrupt 4xCO5)
2 experiments (with a typical time integration of 150 years) performed by an ensemble of twelve

25 AOGCMs participating in the CMIP5.

11
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b. Results
1) RADIATIVE PARAMETERS

For the 12 AOGCMs considered here (Table 2), the multimodel average of the net radia-
tive forcing (6.8 W m~2) is very close to previous CMIP3 analysis results (Williams et al.
2008), and the relative intermodel standard deviation is about 14%. The estimates for the
model’s feedback parameters are consistent with previous results with older AOGCMs (So-
den and Held 2006). The multimodel mean (1.11 W m~2 K~') and standard deviation (0.31
W m~2 K1) of the total feedback parameters (Table 2) are close to previous values obtained
for CMIP3 models and for different types of scenarios.

The estimation of the 4xCO, equilibrium temperature response for each model is pre-
sented in Table 2. The equilibrium temperature response ranges from 4.1 K to 9.1 K. The

spread among the responses is as large as those of CMIP3 simulations.

2) CLIMATE SYSTEM INERTIA PARAMETERS

In Table 3, we summarize the corresponding thermal parameters for each of the 12 models.
We first note that the deep-ocean heat-capacity values are about an order of magnitude larger
than the upper-layer heat-capacity values. The multimodel means of C' (7.7 W y m™2 K1)
and Cy (106 W y m~2 K1) are close to Dickinson (1981) estimations of 10 W y m~2 K~! and
100 W y m~2 K~ for the ocean mixed layer and for the deep-ocean capacities respectively.
The deep-ocean heat-capacity mean value is however larger than the Murphy (1995) estimate
of the ocean capacity of about 52 W y m=2 K~! (1.65 10° J m~2 K~!). Considering ocean
covers fo = 70% of the climate system surface, and using a constant water heat-capacity of
¢, = 4180 J kg=! K~ and a constant density of salt water p = 1030 kg m™3, the AOGCMs

ensemble mean C value corresponds to an equivalent deep-ocean layer depth Dy equal to:

86400 * 365.25 * C
pcp.fO

0 = 1110 m. (22)

12
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Similarly, an upper ocean with an effective surfacic heat capacity equal to the AOGCMs
ensemble mean value is equivalent to a 81 m thick mixed layer.

The INM model gives a very large value of Cy (317 W y m~2 K1) in comparison with
other models. Omne can wonder if this estimation can be biased by the drift in surface
temperature evolution since the INM model is one of the two models with the largest drift in
surface temperature evolution in the course of the preindustrial control simulation. Indeed,
the INM drift is of the order of -0.03 K per century (over a period of 500 y) against a
model ensemble mean of absolute value of 0.02 K per century and a standard deviation of
0.012 K per century. However, after removing the temperature trend, the Cj estimate for
INM still remains largely outside the range of the model ensemble with a value of 271 W
y m~2 K=, All other parameters of this model and all other model parameters are not
significantly impacted by the temperature drift correction. Further investigation would be
needed to explain the INM behaviour. By excluding this model, the ensemble mean Cj value
is 87 W y m~2 K~! with a much smaller standard deviation of 26 W y m~2 K.

The heat exchange coefficient v ranges from 0.5 to 0.9 W m~2 K~! with an ensemble
mean of 0.7 W m~2 K~!. These values are somewhat larger than the one-box EBM heat
exchange coefficient x values estimated by Raper et al. (2002) and Gregory and Forster
(2008) and of the same order of magnitude than Plattner et al. (2008) estimates. One could
expect that the introduction of the deep-ocean temperature perturbation 7j in the two-box
EBM reduces the contribution of the temperature difference term to the deep-ocean heat
uptake H = (T — Tp) formulation: for a given H, T'— Ty < T so that v > k.

Fast and slow time responses are also given in Table 3. The fast time constant is of the
order of 4 years and the slow response of the order of 250 years. These values are consistent
with previous estimations of climate-system timescales (see Olivié et al. (2011) for example).
The intermodel standard deviation for the slow relaxation time is about 150 years. It is
reduced to 60 years by omitting the large value of 75 (due to the large Cy) of the INM model.

The estimates of these climate-system parameters could be biased as a consequence of

13
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the biases in the radiative parameters estimated using the method of Gregory et al. (2004).
The sensitivity of these estimates to a more refined formulation of the two-box model is

explored in Part II.

3) GLOBAL MEAN SURFACE AIR TEMPERATURE RESPONSE

The comparison between the analytical model calibrated from abrupt 4xCO, experiment
and AOGCM responses to the abrupt 4xCO, and the 1% y~! CO, increase up to 4xCO, is
shown in Figs. 3 and 4. For the CNRM and GFDL models, a 2xCO; stabilization scenario is
also available. Note that the analytical EBM results for the 1% 3y~ CO; and the stabilization
cases are computed using the parameters tuned using the abrupt 4xCOs experiment, and
are therefore independent from the corresponding AOGCM experiments. All values are
temperature change with respect to the mean control values over the whole 150 year period.

The simple analytical model is able to reproduce the evolution of surface air temperature
in response to both a step-forcing and a gradual forcing scenario. The fit seems to be
very accurate to mimic the behavior of the surface temperature in a case of an abrupt
forcing, not only at the beginning and at the end of the period (used in the tuning), but
also in the intermediate period of transition between the two modes. However, for some
models, a slight overestimation is observed for the 1% y~! CO, scenario (CSIRO, MIROC,
MPIM) and for the 2xCO, stabilization (GFDL). It may be due to the imperfect logarithmic
dependency between the radiative forcing and the carbon dioxide concentration (e.g. because
of tropospheric adjustment) or to limitations inherent to the linear two-box model such as
the use of a single feedback parameter for all radiative forcing amplitude, the assumption
of linearity between the radiative imbalance and the surface temperature change during a
climate transition or an oversimplified representation of ocean heat uptake.

It is possible that using a median scenario to fit the EBM’s parameters would give more
accurate results. The abrupt 4xCO, case is an extreme case and an intermediate CO5 increase

scenario such as a doubling of carbon dioxide concentration may give more adequate results.
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Overall, it appears that the climate response depicted by the AOGCMs can be captured by

a properly-tuned two-box climate model.

c. Upper and deep-ocean heat-uptake contributions to the fast and slow responses

In this section, the concepts of upper and deep-ocean heat-uptake temperatures are
introduced. The heat-uptake temperature T [Eq. 5] can be decomposed into the sum of

an upper-ocean heat-uptake temperature 1y and a deep-ocean heat-uptake temperature T

with:
1 .dT
Ty = ——C— 2
B 1 dT

The contribution of these two components to the fast and the slow responses are quantita-

tively examined with two forcing functions.

1) STEP-FORCING

In the case of a step-forcing, by using Eq. (5), the heat-uptake temperature Ty is:

- 1 dT(] o f C + (be() —t/Tf C + (bsC() —t/TS
TH(t) = )\C i )\C() i = 22 - are + T, as€ . (25)

The heat-uptake temperature tends exponentially to zero with slow and fast relaxation times:

Tu(t) = 7 [(fo + Fodage™/" + (5o + sp)ae™] (26)

with fy+ fp =1 and sy + sp = 1. Each mode (slow and fast) is respectively written as the
sum of the contribution of each component heat uptake (the subscript U refers to the first
layer and the subscript D to the second layer). Indeed, fy (fp) and sy (sp) are the partial

contributions of the upper (deep) component respectively to the fast and the slow responses:

TU(T,) = —; [fUafe_t/Tf + SUCLse_t/TS] s (27)
Tp(t) = _]X: [fDCLfe_t/Tf + sDaSe_t/Ts} , (28)
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with:

C ¢1Co c $sCo
= — = : = ; = ) 29
fu ATy S 5 Ty ; Su A SD AT (29)
2) LINEAR FORCING
In the case of a linear forcing, the heat-uptake temperature is:
F —t/TZ’
TH(T,) = —p C + Co - Z (C + ¢i00)ai€ s (30)
i:{suf}
which can be rewritten as:
FC+C —t/r it/
Tu(t) = BV = [ho + o = (fu + fp)lye™™ = (s + sp)lee™7] . (31)

where [ and [, are a fractional contribution of the fast and the slow terms: [y +[; = 1. Their
expression is given in Table 1. fy, fp, sy and sp are the same as previously, hy = C/(C+Cy)
and hp = Cy/(C + Cy) correspond to the fractional contribution of upper and lower layers
to the asymptotic heat-uptake temperature which is proportional to the sum of the two heat

capacities:

(32)

3) QUANTITATIVE ESTIMATES OF FRACTIONAL CONTRIBUTIONS

Figure ba shows the fractional contributions of the fast and slow modes to the maximum
amplitude of the heat-uptake temperature for the step-forcing, ay and a,. For all models
except one (CSIRO), the percentage of Ty due to fast response is larger than that due to
the slow response for a step forcing but with a similar order of magnitude. The multimodel
mean value of ay is 59%.

The contributions of the the upper and lower layer heat uptake to the fast (fy and fp)
and the slow (sy and sp) terms are depicted in Fig. 5b, c¢. For the fast mode, the role of the

two components of the system is opposite but with a similar amplitude. For all models, the
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amplitude of the atmosphere/land/upper-ocean contribution 7y is larger than that of the
deep ocean. For the slow mode, the contribution of Ty is negligible (i.e. sy < sp). Then
the temperature slow response is driven exclusively by the deep-ocean heat uptake.

The fast and slow modes of the deep-ocean heat-uptake temperature Tp are of opposite
sign with equal initial amplitude. During a step-forcing transient regime, T decreases from
zero towards negative values (the heat uptake H increases from zero) until the fast mode
becomes negligible. Then T increases slowly and tends asymptotically towards zero. This
non-monotonic time evolution results from the fact that the surface and the deep-ocean
temperature perturbations 7" and T{ associated to the fast response have opposite signs
(¢f < 0): in the fast response, the heat flux between the lower and upper layer is upward —
the deep ocean warms the surface, as pointed out in Section 2.c.1.

In the case of a linear forcing, the contribution I; of the fast term is negligible (Fig. 5d)
with a multimodel mean value of 0.03%, due to the fact that the fractional amplitude /; and [,
are proportional to their respective relaxation times. The heat-uptake temperature is driven
by the deep-ocean heat-uptake temperature slow term (sy < sp) and by the asymptotic
term 7. The upper-ocean heat-uptake temperature fast term reaches its asymptotic value
which represents on average 8 % of the asymptotic heat-uptake temperature Ty. Figure 5e
shows the multimodel contributions to 7% of both upper ocean and deep ocean. However,
on the centennial scale, the asymptotic deep-ocean heat-uptake temperature is not reached,
the deep-ocean heat-uptake temperature slow term being not negligible. As a result, its
contribution relatively to the upper-ocean heat-uptake temperature is smaller during the
transient regime (Fig. 5f). Ty is on average 19% of the heat-uptake temperature at the time
of 2xCO, (t=70 y) and 13% at the time of 4xCO, (t=140 y). Removing the upper-ocean
heat-uptake contribution, the transient climate response (i.e. T" at the time of 2xCO,) would
be on average 0.12% larger, which corresponds to a temperature difference on average of 0.2

K (and a range of 0.1 to 0.4 K).
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4. Conclusion

In this study, we describe the analytical solutions of a two-box energy-balance model
for different idealized forcings and propose a method to tune the parameters of this simple
climate model to reproduce the behavior of individual coupled atmosphere-ocean general
circulation models. In this simple idealized framework, the global mean surface response
change consists of the sum of an instantaneous equilibrium temperature and a disequilibrium
temperature, the heat-uptake temperature, which is a sum of two modes. One mode responds
very quickly to changes in forcing, whereas the other mode has a larger relaxation time.

By analyzing the results of twelve AOGCMs experiments from CMIP5, we show that the
calibration method based on a step-forcing scenario only allows one to derive this decompo-
sition in two modes for any AOGCM. We first show that this decomposition can reproduce
well the behavior of AOGCMs response to a step 4xCO, forcing scenario over the 150 year
period covered by the CMIP5 simulations. We also find that the simple model calibrated
from a step-forcing experiment is able to represent gradual COs-increase idealized scenarios
because the analytic response exhibits a satisfactory fit for the 1% y~! CO, increase scenario
and stabilization when available. We found a clear separation of timescales, since the fast
relaxation time multimodel mean is about 4 years while the slow timescale is about 250
years.

An analysis of the contribution of the two layers’ heat uptake to the fast and the slow
modes shows that the upper ocean heat uptake contributes only to the fast mode that is
shown to be negligible in the case of a linear forcing. It contributes to about 20% of the
deviation from equilibrium in the case of a gradual increase of the radiative perturbation.
In the case of a step-forcing, both layers’ heat uptake contribute to the response amplitude
and the upper-ocean heat uptake plays a key role in the representation of the first stages
of the temperature and radiative flux responses. Thus, this contribution is important to
estimate the amplitude of the forcing from a step-forcing experiment. Moreover, an accurate

representation of the temperature response near equilibrium is necessary to estimate the
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equilibrium climate sensitivity. The two-box EBM is the simplest tool that incorporates
both of these features, and is therefore the simplest adequate model to simulate transient
climate change under all kind of idealized scenarios.

However, a main limit of the simple model used in this study is the intrinsic assumption
of a linear dependancy between the radiation imbalance at TOA and the mean surface
temperature perturbation. In Part II, the two-box EBM with an efficacy factor of deep-
ocean heat uptake proposed in Held et al. (2010) is used to overcome this problem and

applied to CMIP5 AOGCMs.
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APPENDIX

A. General solution of the differential system

By rewriting in matrix form the set of coupled differential equations of the system [Egs.

(1) and (2)], one finds:

dX
with
(TN . |—A+y)/C oy _(FjC
X(t) = (To) A= /G, _ /6 ;: B(t) = ( 0 ) . (A2)

The solution X* of the homogeneous system (B = 0) is given by:
X*(t) = e X(0). (A3)

Yet, A can be factorized as A = ®D®~! where D is the diagonal matrix whose diagonal

elements are the eigenvalues of A. One can show that:

“1/7 0 11
D= and ¢ = : (A4)

0 -1 / Ts ¢ f ¢s
The expression of 7; and ¢; are given in Table 1. Since e = ®e!P O,

6—t/7’f 0
et =a y ot (A5)
0 e s

and the general solution of the homogeneous system is given by:

T*(t) = & iQSf (Te ™ + Tye /™), (A6)
Ty (t) = ¢ i O (OrThe™™ + ¢ Toe™"™), (AT)
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To obtain the general solution of the non-homogeneous system (B(t) # 0), one can use
the method known as wvariation of parameter by determining a particular solution of the
form X (t) = e!4U(t). By noting U’(t) = (e!4)~1B(t), it is possible to derive the vector U.

Finally, for any given forcing function ¢ — F(t), the general solution of the system (A1)

is given by:

T(t) = T*(t) + ¢f (qss / Fe)e- -0 — g, / Fe ‘“/Tsd£> (A8)
To(t) =T (1) + 7(@@@ ( / Flee g - [ #ie ) (a9

Later on, we will consider 7'(0) = 0 and 7(0) = 0. So, we have T*(t) = 15 (t) = 0.

B. Stabilization and abrupt return to preindustrial

forcing

a. Linearly increasing forcing and stabilization

The GFDL provided simulations with a 1% 3~ CO, increase up to a doubling of the
atmospheric CO4y concentration followed by a stabilization of this concentration at 2xCOs.
Such a simulation was also performed with the CNRM climate model. These experiments
are shown in Figs. 3 and 4. The corresponding analytical solution of the two-box model are
described hereafter.

In the case of a stabilization starting from time ¢, of a 1% y~! CO, experiment:

0 ift<o0
Ft)y=¢ Ft f0<t<ty (A10)

Fty if t > tg,
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s the analytical solution for 0 < t < t is the linear-forcing solution [Eqgs (14) and (15)]. For

440

441

442

443

444

445

446

447

448

449

450

4

o1

1

452

t > ty, the solution is:

I(t) =
i={s.f}

i={s,f}

b. Abrupt return to preindustrial (zero) forcing

F

)\

F F _tat
TO(t) >\ st - X Z (szzaz 1 —e 7 )6

t—tgt

F St
X Z Tiai(l—e i )6 T

t—tsy
T;

(3

(A11)

(A12)

Held et al. (2010) highlighted the interest of this case, showing that the slow response of

the climate would maintain a significant climate perturbation, even if geoengineering were

to provide a way to remove large amounts of CO5y from the climate system. We hereafter

describe the analytical solution corresponding to such abrupt return to preindustrial (zero)

radiative forcing from a linear-forcing experiment.

In the case of an instantaneous return to preindustrial forcing at t = ¢, from a linear-

forcing transient regime:

0 ift<0
Fit)=X Ft if0<t<t,
0 ift>t,,

the analytical solution for t > t,, is:

F _tar tor \ _tztar
T(t):X Z TiQ; (e i —1—|—7)e

i={s,f}

_tar tar
- E qu-ai e W —14+—
’7-.

i={s,f} !

)6_

t—tar

(A13)

(A14)

(A15)

When neglecting the fast term, the remaining term, which slowly tends to zero, is the

recalcitrant component of global warming (Held et al. 2010).
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C. Periodic forcing

The two-box EBM can be used to understand not only long-term climate trends due

COq, but also to study climate perturbations due to other radiative perturbations (such as

perturbations of the solar forcing), and even climate variability resulting from the variability

of the radiative forcing. As an example, we hereafter give the analytical solution of the

two-box EBM response to a periodic forcing, that could be used to understand the climate

variability associated to the natural solar variability.

In a stationary regime, the solution of a periodic forcing F(t) = Fe

o Co’iw + 7y
T = (Ciw + X+ 7)(Coiw + v) — 72 F1),
T(t) = > F(t).

(Ciw + A+ 7)(Coiw + v) — 72
The transfer function H of the system is thus:

) ar N as
T.,(t)  |[1+iwrs  1+iwr,

H(iw) =

We can also write the transfer function upon a canonical form:

i 14
W) = — , ,
Gf + ¢k 41

wo

by noting wy = 1/(ay7s + as7y), wo = 1/\/757s and § = (77 + 74) /(2,/T57T5).

By using the notation @ = w/wy, the gain G of the system is given by

T+ @
V({1 —T%)? + (26w)?

w 28w
®(w) = arct — t :
(w) = arctan <w1) + arctan <w2 — 1)

G(w) = [H(iw)| =

And the phase ® is:

wt 3.

(A16)

(A17)

(A18)

(A19)

(A20)

(A21)

The Bode diagram which plots 20 log G(w) and ®(w) against logw is represented in Fig. 6.

Asymptotically, we have:
Glw—0) = 0,
Gw —o00) = —20logw + 20log(w.),
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with a cut-off frequency

W, = wg/wl =

A

ok

(A24)

For the 11 year solar cycle, with A = 1.3 Wm 2 K1, C=8Wym 2K, Cy =100 Wy m2

K-tand vy = 0.7 W m~2 K~!, the amplitude of the response is attenuated by approximatively

10 dB and is shifted by about 4 years.
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TABLE 1. Summary of definitions of two-box model general and mode parameters and
relationships between mode and physical parameters.

Definition of general parameters
— My 7
b= C + Co

pr = 2 _ o

C Co
12 AN
5= — 422

Mode parameters
fast slow
d)sTf d)f Ts )\

ar = O(¢s—¢f))‘ Us = ~T(os—0y)
o5 = (0" = Vo) | by = 5 (b +V9)

=520 — Vo) | 7o = SR (b + V0)

_ A
ls = asTsoiey

_ A
lf = afo—C—i—Co

Relationships between parameters
ar+as=1

ag/7 +as/7s = \/C
Tray + Tsas = (C' 4+ Cp) /A
Tras + Tsar = Co/7y
Grap/Tr+ ¢psas/Ts =0
775 = CCy/ (M)

C+ ¢iCy = A1y

C+ ¢sCy = A7

pray + ¢sas =1

props = —C/Cy
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TABLE 2. The 4xCO, radiative forcing Fixco,, radiative feedback parameter A for a CO,
perturbation, and 4xCO, equilibrium temperature Tycco, estimates of the twelve CMIP5
models studied in this paper, and their multimodel mean and standard deviation. The
version of the model used in this study is also indicated.

Fixco, A Thxco,

Model (W m™) (Wm=2 K1) (K)
BCC (BCC-CSM1-1) 6.7 1.21 5.6
CCCMA (CanESM2) 7.6 1.03 7.4
CNRM (CNRM-CM5.1) 7.3 1.11 6.5
CSIRO (CSIRO-Mk3-6-0) 5.1 0.61 8.3
GFDL (GFDL-ESM2M) 6.6 1.34 4.9
INM (INMCM4) 6.2 1.51 4.1
IPSL (IPSL-CM5A-LR) 6.4 0.79 8.1
MIROC (MIROCS5) 8.5 1.58 5.4
MOHC (HadGEM2-ES) 5.9 0.65 9.1
MPIM (MPI-ESM-LR) 8.2 1.14 7.3
MRI (MRI-CGCM3) 6.6 1.26 5.2
NCC (NorESM1-M) 6.2 1.11 5.6
Multimodel mean 6.8 1.11 6.5
Standard deviation 1.0 0.31 1.6
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TABLE 3. The atmosphere/land/upper-ocean surfacic heat capacity C', deep-ocean surfacic
heat capacity Cy, heat exchange coefficient v and fast and slow relaxation times estimates
of the twelve CMIP5 models used in this paper, and their multimodel mean and standard
deviation given for the 12 models ensemble and by excluding the INM model.

C Co v Ty T

Model Wym?K'H) Wym?K'H) (Wm?KYH  (y ()

BCC Bcc-csmi-1) 7.6 53 0.67 4.0 126
CCCMA (CanESM2) 7.3 71 0.59 4.5 193
CNRM (cNRM-CMs5.1) 8.4 99 0.50 5.2 289
CSIRO (CSIRO-MK3-6-0) 6.0 69 0.88 3.9 200
GFDL (GFDL-ESM2M) 8.1 105 0.90 3.6 197
INM anmcma) 8.6 317 0.65 4.0 698
IPSL (1PSL-CM5A-LR) 7.7 95 0.59 5.5 286
MIROC (MIrOCS5) 8.3 145 0.76 3.5 285
MOHC (HadGEM2-ES) 6.5 82 0.55 5.3 280
MPIM (MPI-ESM-LR) 7.3 71 0.72 3.9 164
MRI (MRI-cGCM3) 8.5 64 0.66 4.3 150
NCC (NorESM1-M) 8.0 105 0.88 4.0 218
Multimodel mean 7.7 106 0.70 4.3 257
- without INM 7.6 87 0.70 4.3 217
Standard deviation 0.8 71 0.13 0.7 150
- without INM 0.8 26 0.14 0.7 60
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List of Figures

1

Analogous electrical circuit of the one-box energy-balance model (a) and of
the two-box energy-balance model (b).

Mean surface temperature response (thick black) and its decomposition in
three components, the equilibrium (black dot), the fast (thin grey) and the
slow (thin black) modes, as a function of time for a step-forcing (first row)
and a linear forcing (second row). The dashed grey and black lines denote
respectively the fast and slow modes amplitude. The right column panels are
a zoom over the black box indicated on the respective left panel. Note that
the fast mode and the fast mode amplitude lines are mostly merged with the
y=0 line. Values are for F =39 Wm 2 A=13Wm 2K C=8Wy
m2K! Co=100Wym2K?~vy=07Wm?2K"

Time series of global mean and annual mean surface air temperature change

(gray lines) in response to the abrupt 4xCOs, the 1% 3y~ CO, (until 4xCO5)

and 2xCO, stabilization (when available) CMIP5 experiments for the 6 AOGCMs

with the lowest equilibrium climate sensitivity and of the corresponding EBM
analytical temperature evolutions (black lines) calibrated from the abrupt
4xCO4y experiment only. For each model, the black dotted line indicates the
estimated equilibrium temperature response Tj.co, for 4xCO, step-forcing.
All values are temperature changes with respect to the mean control value
over the whole 150 years period.

Same as Fig. 3 for the 6 AOGCMs with the highest equilibrium climate

sensitivity. Note that the scale of the y-axis has been modified.
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Multi-model values of (a) the mode parameters (ays, a;), the upper-ocean
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Bode diagram of the the climate system in the framework of the two-box
energy-balance model: gain G in decibels (left) and phase lag ® in radians
(right). For the gain plot, the values of the asymptotes (gray lines) are given
in the text. The vertical dotted lines indicate a periodic forcing of 11 years.
Values of gain and phase lag are for A = 1.3 Wm 2 K™}, C =8 W y m™?
K1 Co=100Wym?2K?! v=07Wm?2K"
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a) One-box model b) Two-box model
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FiG. 1. Analogous electrical circuit of the one-box energy-balance model (a) and of the
two-box energy-balance model (b).
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a) Step forcing b) Step forcing (zoom)

[ 4
4 = T ST
T — oL i
2r/ , |
< <
— —
o} 0
e I
2 ] s 4 Y ]
0 200 400 600 800 1000 0 50 100 15¢C
time (y) time (y)
c) Linear forcing d) Linear forcing (zoom)
40 T T [ T T
I 61 .
305 ar 2
o 201 2 1
< . < I
T 10 "o
L _2; —
0 - |-
- = 7 b
_10 L L L L I I
0 200 400 600 800 0 50 100
time (y) time (y)

Fia. 2. Mean surface temperature response (thick black) and its decomposition in three
components, the equilibrium (black dot), the fast (thin grey) and the slow (thin black)
modes, as a function of time for a step-forcing (first row) and a linear forcing (second row).
The dashed grey and black lines denote respectively the fast and slow modes amplitude. The
right column panels are a zoom over the black box indicated on the respective left panel.
Note that the fast mode and the fast mode amplitude lines are mostly merged with the y=0
line. Values are for F=3.9Wm 2 A=13Wm?2K 1L C=8Wym 2K Cy)=100 W
ym 2K y=07Wm?2 K
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F1G. 3. Time series of global mean and annual mean surface air temperature change (gray
lines) in response to the abrupt 4xCO,, the 1% 3y~ CO, (until 4xCO,) and 2xCO, stabiliza-
tion (when available) CMIP5 experiments for the 6 AOGCMs with the lowest equilibrium
climate sensitivity and of the corresponding EBM analytical temperature evolutions (black
lines) calibrated from the abrupt 4xCO; experiment only. For each model, the black dotted
line indicates the estimated equilibrium temperature response Ty co, for 4xCO, step-forcing.
All values are temperature changes with respect to the mean control value over the whole
150 years period.

36



T (K)

T (K)

T (K)

CNRM

10

o N b~ OO
R B .

150

10

o N B~ OO
LA I .

150

10

o N B~ OO

0 50 100

time (y)

150

T (K)

T (K)

T (K)

107

o N B~ OO
T :

50 100 15C
time (y)

IPSL

107

(00]

o N B~ O

107

50 100 15C

o N B~ O

50 100 15C
time (y)

Fi1c. 4. Same as Fig. 3 for the 6 AOGCMs with the highest equilibrium climate sensitivity.

Note that the scale of the y-axis has been modified.
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F1G. 5. Multi-model values of (a) the mode parameters (ay, as), the upper-ocean and deep-
ocean heat-uptake temperatures’ contribution to: (b) the fast mode (fy, fp) and (c) the
slow mode (sy, sp), (d) the mode parameters (Is, l5) in response to a linearly increasing
forcing, (e) the upper-ocean and deep-ocean heat-uptake temperatures’ contribution to the
linear-forcing asymptotic term (hy, hp), (f) the ratios Ty /Ty and Tp /Ty at the time of

2xCO, for the 1% y~! CO, experiment.

38



Period 8/ Period 8/)
10000 1000 10 10 1 10000 1000 10 10 1
0 T T T T \ 0.00 ‘ T T T 1
_10,
) =)
S -20¢ £ -war -
O =4
_30,
_40 I I I el _Tl-/2 I I I ‘ I
104 10% 102 10! 1 10 104 10° 10% 10! 1 1C
) w(y)

Fi1G. 6. Bode diagram of the the climate system in the framework of the two-box energy-
balance model: gain G in decibels (left) and phase lag ® in radians (right). For the gain
plot, the values of the asymptotes (gray lines) are given in the text. The vertical dotted
lines indicate a periodic forcing of 11 years. Values of gain and phase lag are for A = 1.3 W
m2KLC=8Wym?2K?!Ch=100Wym?2K!~y=07Wm 2K
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