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[TOHCKOBOE W BEPHIMHHO-TMIOMCKOBOE YUC/I0 JBONCTBEHHbBIX
F'PA®OB !

II.A. Toaoean. @.B. Qomun

B pabote uccnenyiorcs cBA3M MeKIly NOUCKOBBIM U BepUIMHHO-
MNOHCKOBBIM UNCOM JBoficTBeHHbIX rpadoB. Hapany ¢ ycraHoBIeH-
HBIMH COOTHOWEHUAMH GOPMYINPYIOTCA U OBCYIKIAIOTCA HEKOTO-
pble THNOTEe3bl, KacaloUluecs 3THX CBA3e.

ITousTue nouckoBoro uncia rpada 6si1o BBeneno T.J1. Mlapcorcom (cm.
[8] u, nesaBncumo or Hero, H.H. IletpossiM ([11]), koTopbie paccmMoTpenn
cenyIouryo 3ajady novcka. Ha MHokecTBe, IpencTapisonueM coboft cBa3-
HbL# Toronoriveckufl rpad, HaxoIATCA yoeralowuit ¥ rpyrna npecjieaoBa-
Tenefl, KOTOpbie MOTYT TlepeMellaThcA Mo rpady MO HEMpPepbIBHBIM Tpa-
ernTopuAM. (4lTaeTcs, YTO MpeciefoBaTeny He BUOAT yberawoliero u He
pacrosiaraloT HHKaKUMM CBEIeHUAMH O ero IOJ0XKeHUN U MepeNBUKEHUAX.
[lesbio mpecnenobateneit ABNAeTCA HaXoIeHHe (TOMMKa) yberarouiero.
Y6eraroumit cauraeTcs HaliIeHbIM, €M OH OKa3blBAa€TCA B ONHON TOHYKE C
KaK1IM-/11160 mpecnenoBateneM. CTaBuTcs 3aada ONPeNeTeHUA MUHUMAIIb-
HOTO YUCla IpecenoBaTesneft, JOCTATOYHOTO A YCHEIHOTO 3aBepLIeHNA
[MOHMCKA MPH 11000M NOoBeIeHNUN yberaouero. Jta Belu4iHa i Oblila Ha3BaHa
TIOMCKOBBIM UIICJI0M Tpada.

3azaua roncka npuBieka k cebe BHUMaHYE U aKTHBHO MCC/I€I0BAIACh.
BeisicHIT0Ch, B 9acTHOCTH, YTO OHa VMeeT KOHKPETHOe MpUK/aJHOe 3Ha-
4eHHe, MOCKOIbKY NOMCK yberaiourero Ha rpade MOMKHO TPaKTOBaTh Kak
MOICK KOMIIBIOTEPHOTO BHUpYca B ceTH. Kpome Toro, okasajioch. 4To momuc-
KOBOe 4ICJI0 rpada TecHO CBA3AHO C LENoi cepuelt Ipyriux UMnc/IeHHbIX Xa-
PaKTepHCTHR rpadoB, MIpelcTaBIAIoMIX 6osblIofl HHTEpeC ¢ MPUKIAIHOLN
Il TeopeTHUeckoll Todek 3peHusa. B nepByio oyepens cienyer ynmoMaHYTb
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XapanTepHCTHKH TpadoB, onpenendeMble ¢ MOMOUIbIO ONTHMAIbHBIX (110
PASTITYHBIM KPHTEPHAM ) HYMepalliit BepuIiH. JTO UWIMPHHA JIeHTbl rpada,
HPHHA pa3pesa, Ipodu/b, BeIHYIIHA BEPIIMHHOTO pa3fie/leHud i ApyTHe.
Taksie BbIABUIACH CBA3D MOMCKOBOTO HIICTa M TAKMX MHTEPECHBIX Xapak-
TepieTuk rpada. Kak nyTeBad W gpeBecHas wipuHa. Bonee mompobryio
iHdopMallio 0 BeeX 3TUX pe3y/ibTaTaX MOKHO Haittu B ob63ope [1].

Hapsaay ¢ onucannoit 3anaveit noncka Ha rpadax paccMaTpHBAINCh U
apyrie 3agaun. B paborax [4, 5] Gbuta BBenena 3anada, KoTopas, M0 CyTH
ae:ia. OTMIUYAnIach YC/IOBHEM YCIEUIHOro (¢ TOYKH 3pEHHHA [IpeciienoBaTe-
steit) saBepiuenus noncka. Ilouck cunrtaeTcsa ycrneurHo 3saBeplieHHBIM, eCiln
vberatouuit okasbiBaeTcs Ha pedpe. Ha 06OHX KOHLAX KOTOPOTO HAXOHATCA
npec.ieoBaTed. MHUHUMAaNbHAA YMCIEHHOCTh KOMaHIbl IIpec/ieoBaTeed,
JoCTaTouHasA JUIA yCNeUHOro 3aBeplIeHHsA [JOUCKa B TOM BapUaHTe 3aJaqH,
Ha3bIBA€TCA BEPIIHHHO ITOMCKOBBIM UIICJIOM Tpada.

B nacTosiuleit pabote paccMaTpHBAIOTCHA HEKOTOPbIE COOTHOWCHNA MeK LY
TTONCKOBBIM MHCJIOM [JIaHAPHOrO rpada i BEPUITHHO-TIONCKOBBIM YHCIOM
nBoficTBeHHOIO K Hemy rpada. B amccepraumonrofi pabote [10] 6bi1 mo-
KasaH ciaeayiouwuil ¢axt o rpadax IpaBUAbHBIX MHOIOTDAaHHHKOB (CM.
puc. 1).

Puc. 1. I'padbi mpaBunpHbIX MHOrOrpaHHUKOB: TeTpa3ipa, OKTa’apa,
Ky0Oa, ukocasapa. gojgeKasapa.
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OxasbipaeTcs, nonckosbie dncia rpados TeTpasapa, Kyba i HoIeKasIpa co-
BIIAJAIOT ¢ BePUIMHHO-MOMCKOBBIMH YHC/TaMH OBOMCTBEHHbIX K HIM rpados,
T.e. rpadoB TeTpasapa, OKTasapa M HKocasnpa. B nacTosmeit paboTe Mb
TIOKa3KeM, UTO JaHHOe cOBIaJeHHe HHBAPHAHTOB He c/Iy4aiiHo, a ABAAETCA
creficTBreM bostee riybOKMX Pe3y/IbTATOB O [OUCKOBOM WHCIIE TIAHAPHBIX
rpados.

1. OcHOBHbIE IOHATHUSA

B AdaHHOM pa3nefe BBOOATCA OCHOBHbIE OIpelle/ICHNA, UCIIO/IIb3yeMbi€ B
pabote. OTMeTHM cpa3sy, UTO Mbl UCIOAb3YEM CTAaHOAPTHble 0603HaUYEHUA
Teopun rpadoB, ¢ KOTOPHIMH MOYKHO [TO3HAKOMUTHLCA, Hampumep, B [12].

Mbi e 6ymem npuBoguTh GopMaibHOl MOCTAHOBKH MCXOTHBIX «HEIpe-
PbIBHBIX» 3ajJaY IMOMCKa, OIICaHHbIX BO BBO}IHOF[ HacTH, IIOCKOJIBKY OHH,
Kak ObuIO mokasano B [9, 10], B KoHeyHOM HTOre, CBOIATCA K Ooslee mpo-
CTbIM JHCKPETHbIM 3agavaM. MoxkHO cYWTaTh, YTO HpecIenoBaTENd MO
ouepel NepexonAT U3 BepUIMHb B Bepiunny rpada. Taxse ynobxo npen-
1nojlaraTh, 4TO Npec/iefoBaTe/ld MOTYT MOKUIATh I'pad U BO3BpallaThCA Ha
nero. [lna Toro, 4T06bl BHIACHUTD YCNEUIHOCTD 3aBeplleHiA IONCKa, ITPOoliIe
HE€ paccMaTpHBaTh BCEBO3MOKHDIE TPaeKTOPHHA yﬁera,fomero., a CIeIUTh 3a
TeM, KakK MeHAeTCcA MHOKeCTBO TOY€EK. B KOTOpPBIX, B IPHUHIIUIIE, MOMET Ha-
XonuTcA yberawoiumnit, a TakkKe MHOKECTBO TOYEK, B KOTOPbIX €ro He MOKET
Ob1Th. Taknm 06pa3oM, MOUCK MOYKHO IPEICTABUTD Kak IPOIEC «OUHCTKHE»
rpada oT «pacublIéHHOr0» yberatomero. CooTBETCTBEHHO, T€ BEPUINHBI 1
pebpa, Ha KOTOPbIX MOYeT HaXOOUTCA yberaiouinil, Ha3blBalOTCA «3alpA3-
HEHHBIMI», & Te, TIe ero He MOKeT ObiTh, — «OUYHMINEHHBIMU». B mTore no-
AydaeTcd clIedyiollas 3ajada, KOTOPYIO QymeM HasbiBaTb 3aflauell moucka
(1).
Hycts G = (V, E) — cBasubiit rpad. Onpenenum nouck Ha rpade G Kak
KOHEYHYIO I0C/IeJ0BaTeTbHOCTD XOI0B, HA3bIBAEMYIO NPO2PaMMOTi Noucra.
Kask(piM X010M MOXHO OCYIIECTBUTH ONHO U3 Tpex melicTsuii:

l. nmomecTnTb mpecnenosaresid B HEKOTOPYIO BEPIIMHY T'pada;

2. mepeBecTH OJHOIo M3 TIpecienopaTenefl, HaXxonAllerocs Ha rpade, us
OJIHOM BepIIMHbI B CMEXKHYIO €fi 1o coequHAIOLIeMY UX pebpy;

3. yOaauTbh ONHOTO U3 NpeciemoBaTeliell ¢ rpada.

(‘ynrTaeTcA, YTO B HadalbHbIT MOMEHT Ha rpacde HET npeciegoBaTesell u
BCe BEPLIMHBI I pebpa ABNATCA 3arpA3HEHHbIMU. 3arpA3HEHHaA BepILHA
rpaca CTaHOBHTCA OYMILEHHON IOCTE HEKOTOPOTO XOHa, ecd B Hell mo-
C/1e 3TOro Xoa OKAa3bIBAaeTCA TpecieNoBaTellb. 3arpAsHeHHoe pebpo (u,v)
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CTAHOBHTCA OYHILEHHBIM [OCAe XOda, eCiTH Mo HeMy NepeMeiacTcs mpeciie-
JoBate/lb, MPUYeM ecliH [Ipec/eoBaTe/lb NepeMellaeTcs 13 BePIUHbl U B
BEpUIMHY U, TO JIHOO B MOMEHT BbIIIOJHEHUA X0ja B BepUINHE U JOJIYKeH Ha-
XOINTbCA elle OLUH NpeciexoBaresb, 60 k MOMEHTY BblIIOIHEHIH XOHA
Bee ocrailbiibie pebpa, UHIMIeHTHDIE U, JOJAHBL OblTh OunuIeHHbIMY. OQup-
IeHHAS BePUIIHAa BHOBb CTAHOBHTCH 3arPA3HEHHOI, CC/111 OHA OKa:3blBAETCH
NHITNOEATHON 3arpA3HeHHOMY pebpy B MOMEHT. Koljla B Heil HeT npeciie-
AoBarens. ((00TBETCTBEHHO, OYHUICHHOE PEBPO CTAHOBHTCS 3al PASHEHHbIM
€c/T OHO OKAa3bIBAeTCA MHIMIEHTHBbIM 3arpA3HEeHHOH BepUINHE.

[Tporpanma moncka Ha3biBaeTcd 6uUZPHEANULET, €CTH TIOCTe TIOC/Te]]-
Her'0 Xoila BCe BeplInHbl 1 pebpa rpada ABAAITCA ounmeHHBIMH. Ecmn
mociie KayJoro Xofa Ha rpade HaxomuTca He Gonee k mpecienosareneii,
TO FOBOPAT. YTO AMA OCYIECTBJIEHHA NPOrPAMMbl JOCTATOUHO k Mpecse-
nosareneil. Iloucxosnm wucaom rpada (G Has3bBaeTCA MUHHMAIbHOE Ha-
TypajibHoe UHca0 A Takoe, 4To Ha rpade (7 cyUIecTBYeT BbIHIPbIBAIOLIA
[TporpamMMa MOMCKa, JJIA OCyLIecTB/IeHIIA KOTOPOl NOCTATOYHO k Mpecieno-
Bateseii. [Toncrosoe uncio rpada (¢ oboznavaerca yepes s(().

OrmeTnm Basxmbrll dakt (cM. [6, 2]), KOTOPbIII COCTOMT B TOM. 4TO €C/TH
MOHUCK MOYKHO 3aBepUINTDh YCIeMHO, TO €ro YAaeTcA MPOoBecTl Tak. YTobbl
OIHayKIbl OUHINEHHblE BEPUINHbI U pebpa He CTAHOBWINCH Gbi 3arpA3HeH-
HBIMH, TO €CTh MOHOTOHHO yBeIUYHBafA OYHUIEHHYIO 00acTh rpada. Co-
OTBETCTBYIOLIIEe TIPOTPaMMbl ITONCKA Ha3biBAIOTCA MOHOTOHHbIMH. MbI 10-
IMOJHHTEIBHO 6y11eM npennosjaraTh, 9To IpH OCVIIECTBAEHITH MOHOTOHHOMH
MPOrpaMMbl He paspellaeTcf MePeBOINTH MpeciiefoBaTeNla 13 BePIINHbI B
BEPIINHY 10 yjKe OYHUIeHHOMY pebpy. BblmonHeHIs »Toro ycrnoBHA ferso
10BUTHCH, 3aMeHAA IePEXOIbL 110 pebpa Hapoil XO0B: YAalCHHEM Ipece-
JloBaTeslA 13 OMHOrO KOHIa Pedpa I MoMeIIEeHIeM IIpeciiefoBaTesd B APYToii.

CoBepilleHHO aHATOTMYHO ONpeeIAeTCA 3a0aya MOUCKA, ¢ TOMOILBIO KO-
TOPOH BBOAMTCA 6EPULUHHO NOUCKOSOE YHCTO. ITY 3amady Mpl 6viem Ha-
3blBaTh 3amadeil moucka (2).

[ycts G — cpas#biil rpad. Onpeneniiv Temeps mporpamyy MOHCKa Ha
rpade (¢ Kak KOHEYHYIO TIOC/IeOBATEIbHOCTD XOIOB ABYX BILI0B. Kask1pim
XOIIOM MOKHO OCYLIECTBUTH CIELyomue HeicTBUA:

l. nomecTHTh mMpecnenoBaTens B HEKOTOPYIO BepIIMHY I'pada;
2. yOaauTh OIHOTO H3 IpeciegoBaTefeit ¢ rpada.

Cuntaerca, YTo B HaYasIbHBII MOMEHT Ha rpade HeT mpec/enoBateseil 11
BCe BEPLUMHBI I pebpa ABIAIOTCA 3alrPA3HEHHbIMU. 3arpfAsHeHHad BepLIMHa
rpada CTaHOBHTCA OYMIIEHHOII I10C/e HEKOTOPOTO XOa. eC/TH B Hell Iocie
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2TOTO XOfa OKa3bIBAETCH MpeciiefoBaTeNb. 3arpA3HeHHOe peGpPo CTAHOBHTCA
OHILCHHBIM M0C/IE TOTO, KaK B 00OHX ero KOHIAX MOC/Te OYepPeqHOTO Xoma
OKasbiBatored npecnenosarenu. Ilpasmma, no koTopbiM oummeHHbIe Bep-
UIHHBI 1 1)96[)’:‘1- MOI'VT BHOBb C¢TarThb -'Sa.I'pﬂ'SHE‘HHhIMH: ocTawTCA MpexXHUuMH.
Bepuunno-noucsoswm unciom rpada G HassiaeTcn MHHIIMaJIbHOE HaTy-
paibHoe uHca0 k Takoe, uTo Ha rpade (7 CYLIECTBYET BbIUTPbIBAIOIIAA IIPO-
PaMMa TOMCKa, 1A OCyUleCTBACHNA KOTOPOit nocTaTouHo k Tpeciemosa-
reneii. O6osHayaeTCA BepUIMHHO-IONCKOBOE YICIIO rpada G uepes ns(G).
Tax e, karn B cydae nonckosoro 4HcsIa, MOYKHO paccMaTpHUBATh MOHO-
TOHHbIE Mporpammbl roricka. [lonckosoe 4nco rpada recHo cBasamo ¢ Y-
CEHHBIMIT XapaKTepHCTUKaMi rpadoB, ompenenseMbiX ¢ MOMOUBIO ONTi-
MAIBHBIX HyMepauuit sepuine. B nanuoit pabore wam nomamobures omsa
113 HUX.

lycte ¢ = (V.E) — rpadp ¢ n BepuinHamu.  Hymeparmeit sep-
WIH rpada (7 HasbiBaeTCs B3ANMHO OTHO3HAUHOE orobpaxenune f:V —
{1, 2.....n}. lns rpadpa G u HyMepauun f onpefenM BeTUYHHY

.

cw(G, f) = max |{(u,v) € E: f(u) <1, f(v) > 1}

1<i<n~1
Olupurot paspesa (cutwidth) rpada G naswipaetcs pernyuna
cw(() := min{cw(G, f): f — nymepauus pepums G}.

Ussectro (em. [7]), uto ecnt y rpada G see BEPIIMHbBI IIMEIOT CTeNeHH, He
npesocxonamme Tpex, 1o s(G) = cw(G).

Hanomuim B sakmodennn sroii wacti oIpenesjieHHe JBOICTBEHHOIO
rpada. llycrs & — nnanaphsiit rpad. Paccmorpum yknanky storo rpada
Ha niockocTi. Q6o3HaunM depes F MHOMECTBO rpaHeil 3ToOll YHJIagKu.
Hycts G* — rpad ¢ muosxecrsom Bepunn F, npe BEpIIUHbI KOTOPOro (To
€CTb TpaHIl (7) ABAIOTCA CMeXKHBIMU TOTA 1 TOMBKO TOTMA, KOTIa rpaHu
ABIAIOTCA COCEMHMMHU, NPUYEM YHCIO pebep, COSNUHAOUINX TH BepIINHbI
paBHO unciy pebep, paspensmiomux rpami. [pad G* HasbiBaerca rpadom
ABOACTBEHHbIM (/1 reoMeTpiyeckn ABolicTBerHbM) rpady G. Quesmmro,
ato (3° Takske ABAAeTCA MaaHapHBIM rpadom. OueBnmHO TaKKe, 4TO y
rpaga MoseT GbiTb HECKOIbKO IBOHCTBEHHBIX eMy rpa¢oB (B 3aBUCHMO-
CTH OT BbibOpa ykmaak#). 3aMeTHM Kpome TOro, 4To rpad G aBnsercs
rpadom. nBoficTBeHHBIM rpady G*.
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2. Ilouckosoe uncio nnanapHoro rpada 1 BepuIMHHO-
TIOMCKOBOE YHCJIO OBOHUCTBEHHOrO K HeMy rpada

B aron pasgene npHBOAATCA OCHOBIBIC PesyibTaThl pabotbl.  Oueri
BHAYAIC TTOHCKOBOC YIIC/10 [IaHapiore rpada ¢ 1meboabiin creneisaym
BCPUII CHIIZY Yepes BePIIIITHO-NOICKOBOEC HI1¢. 10 ABOTICTBCHHOTO I'pada.

Teopema 1.[Iycmwn (0 J6YCoATHBL NAGHAPHHL 2pad. Gee cmeneH
sgeputtr Nomopozo He npesocrodam. 3. Toeda s((7) = ns((™).

JORABATEIALCTBO.  Eet rpad ¢ naeer ve Godaee ABYS Bepiiimn. 1o
Vipepinietie treopesbl ovesiino.  Hpeanonomsia. vro s (0 Hoaece apyx
BCPULTTL

PacexioTpiM npoisBoabHY 0 MOHOTOHHYIO BbIHEPBIBAIOILYIO TPOIPAMAIY
notieka 2 na rpadge (0 (B enbiene sagaiit nonera (1)), j1s oevinecrsachng
LoTopoil 1oc ratoriio s( () npecietoaresieil. Hoorpoun, nocieiosareinio
HPOCMATPHBA XObl FTOM PO PAMMDBL. IPOrPaMMY Toticra 77 va rpade (7~
{VRe B3 eablcade saladin noncera (2)). Foam ouepe by Xo10M 11Pporpasb)
I’ nipeciaedgoparens aubo novemacten na rpad. anbo vianseren ¢ rpada.
FO MBI CPA3Y HEPEXOIAHM K CIICAVIONeMY XOAY 3 1oil nporpasibi. [peianosio-
ARTM. UTO OYePEHbBIN XOI0M MporpaMabl £ 11pecie1oBaTemb nepesojiren
13 BCPULITHBL ¥ B Bepiunuy ¢ 1o pedpy (v, o). Hocwoiabry nporpasziaia 2
ABAACTCR MOHOTOHHOI. PeOPO TP ATOM CTalOBITCH OUUeTbIM.  Pebpo
(u.e) pasiacaser rpann [ g newoTopoil YRIaARN rpada (7, ABIAONNec:
septuttanin (2 Tpin nocrpoeninn nporpasayn P* nosecting npecieiona-
resleil B Te BEPUIMHBL 113 [ 11 ¢. KOTOPbIC elle He SIBAAIOTCH OYHLICHIIBIMIL
[Hocne sroro yiaanms npecienosareseit n3 pepuiid (%, v KOTOPbIX BCC HHIITI-
JIEHTHDIE 1AL pebpa cTail ouuienibiNIL  3aTes nepeiiea K ey ioues v
xo1y nporpaiibt P. 11 tar jlanee.

Herpyano Bugetns. tro nocrpoetinas nporpaziva P* s meres Moo rol-
Holl BbIUTphIBaolell 1porpaMmoil nolicka na rpade (B cambleiae 3agatii
noiena (2). dowaswenm, wro 1 ee Buinosanens joctarouno s((f) npecie-
JoBareseil.

st 9Toro voemuMes., 1o "Ici1o UpecIeoBaTe el . HaX oM HIXCH 1HOCTe
Kay10I0 Xoda Iporpaymbl [ na rpade (¢, 1€ mIpeBorxoJAnT Hnea 1pe- |
caegosartetefl. Haxousuuxes na rpade (7 noce cooTBETCTBYIONCTO X0/ la
porpanib .

Paceyotpiiv 1o ouepemn Bee pepurnibi rpada (%, B LOTOpbIX HOC1€
HEKOTOPOT0 NXONQ P COIVIACHO HPOrpamie P* HaXonATCH HPec1c10BaTe 1.
Hyers [ rTakas pepwiuHa. byviem cuirrarh, UTo Xoi p 0o nporpamae
P~ ObLi1 10cTpoeH Npi NpocMoTpe Xoida ¢ no nporpamye P, Bepunma [
rpada G~ cOOTBETCTBYET HEKOTOPOI Ipanil Viaaziri rpada (. orpaHHIeH-
noit pedpantr (vy, va).. ... (Cporatu). (0. vp). OOPABYIONMMII TLKIT B CILTY
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apyesasgoct rpadga G. Hlockoibky B Bepumiie [ HaXOmITCA 11pec.1e1oBa-
Telb, 10 cpeian pedep (21, 02)s . - oy (Vnets U )y (Vns 1) JOTKHEBL ObITH pebpa,
oviebie mociae xoxa ¢ nporpammbl . Pacemotpuy aBa cityuad.
[Ipeanonomin coavasa, 4To Bee 3TH pebpa ABIAIOTCA OUHLICHIHBIMIIL
Tawasn ciryattins MOReT BOSHITKHYTH TOTHKO TOI1a, KOUILa XOIOM ¢ OMHiIa-
CTesl OJHO 113 HILX. -[_[}-"(“I'h. A ONMpeIeneiHOCTII. XOAOM ¢ npeciejoBareilb
HePEeBOIITCA 113 BEPIINHBI vy B BEPUIMHY vy. B 3ToM ciyuae nocie xona ¢
B Bepuilide v, OviaeT He Meliee JIBYX npecieigoBatereii. (‘onocraBin JIBYX
us maux pepunHe f rpacda (7o (cM. mepsbiit rpad Ha puc. 2. 3mech 1 Ja-
s1ee FMPHBIMIT JIMHHAMH [OKa3aHbl OYHIIEHHBIC pebpa, a UpecIegoBaTeil
obosnatennl Gyvisami Py, P,). Ecan nipecienosaresneii 6oibiie 1BYX, TO Bbl-
Oepen Tex. KOTOPbie Obl/IH COOCTABICHBI MEHbLIEMY YICY Bepuiny rpada

o

il

Pl P1

Pue. 2. K pokasareabersy teopembr 1.

Jomyerin Tenepnb. 1To cpean pebep (vy, ). . .., (o1, ). (U, v)) Ha-
JyTeH pebpa, ABAAIOUIECH 3arPA3SHEHHBIMI HocTe Xoda ¢. BymeM cuuTarh.
410 pebpo (vy.v,) ABIAETCH OYHIIEHHbIM, v, ¢ € {1,...,n— 1} - BepuiuHa
¢ HAMMEHLUINM HOMEpOM. HHUNACHTHAA 3aIpA3HeHHOMY pedpy (v, viyy), a
tis J e 2 0 n} — BepumHa ¢ HaboIbILIM HOMEPOM. ITHITICHTHAA 3a-
rpasuertHoMy pebpy (v;-1.v;) (M. sropoil rpad na puc. 2). B pepmunax
v o1r, TIocTe Xoda ¢ 1o mporpaMue [’ JofsKHBl HAXOOHTLCA NPecieno-
parenn. (lormocrtaBuM BepllltHe [ OIHOTO MpecieoBaTeId U3 v; U OIHOTO
rpecnenosatens u3 v;. Ecim B ongnoil n3 »Tnx pepuinn 6ojee 0IHOTO Ipe-
cleNoBaTe/IA, TO COMoCTaBIdAeM [ TOro w3 HHX, KOTOPbIT BbLI comocTaBieH
MeHbIIEMY ey Bepuinn rpada G=.

Tarknum obpaszom, kaskmoii Bepuiute rpada (G*. B KOTOPOH HAXOAATCH
npeciieoBaTen mocie Xola p ro nporpasse [”~, cornocraBisercs j1sa mpe-
creoBaTestA, HaxonAmnxcA Ha rpade (¢ nocie xoaa g no nporpamse P
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B cuny Toro urto Bepmmubl rpada GG uMeroT cTemeHi, He MPeBOCXOIAIIIE
TPEX, O[IIIH MpecJieIoBaTelb MOKET BbITh COMOCTAB/EH MO OMUCAHHBIM Mpa-
BinaM He Gonee, wem nByM BepumuaMm (G*. U3 aToro cpasy cienyer, uto
qHCT10 TpeciiefoBaTelell, HaXogAlmXca Ha rpade G* mocre xoma p, He npe-
BOCXOJUT HHCIIa MpeciefoBaTenell, HaXOAAUNXCA Ha rpade ( mocte xoma
q. ®

Otmernm, uTo Teopema 1 ocTaercs BepHOil 1 B ClIydae, ec/H VCIOBHe
aBycBA3HOCTH rpada (G B GOPMyIHPOBKE TEOpEMbl 3aMEHHTE Ha VCIOBUe
CBABHOCTH. [[OKa3aTenbeTBO CTPOMTCS COBEPHIEHHO aHAJOTHYHO, HO OHO
CTAHOBHTCA Boslee TPOMO3MIKIIM, IOCKONbKY TpaHb yKTaakn rpada G MoskeT
He ObITh OTpaHiTdeHa LHUKIOM rpada.

Ouennm Temepb BepIIMHHO-TIONCKOBOE YHC/IO TUIAHAPHOIO Ipada ¢ He-
GOMBILIMA CTeNeHAME BEPILHH, BCe IPAHN YKTAJKH KOTOPOTO ABJMIOTCI
TPeyronbHUKaM1, CHU3Y Yepe3 NOMCKOBOe YNC/I0 JBOHCTBEHHOI'0 rpada.

Teopema 2.ITycms G — ceaswuti nagnapnniti 2pad, 6ce cmenenu sep-
WUH KOTNOPO20 HE NPe6OCcTO0AM NAMU, a 6ce 2paru ykaadxu (G na naoc-
KOCTRU O2Zpanuvens yuraamu us mpez pebep. Tozda ns(G) > s(G*).

HOKA3ATENBCTBO. [okasem, uto ns(G) > cw(G™). Droro uocta-
TOUHO /Il NOKa3aTe/bCTBa, MOCKOIBKY Y rpada GG* Bce BepIINHbBI HMEIOT
CTeIleHb TPH, U, cieoBaTenbro, cw(G*) = s(G*).

PaccMoTpnM MponsBobHY10 MOHOTOHHYIO BBIUTPBIBAIOLLYO IPOrPAMMY
noucka P Ha rpade G (B cMbicie 3agaunm noucka (2)), I8 ocyliecTBe-
HHA KOTOPO# focTtatouHo ns((7) npecnenosatenefi. [TocTponm, nocienosa-
TeJIbHO TIPOCMATPUBAA XOIbl 3TOI TTPOrpaMMBbl, HyMepaLUIo BepIIiH rpada
G*. Ecmu ovepensbiM XomoM mporpamMMsl P mpeciienoBateib YaanaeTcs ¢
rpada, TO Mbl Cpa3sy IEPEXONMM K CIENYIOUeMY XOLY 3Toil ITPOrpaMMbr.
[Tpenmonosxum, 4To ovepenHbiM xomoMm nporpammer P mpecienoBaTens rmo-
MeliaeTcs B BeplunHy v. B aToM ciyuae nocnenosateasto HymepyioTes Bep-
untHbl (7, COOTBETCTBYIOLIME IpataAM yKaanku (G, Takue, 4To BO Beex Tpex
BEPLIMHAX, OTPAHITYUBAIOUINX HX, OKa3blBAIOTCA MIpecieqosarei. Ecmi Ta-
RIIX TpaHell HaliIeTcA HeCKOIbKO, TO OHU AB/IAIOTCA COCETHMMIT (M. puc. 3)
TaK KaK CTerNeHH BepUIMH rpacda (G He IPEBOCXONAT MATH.

Puc. 3. K noxasarenscrsy Teopemst 2.
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[pann HymepyroTesi nociie1oBaTeIbHO MPOTIB YacOBOH ¢TPENKH OTHO-
CHTEeIbHO BePIUINHbI ¥, KaK MoKa3aHo Ha PUCYHReE. O603H&'—l”M [MOAYICHHV IO
HYMepauuio sepuriH rpaga G yepes f. Tokasmem, uro ns(G) > cw(G™. f).

Paccmorpum nponssosbtoe i € {1.....n — 1}, rae n — vmc10 BepiMH
rpada G*. OBosnadum uepes p xox nporpaMMbl P, mocie KOToporo mo-
ny'nna Homep ¢ sepumHa f~(:) rpada G*. okarkem, uro umcio pebep
(9.h) rpadpa G*, raxux, aro f(g) < i, a f(h) > 1, He mpeBocxomuT YMCcna
lipeciefoBatenedt, HaxonAuxcs Ha rpade G nocte xoma p. Ilyers (g, k)
-— pebpo (7, nna xoroporo f(¢g) <iu f(h) > i. Bepunsb g u h coorBer-
CTBYIOT COCCOHHM TPaHAM Yimaiku rpada G Ha miockoctin. [lycrs (u,v)
— pebpo G, pasaensiouiee stu rpanu. HeTpymso BumeTs, 410 B BEPIIMHAX
U H v TocTe Xona p NOMAKHbI HAXOOUThCA npecienosatenu. ComocTaBuMm
ux pebpy (g,h). Tak kak Bce pepumusl G HMEIOT cTeNeHH, He IPeBOCXO-
Asuiie MATH, KaOblil IpecienoBaTenhb cOMOcTaBieH He Gonee, yeM IBYM
pebpam G*. Ilockonbky i € {1,...,n — 1} 6bi10 BBIGPAHO IIPOU3BOTBHO, TO
ns((G) > cw(G*, f).

Ocratoch 3aMeTHTD, WO NO OTpPeleNeHNIo LINPHHEI Paspesa cw(G™) >
cw(C™. f). ®

I'pad G’ naswiBaerca 2o0meomopdrmm obpasom rpada G, ecn mso-
Mopdnbiil rpady G’ rpad mosxer 6hiTh monyuen us rpada G moMelreHIeM
Ha pebpa (7 HEKOTOpOro WIic/a BeplMH cTemeHH mBa. I'padsl G u F ma-
3bIBAIOTCA 20MEOMOPPHUMU, ECTH Y STHX TPadoB UMEIOTCA H30MOPQHbIE
romeomopdubie obpasbi. IIpu moxasatenbctse Teopemsr 3 Mbl Gymem uc-
N0/b30BaTh Clefylollle nBa o4eBUAHbIX QakTa. Bo-mepsbix, mouckosbie
4HCcTa roMeoMopdHbIX rpados cosnanaor. Bo-BTopbix, ecnu rpad G mo-
nvaeH n3 F nobasnenuem xpatHbix pebep k HexoTopbiM pebpam rpada F,
TO BEpIUIHHO-TIOMCcKOBbIe 4ncaa G u F' coBnamaior.

Obvenunss Teopembi | u 2, Ml IOMTy4YaeM clIelyiollee yTBepIKICHMe.

Teopema 3.1Tycmo G — deyceasnuti naagnapwwti zpagd, ece cmenenu
SEPULUN KOMOPO20 HE NPEGOCTO0AT. MPeT, a 6ce zpany yxaadxu G na naoc-
KOCTRU 02PAHUMEHB YuKAaMU, codepiicawumu He boaee namu pebep. To-
2da s(G) = ns(G).

HOKA3ATEMLCTBO. Hepasencrso s(G) > ns(G*) ciaemyer us Teo-
penbt 1. Jlns mokasaresbcTBa 06paTHOrO HEPaBEHCTBA 3aMETHM, YTO €C/III
rpad GG He UMeeT BepIIIH CTeNeHH TPH, TO OH, B CHITY ABYCBA3HOCTH, ABIA-
eTcs mubo MoNMHbIM rpadoM ¢ ABYMA BepUIMHAMHU, JubO MUKIOM. Jlerko
MpOBepUTh, 4TO B mepBoM ciydae s(G) = ns(G*) = 1, a Bo BTOpOM
8(G) = ns(G*) = 2. Ecin 7&e Tpad MMeeT BepIIEHbI CTETIEHN NBa 1 TPHU. TO
saMeHNM rpad G Ha romeoMopduHblii emy rpad (' 6e3 BeplLIHH CTeTeH:
asa. Us Teopemsr 2 Boitekaer, yto s(G') < ns((G')*). Tax kax G u (¥ ro-
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meomopdubr, To $(G) = 5(G”), a yr1anka rpada G Ha IUIOCKOCTH ABAAETCH
ogHoBpeMeHHO u yknauroft G'. Ilockombky rpad (* nomywaercs 13 rpada
(G')" nobasrenmem HeckoMpKUX KpaTHBIX pebep, To ns(G*) = ns((G')*).

B pesyabrare, s(G) = ns(G*) = s(G') = ns((G")*) = ns(G*). o

3. I'umoresn! u HepemeHHLIe 3aHa4n

B sarxmounTenbroil qacTi paboThl Mbl IPUBOIIM FHIIOTE3bl O BO3IMOTK-
HOM 0bo6UIeHUH TeopeMbl 3 It 0 [y TAX JOKA3aTeIbCTBa B Gosee oblIeM CIIy-
ae. Mpl mpenmosaraeM, 4To BBITOHEHO CJIENyIOlIee YTBEPsIeHUE, KOTO-
poe HaM He yIOajoch JHOKa3aTh.

IFunotresa 1. IIyemoe G — deyceaswuti naanaprwti 2pad. Tozda
s(G) = ns(G*).

3aMeTHM, 9TO HOCTATOYHO /I0Ka3aTh BHIMOTHEHNe HepaBeHcTBa $(G) >
ns(G"). [Jas Toro 4To6bl MPOBEPNTH BoITOMHEHIe 0GPATHOTO HEPABEHCTBA.
3aMeHIM Kaskaoe pebpo rpada (G Ha Tpu kpaTHbX pebpa. O6osHauIM
noay4duBliiitca rpad depes (. Mssectro, uto 5(G') = ns(G)+1 (em. [3)).
[loctponm yrnanxy rpada G' Ha nnockocTH, ucnonbsys yknanky rpapa G
(VimagbiBas HOBble pebpa «pagoM» co ctapbivu). [pad (G')* monyuaerca
u3 " nobabnenuem OBYX BEpLIMH CTeMeHI IBa Ha kakiaoe pebpo rpada
G*. B [3] norasaro, 4To B sTOM Ccywae ns(G*) = s(G~) + 1. pumenss
HepaseHcTBO 5(G') > ns((G')*), monyqaem. uto ns(G) > s(G*). Tax rar
G* aBycsasnbit rpad u rpad (' apnercsn mpoitcTBennpiM G*. o $(G) <
ns(G™).

Mpr cunTaem, uTo mokasaTenscTBo HepaseHcTBa $(G) > ns(G*) MoKHO
CBeCTH K CJIytaio, KOra Bee BepunHbl rpada (G HMEIOT CTeleHn, He IpeBoc-
Xomslilie TPeX, TO ecTh K CIydalo, pacCMOTpeHHOMY B Teopeme |. Jlns Toro
4TOObl MOACHUTH 3TO, BBENEM OMEpallio PacUlelUIeHus BepuNHbl Ipada.
0bpaTHyIO ONepaliy CTATUBAHNA pebpa.

Ilyers v — Bepumza Hexotoporo rpada G, HMeowas (TemneHb, 60/1b-
Wyl Tpex. 3aMeHNM BepUIMHY v Ha [Be BEpUIMHb 1 U W, COeANHeHHbIE
pebpom. Kasxoe pebpo, nHumIEHTHOE BepumHe v, 3amenseTcs 6o pe-
OpoM. HILAEHTHBIM u, TH60 pebpoM, HHLIIEHTHBIM w (BTOPble BEPLIMHLI.
UHIIJCHTHbIe 3THM pebpam, He Mensiorca). Bynem naswiats rpad G’ pac-
wenaenuem zpaga G, ecnn rpad Mosker 6biTh momyyen 13 rpada G mocite-
JOBaTebHbIM NPUMEHeHHeM onepauil paciierniedns sepumy. QueBnnsHo,
WTO, pacllelUAA BepIUMHbI rpada, MOMHO B KOHEYHOM HTOre IMOTYyYHTh
rpad. Bce BepUINHBI KOTOPOro IIMEIOT CTElleHIl, He NPeBocXoIAlIHe TPex.
Taxoe pacuwennenne Mbi 6yaeM Ha3bIBATh [TO.THbIM.

HerpyaHo nokasats, uto mins moboro rpada G MOAHO MOCTPOUTH TaKoe
ero mnoHoe paculensienne G, nna xotoporo $(G) = s((G'). Ommaxo Takoe
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pacluernienye niaHapnoro rpada (7 He 06A3aTe/IbHO ABAACT A M/IAHAPHbIM
rpadom.

[ycts ¢ — cBasupi mianapusift rpad.  Pacemorpum nenotopyio
yrmanky (¢ na niockoctn. Hasosem momoToHHYIO BBIHT b BRIOLIYTO 1PO-
rpammy (B cMbicie 3anaun noucka (1)) ua rpade G IpaBUABHOI HTporpam-
Moft, cooTBeTcTBYOMWIEH YKITanke G, ecau rpau Toft YRAAAK!H MOKHO po-
HYMEpOBaTh TaKIM 06pa3oM, 4TO COrNacHoO NPOrpaMMe MOHCKa OUIILAIOT A
Bce pebpa, orpaHmUMBalOWIMe TIEPBYIO [PaHb, 3aTEM Bce pebpa, orpaHUYN-
BalollIle BTOPYIO rpaHb, HO He OrPaHMYHBAIOLINE NEPBYIO, I TaK Jajlee.

Mer nosraraem, 410 uMeet Mecto crenyromee yTBep cIeHIle,

Funoresa 2. ITyems G — ceasnmi naanaprut zpad. Tozda daa
210601 yxaadnu G He naocxocmu CYUWECTNBYEM NPABUALHAS NPOZPAMMA,
das ocywecmenerus xomopot docmamoyro s(G) npecaedosamenet.

Ecnu 310 neiicrsurensro tax, To HecnosHO NOKa3bIBaeTCA, 4TO y JIIO-
6oro miranaproro rpada G cymecrsyer noamxoe pacuienienue (', aBasio-
Lieec NUIaHapHbeM rpadom, mia kotoporo s(G) = s(G"). Ilpuuem B 3TOM
cilyqae ykI1aaky G' Ha IocKkocTH MOKHO MOCTPOMTDH M3 YENaigkn (¢ Takum
obpasom, uto rpad (G')*, cootBercTBY POt FTO yKiaajke, 6yieT mnosy-
4aTheA gobanienueM pebep k rpady G*. Torma nmeer mecto HEePABEeHCTBO
3(G) = $(G") 2 ns((G')") > ns(G"),
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Summary
Golovach P.A., Fomin F.V. Search and node search number of dual
graphs

Relations between search and node search numbers of dual graphs are

investigated. Some results are given and some conjectures discussed.
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