SIAM J. DISCRETE MATH. (© 2014 Society for Industrial and Applied Mathematics
Vol. 28, No. 2, pp. 878-892

LONG CIRCUITS AND LARGE EULER SUBGRAPHS*
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Abstract. We study the parameterized complexity of the following Euler subgraph problems:
(a) LARGE EULER SUBGRAPH: For a given graph G and integer parameter k, does G contain an induced
Eulerian subgraph with at least k vertices? (b) LoNG CIRcUIT: For a given graph G and integer
parameter k, does G contain an Eulerian subgraph with at least k edges? Our main algorithmic
result is that LARGE EULER SUBGRAPH is fixed parameter tractable (FPT) on undirected graphs.
The complexity of the problem changes drastically on directed graphs, and we obtain the following
complexity dichotomy: LARGE EULER SUBGRAPH is NP-hard for every fixed k > 3 and is solvable in
polynomial time for k¥ < 3. For LONG CIRCUIT, we prove that the problem is FPT on directed and
undirected graphs.
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1. Introduction. One of the oldest theorems in graph theory is attributed to
Euler, and it says that a (undirected) graph admits an Euler circuit, i.e., a closed
walk visiting every edge exactly once, if and only if the graph is connected and all
its vertices are of even degrees. Respectively, a directed graph has a directed Euler
circust if and only if the graph is (weakly) connected and for each vertex its in-degree
is equal to its out-degree. While checking if a given directed or undirected graph is
Eulerian is easily done in polynomial time, the problem of finding k edges (arcs) in a
graph to form an Eulerian subgraph is NP-hard. We refer to the book of Fleischner
[12] for a thorough study of Eulerian graphs and related topics.

In [5], Cai and Yang initiated the study of parameterized complexity of subgraph
problems motivated by Eulerian graphs. In particularly, they considered the following
parameterized subgraph and induced subgraph problems:

k-CIRCUIT Parameter: k
Input: A (directed) graph G and nonnegative integer k
Question: Does G contain a circuit with k& edges (arcs)?

and

EULER k-SUBGRAPH Parameter: k
Input: A (directed) graph G and nonnegative integer k
Question: Does G contain an induced Euler subgraph with k& vertices?
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Clearly, a graph has a circuit with & edges (arcs) if and only if G has an Euler subgraph
with k edges (arcs), i.e., k-CIRCUIT asks about existence of an Euler subgraph with
k edges (arcs).

The nonparameterized versions of both k-CIRCUIT and EULER k-SUBGRAPH are
known to be NP-complete [5]. Cai and Yang in [5] proved that k-CIRCUIT on undi-
rected graphs is fixed parameter tractable (FPT). On the other hand, the authors
have shown in [14] that EULER k-SUBGRAPH is W[1]-hard. The variant of the problem
(m — k)-CIRCUIT, where one asks to remove at most k edges to obtain an Eulerian
subgraph, was shown to be FPT by Cygan et al. [7] on directed and undirected
graphs. The problem of removing at most k vertices to obtain an induced Eulerian
subgraph, namely, EULER (n — k)-SUBGRAPH, was shown to be W[l]-hard by Cai
and Yang for undirected graphs [5] and by Cygan et al. for directed graphs [7]. Dorn
et al. in [8] provided FPT algorithms for the weighted version of Eulerian extension.

In this work we extend the set of results on the parameterized complexity of Eule-
rian subgraph problems by considering the problems of finding an (induced) Eulerian
subgraph with at least k (vertices) edges. We consider the following problems:

LARGE EULER SUBGRAPH Parameter: k
Input: A (directed) graph G and nonnegative integer k
Question: Does G contain an induced Euler subgraph with at least k vertices?

and

LonG CirculT Parameter: k
Input: A (directed) graph G and nonnegative integer k
Question: Does G contain a circuit with at least k edges (arcs)?

Using the observation of Cygan et al. in [7], it is not difficult to see that the
nonparameterized versions of LONG CIRCUIT and LARGE EULER SUBGRAPH are NP-
complete for directed and undirected graphs. Let us note that by plugging these
observations into the framework of Bodlaender et al. [4], it is easy to conclude that
both problems have no polynomial kernels unless NP C coNP /poly.

However, the question about the parameterized complexity of these problems
appears to be much more interesting.

Our results. We show that LARGE EULER SUBGRAPH behaves differently for
directed and undirected cases. For undirected graphs, we prove that the problem is
FPT. We find it a bit surprising, because the very closely related EULER k-SUBGRAPH
problem is known to be W/[1]-hard [14]. The proof is based on a structural result
interesting on its own. Roughly speaking, we show that large treewidth certifies
containment of a large induced Euler subgraph. For directed graphs, LARGE EULER
SUBGRAPH is NP-complete for each k > 4, and this bound is tight—the problem is
polynomial-time solvable for each k < 3. We also prove that EULER k-SUBGRAPH
is W[1]-hard for directed graphs. LONG CIRCUIT is proved to be FPT for directed
and undirected graphs. Our algorithm is based on the results by Gabow and Nie [17]
about the parameterized complexity of finding long cycles. The known and new results
about Euler subgraph problems are summarized in Table 1.

This paper is organized as follows. Section 2 contains basic definitions and prelim-
inaries. In section 3.1 we show that LARGE EULER SUBGRAPH is FPT on undirected
graphs. In section 3.2 we prove that on directed graphs, EULER k-SUBGRAPH is W][1]-
hard while LARGE EULER SUBGRAPH is NP-complete for each k > 4. In section 4 we
show that Long CURcUIT is FPT on directed and undirected graphs.
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TABLE 1
Parameterized complexity of Fuler subgraph problems.

Undirected Directed
k-CIrcuIT FPT [5] FPT, Prop. 4.4
EULER k-SUBGRAPH W/1]-hard [14] W/1]-hard, Thm. 3.7
(m — k)-CIrculT FPT [7] FPT [7]
EULER (n — k)-SUBGRAPH | W][1]-hard [5] W(1]-hard [7]
LoNG CirculT FPT, Thm. 4.7 FPT, Cor. 4.3
LARGE EULER SUBGRAPH FPT, Thm. 3.6 | NP-complete V k > 4, Thm. 3.8;
in P for k<3

2. Basic definitions and preliminaries. Graphs. We consider finite directed
and undirected graphs without loops or multiple edges. The vertex set of a (directed)
graph G is denoted by V(G), and the edge set of an undirected graph and the arc set of
a directed graph G are denoted by F(G). To distinguish edges and arcs, the edge with
two end-vertices u,v is denoted by {u,v}, and we write (u,v) for the corresponding
arc. For an arc e = (u,v), v is the head of e and w is the tail. For a set of vertices
S C V(@G), G[S] denotes the subgraph of G induced by S, and by G — S we denote
the graph obtained from G by the removal of all the vertices of .S, i.e., the subgraph
of G induced by V(G)\S. Let G be an undirected graph. For a vertex v, we denote
by Ng(v) its (open) neighborhood, that is, the set of vertices which are adjacent to v.
The degree of a vertex v is denoted by dg(v) = |[Ng(v)|, and A(G) is the maximum
degree of G. Let now G be a directed graph. For a vertex v € V(G), we say that
u is an in-neighbor of v if (u,v) € E(G). The set of all in-neighbors of v is denoted
by Ng(v). The in-degree do(v) = |Ng(v)]. Respectively, u is an out-neighbor of
v if (v,u) € E(G), the set of all out-neighbors of v, is denoted by N (v), and the
out-degree dj(v) = |NZ (v)|.

For a (directed) graph G, a (directed) trail of length k is defined as a sequence
Vo, €1, V1, €2, ..., €, U of vertices and edges (arcs, resp.) of G such that vp,...,v; €
V(G), e1,...,er € E(G), the edges (arcs, resp.) eq,..., e, are pairwise distinct, and
forie {1,...,k}, e; = {vi—1,v;} (e; = (vi—1,v;), resp.). A trail is said to be closed if
vo = vg. A closed (directed) trail is called a (directed) circuit, and it is a (directed)
cycle if all its vertices except vy = vy, are distinct. Clearly, every cycle is a subgraph
of G, and it is said that C' is an induced cycle of G if C = G[V(C)]. A (directed)
path is a trail such that all its vertices are distinct. For a (directed) walk (trail, path,
resp.) g, €1, V1,62, .,€k, Uk, Vg and v are its end-vertices, and vy, ..., vp_1 are its
internal vertices. For a (directed) walk (trail, path, resp.) with end-vertices u and v,
we say that it is an (u,v)-walk (trail, path, resp.). We omit the word “directed” if it
does not create confusion. Also we write a trail as a sequence of its vertices vy, . . ., Vk.

A connected (directed) graph G is an FEuler (or Eulerian) graph if it has a (di-
rected) circuit that contains all edges (arcs, resp.) of G. By the celebrated result of
Euler (see, e.g., [12]), a connected graph G is an Euler graph if and only if all its
vertices have even degrees. Respectively, a connected directed graph G is an Euler
directed graph if and only if for each vertex v € V(Q), dg(v) = dg(v).

Ramsey numbers. The Ramsey number R(r,s) is the minimal integer n such
that any graph on n vertices has either a clique of size r or an independent set of size
s. By the famous paper of Erdés and Szekeres [10], R(r,s) < ("1°7?).

r—1
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Parameterized complexity. Parameterized complexity is a two-dimensional
framework for studying the computational complexity of a problem. One dimension
is the input size n and another one is a parameter k. It is said that a problem is
FPT if it can be solved in time f(k) - n®®) for some function f, and it is said that
a problem is in XP if it can be solved in time O(n/()) for some function f. One
of the basic assumptions of the parameterized complexity theory is the conjecture
that the complexity class W[1] # FPT, and it is unlikely that a W[1]-hard problem
could be solved in FPT time. A problem is Para-NP-hard(complete) if it is NP-hard
(complete) for some fixed value of the parameter k. Clearly, a Para-NP-hard problem
is not in XP unless P=NP. We refer to the books of Downey and Fellows [9], Flum
and Grohe [13], and Niedermeier [22] for detailed introductions on parameterized
complexity.

Treewidth. A tree decomposition of an undirected graph G is a pair (X,T),
where T is a tree and X = {X; | i € V(T')} is a collection of subsets (called bags) of
V(@) such that

1. UieV(T) X, =V(G),

2. for each edge {x,y} € E(G), x,y € X; for some i € V(T'), and

3. for each x € V(G) the set {i | z € X} induces a connected subtree of T.
The width of a tree decomposition ({X; | i € V(T)},T) is max;ey(r) {|Xi| — 1}.
The treewidth of a graph G (denoted as tw(G)) is the minimum width over all tree
decompositions of G.

We conclude this section with simple observations about the hardness of the
considered problems. The results of Cygan et al. in [7] immediately imply that the
nonparameterized version of LONG CIRCUIT is NP-complete. By a similar argument
we obtain the same for LARGE EULER SUBGRAPH.

ProrosiTioN 2.1. LoNG CIRCUIT and LARGE EULER SUBGRAPH are NP-
complete for directed and undirected graphs when k is a part of the input.

Proof. Let G be an n-vertex undirected cubic graph. It is straightforward to
see that G has a circuit with at least n edges if and only if G is Hamiltonian. As
the HAMILTONIAN CYCLE is known to be NP-complete for cubic planar graphs [18],
it follows that LoNG CIRCUIT is NP-complete for undirected graphs. Denote by G’
the graph obtained by subdividing each edge of G. Now we observe that G’ has an
induced Euler subgraph with at least 2n vertices if and only if G is Hamiltonian. We
have that LARGE EULER SUBGRAPH is NP-complete for undirected graphs.

For directed graphs, we use similar arguments. Let G be a directed graph. Denote
by G’ the graph obtained from G by the replacement of each vertex v € V(G) by two
vertices v, v~ joined by an arc (vT,v7), and we replace each arc (u,v) € E(G) by
(u~,vT). Because G has a circuit with at least 2n edges if and only if G is Hamiltonian
and because HAMILTONIAN CYCLE is NP-complete for directed graphs [18], LoNG
CircuIT is NP-complete for directed graphs. Finally, let G” be the directed graph
obtained by subdividing each arc of G’. Since G’ has an induced Euler subgraph with
at least 4n vertices if and only if G is Hamiltonian, we conclude that LARGE EULER
SUBGRAPH is NP-complete for directed graphs. O

Observe that if a (directed) graph G has components Gy, ..., Gy, then G has a
circuit of size k (an induced Euler subgraph with at least k vertices, resp.) if and only
if there is i € {1,...,t} such that G; has a circuit of size k (an induced Euler subgraph
with at least k vertices, resp.). By this observation, Proposition 2.1, and the results
by Bodlaender et al. [4], we have the following claim. We refer to [9, 13, 22] for the
definition of a polynomial kernel.
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ProprosiTION 2.2. LONG CIRCUIT and LARGE EULER SUBGRAPH for directed
and undirected graphs have no polynomial kernels unless NP C coNP /poly.

3. Large Euler subgraphs.

3.1. Large Euler subgraphs for undirected graphs. In this section we show
that LARGE EULER SUBGRAPH is FPT for undirected graphs. Using Ramsey argu-
ments, we prove that if a graph G has sufficiently large treewidth, then G has an
induced Euler subgraph on at least k vertices. Then if the input graph has large
treewidth, we have a YES-answer. Otherwise, we use the fact that LARGE EULER
SUBGRAPH is FPT parameterized by the treewidth of a graph. All graphs considered
here are undirected.

For a given positive integer k, we define the function f(¢) for integers ¢ > 2
recursively as follows:

e f(2)=R(k,k—1)+1,
o f(O)=(k—1)2(t—1)(f([5]+1)—1)+1)+1 for £ > 2.

We need the following two lemmas.

LEMMA 3.1. Let G be a graph, and suppose that s,t are distinct vertices joined by
at least f(0) internally vertex-disjoint paths of length at most £ in G for some £ > 2.
Then G has an induced Euler subgraph on at least k vertices.

Proof. Consider the minimum value of ¢ such that G has f(¢) internally vertex
disjoint (s,t)-paths of length at most /. We have at least » = f(¢) — 1 such paths
Py, ..., P, that are distinct from the trivial (s,¢)-path with one edge. We assume
that each path P; has no chords that either join two internal vertices or an internal
vertex and one of the end-vertices, i.e., each internal vertex is adjacent in G[V (F;)]
only to its two neighbors in P;. Otherwise, we can replace P; by a shorter path with
all vertices in V' (F;) distinct from the path s,t. We consider two cases.

Case 1. ¢ = 2. The paths P, ..., P, are of length two and therefore have exactly
one internal vertex. Assume that ui,...,u, are internal vertices of these paths. Be-
cause 7 = f(2) — 1 = R(k,k — 1), the graph G[{u1,...,u,}] either has a clique K
of size k or an independent set I of size at least k — 1. Suppose that G has a clique
K. If k is odd, then G[K] is an induced Euler subgraph on k vertices. If k is even,
then G[K U {s}] is an induced Euler subgraph on k + 1 vertices. Assume now that
I C{ug,...,ur—1} is an independent set of size k — 1. Let v € I. If {s,t} € E(G)
and k is even or {s,t} ¢ E(G) and k is odd, then G[I U {s,t}] is an induced Euler
subgraph on k + 1 vertices. Else if {s,t} ¢ E(G) and k is even or {s,t} € E(G) and
k is odd, then G[I U {s,t}\{v}] is an induced Euler subgraph on k vertices.

Case 2. £ > 3. We say that paths P; and P; are adjacent if they have adjacent
internal vertices. Let p = f([¢/2] + 1). Suppose that there is an internal vertex v of

one of the paths Py, ..., P. that is adjacent to at least 2p — 1 internal vertices of some
other distinct 2p — 1 paths. Then there are p = f([¢/2] + 1) paths P;,,..., P; that
have respective internal vertices v1,. .., v, such that

(i) v is adjacent to v, ...,vp, and

(ii) either each v; is at distance at most [¢/2] from s in P, for all j € {1,...,p}
or each v; is at distance at most [¢/2] from ¢ in P;; for all j € {1,...,p}.

But then either the vertices s, v or v, t are joined by at least f(|£/2]+1) internally
vertex-disjoint paths of length at most [£/2] + 1 < ¢. This contradicts our choice of
¢. Hence, for each i € {1,...,r}, every internal vertex of P; is adjacent to internal
vertices in at most 2p—2 other paths, and P; is adjacent to at most 2(¢—1)(p—1) other
paths. Asr = (k—1)(2({—1)(p— 1)+ 1), there are k — 1 distinct paths P;,,..., P, |
that are pairwise nonadjacent, i.e., they have no adjacent internal vertices.
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Fic. 1. The path P and the graphs Q1 (shown by the thick lines), Q2 (shown by the thin lines),
and Q3 (shown by the dashed lines).

Let H=G[V(P;,)U---UV(P;,,_,)] and H = G[V(P;,)U---UV(F,,_,)]. Notice
that by our choice of the paths, H = P, U---UP,, , and H' = P, U---UP;,_, if
{s,t} ¢ E(G),and P, U---UP;, _, (P, U---UP; _,, resp.) can be obtained from H
(H', resp.) by the removal of {s,t} if s,t are adjacent. If {s,¢} € E(G) and k is even
or {s,t} ¢ E(G) and k is odd, then H is an induced Euler subgraph on at least k + 1
vertices. Else if {s,t} ¢ E(G) and k is even or {s,t} € E(G) and k is odd, then H' is
an induced Euler subgraph on at least k vertices. a

Now we show that if a 2-connected graph G has a vertex of sufficiently large
degree, then we can find an induced Euler subgraph on at least k vertices using
Lemma 3.1. For k > 4, let

(f(3k —8) — 1)((f(3k —8) —2)3*=3) —1)

Ap=1+ F(3k_8) 3

LEMMA 3.2. Fork > 4, any 2-connected graph G with A(G) > Ay has an induced
Euler subgraph on at least k vertices.

Proof. Let G be a 2-connected graph and let u be a vertex of G with dg(u) =
A(G). As G is 2-connected, G’ = G — u is connected. Let v be an arbitrary vertex of
N¢(u). Denote by T a tree of shortest paths from v to all other vertices of Ng(u) in
G, ie., T is a tree in G’ such that for any w € Ng(w), the unique (v, w)-path in T’
is a shortest (v, w)-path in G'.

Claim 1. If there is a (v, w)-path P of length at least 3(k — 3) + 1 in T for some
w € Ng(u), then G has an induced Euler subgraph on at least k vertices.

Proof. Let P be a (v, w)-path P of length at least 3(k — 3) + 1 in 7. Denote by
v, . . ., Up the vertices of P in Ng(u). We assume that they are enumerated according
to the order in which they occur in P tracing it from v to w. In particular vy = v
and w = v,. We consider the (vo,v1),..., (v,—1,v,)-subpaths of P. We construct
the graph @ by taking unions of every third subpath starting from the (vg,v1)-
subpath, Q2 is constructed by taking every third subpath starting from the (v, vs)-
subpath, and @3 is obtained when we start from the (v, vs)-subpath. Formally,
Q1 is the union of the (vo,v1), (v3,va), ..., (V3]r/3],V3r/3)+1)-subpaths of P, Qs is
the union of the (vi,v2), (v4,v5), ..., (V3[r/3]+1,V3|r/3]+2)-subpaths of P, and Q3 is
the union of the (va,vs3), (vs,v6), ., (V3]7/3]—1,V3|r/3])-subpaths of P, as shown in
Figure 1. Notice that some subpaths can be empty depending on whether » modulo
3is 0, 1, or 2. By the constructions, @1, @2, Q3 are edge-disjoint. Because T is
a shortest path tree, we have that @1, @2, @3 are induced subgraphs of G. Since
Q1UQ2UQ3 = P, there is Q; for i € {1,2,3} with at least k — 2 edges. Then Q; has
at least k — 1 vertices. Let H = G[V(Q;) U{u}|. By the definition of Q;, H is a union
of induced cycles with one common vertex u such that for different cycles C,Cs in
the union, V(C1) NV (Cq) = {u} and {z,y} ¢ E(G) whenever x € V(C7)\{u} and
y € V(C2)\{u}. Hence, H is an Euler graph with at least k vertices. a

From now we assume that all (v, w)-paths in T have length at most 3(k — 3) for
w € Ng(u).
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z T

FiGg. 2. The paths Py, ..., Pr.

Claim 2. If there is a vertex z € V(T') with dr(z) > f(3(k —3) + 1), then G has
an induced Euler subgraph on at least k vertices.

Proof. Recall that T is a tree of shortest paths from v to all other vertices of
Ng(u) in G'. We assume that T is rooted in v. Then the root defines the parent-

child relation on T'. Let x1,...,z, be the children of z. If z has no parent, then
z=wvand r > f(3(k —3)+ 1). Otherwise, r > f(3(k —3)+ 1) — 1. Let yo = v.
Because each leaf of T' is a vertex of N¢(u), for each ¢ € {1,...,r}, there is a closest

descendant y; € V(T') N Ng(u) of x; in T. Denote by P; the unique (z,y;)-path in T
for i € {0,...,r}, as shown in Figure 2. As all (v, w)-paths in T have length at most
3(k — 3) for w € Ng(u), the paths Py, ..., P. have length at most 3(k — 3). Notice
that these paths have no common vertices except z. Observe now that yo,...,y, are
adjacent to u in G. Therefore, we have at least f(3(k—3)+1) internally vertex-disjoint
(u, z)-paths in G. By Lemma 3.1, it implies that G has an induced Euler subgraph
on at least k vertices. d

To complete the proof of the lemma, it remains to observe that if A(T) <
fB(k—=3)+1) and all (v, w)-paths in T have length at most 3(k — 3) for w € Ng(u),
then

(f(3k —8) —1)((f(38k —8) —2)**% —1)

dow) < [V(T)| <1+ i —Aw O

Kosowski et al. [20] obtained the following bound for treewidth.

THEOREM 3.3 (see [20]). Let k > 3 and let G be a graph without induced cycles
of length at least k and A(G) > 1. Then tw(G) < k(A(G) — 1) + 2.

This theorem together with Lemma 3.2 immediately imply the next lemma.

LEMMA 3.4. Let G be a graph and let k > 4. If tw(G) > k(Ag — 1) + 2, then G
has an induced FEuler subgraph on at least k vertices.

Proof. Suppose that tw(G) > k(A —1) + 2. It is well known that the treewidth
of a graph G is equal to the maximum treewidth of its 2-connected components. Then
G has a 2-connected component G’ with tw(G’) > k(Ar—1)+2. If A(G') > Ay, then
G’ has an induced Euler subgraph on at least k vertices by Lemma 3.2. Otherwise,
by Theorem 3.3, G’ has an induced cycle on at least k vertices, i.e., an induced Euler
subgraph. d

Now we observe that LARGE EULER SUBGRAPH is FPT for graphs of bounded
treewidth.

LEMMA 3.5. For any positive integer t, LARGE EULER SUBGRAPH can be solved
in linear time for graphs of treewidth at most t.

Proof. Recall that the syntax of the monadic second-order logic (MSOL) of graphs
includes logical connectives V, A, -, variables for vertices, edges, sets of vertices and
edges, and quantifiers V, 3 that can be applied to these variables. Besides the standard



LONG CIRCUITS AND LARGE EULER SUBGRAPHS 885

relations =, €, C, the syntax includes the relation adj(u,v) for two vertex variables,
which expresses whether two vertices u and v are adjacent, and for a vertex variable v
and an edge variable e, we have the relation inc(v, e) which expresses that v is incident
with e. The counting monadic first-order logic (CMSOL) is an extension of MSOL
with the additional predicate card, ,(X) which expresses whether the cardinality of
a set X is p modulo q.

By the celebrated Courcelle’s theorem, any problem that can be expressed in
MSOL can be solved in linear time for graphs of bounded treewidth. Moreover, this
result holds also for optimization problems that can be expressed in CMSOL (see,
e.g., the monograph of Courcelle and Engelfriet [6]).

Observe that to solve LARGE EULER SUBGRAPH for a graph G, it is sufficient
to find a subset of vertices U of maximum size such that U induces an Euler graph.
Clearly, U induces an Euler graph if and only if (i) G[U] is connected and (ii) each
vertex of G[G] has even degree. The both properties can be expressed in CMSOL.
The standard way to express connectivity is to notice that G[U] is connected if and
only if for any X C U, X # (), and X # U, there is an edge {z,y} € E(G) such that
x € X and y € U\X. Then we have to express the property that for any u € U,
deo)(w) = [Ngw)(u)| is even. To do it, it is sufficient to observe that X = Ngj(u)
if and only if X C U such that (i) for any v € X, {u,v} € E(G), and (ii) for any
v € U such that {u,v} € E(G), v € X. Since we can express in CMSOL whether
|NGuy(u)| is even, the claim follows. a

Now we can prove the main result of this section.

THEOREM 3.6. For any positive integer k, LARGE EULER SUBGRAPH can be
solved in linear time for undirected graphs.

Proof. Clearly, we can assume that k£ > 3, as any Euler graph has at least three
vertices. If k = 3, then we can find any shortest cycle in the input graph G. It is
straightforward to see that if G has no cycles, then we have no Euler subgraph, and
any induced cycle is an induced Euler subgraph on at least three vertices. Hence, it
can be assumed that k > 4. We check in linear time whether tw(G) < k(A —1) 42
using the Bodlaender’s algorithm [3]. If it is so, we solve our problem using Lemma 3.5.
Otherwise, by Lemma 3.4, we conclude that G has an induced Euler subgraph on at
least k vertices and return a YES-answer. 0

Notice that the proof of Theorem 3.6 is not constructive. Next, we sketch the
algorithm that produces an induced Euler subgraph on at least k > 4 vertices if it
exists.

First, for each £ > 2, we can test the existence of two vertices s,t such that the
input graph G has at least f(£) internally vertex-disjoint (s, t)-paths of length at most
¢ in FPT time with the parameter ¢ using the color coding technique [19]. If we find
such a structure for ¢ < 3k — 8, we find an induced Euler subgraph with at least &k
vertices that is either a clique or a union of (s, t)-paths, as explained in the proof of
Lemma 3.1.

Otherwise, we find all 2-connected components. If there is a 2-connected compo-
nent G’ with a vertex u with dg/(u) > Ay, then we find an induced Euler subgraph
with at least k vertices that is a union of cycles with the common vertex u using the
arguments form the proof of Lemma 3.2.

If all 2-connected components have bounded maximum degrees, we use the algo-
rithm of Kosowski et al. [20] that in polynomial time either finds an induced cycle on
at least k vertices or constructs a tree decomposition of width at most k(Ax — 1) + 2.
In the first case we have an induced Euler subgraph on at least & vertices. In the
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second case the treewidth is bounded, and LARGE EULER SUBGRAPH is solved by a
dynamic programming algorithm instead of applying Lemma 3.5.

3.2. Large Euler subgraphs for directed graphs. In this section we show
that EULER k-SUBGRAPH and LARGE EULER SUBGRAPH are hard for directed graphs.

First, we consider EULER k-SUBGRAPH. It is straightforward to see that this
problem is in XP, since we can check for every subset of k vertices whether it induces
an Euler subgraph. We prove that this problem cannot be solved in FPT time unless
FPT = W/[1].

THEOREM 3.7. The EULER k-SUBGRAPH is W[1]-hard for directed graphs.

Proof. We reduce the MULTICOLORED k-CLIQUE problem that is known to be
W/(1]-hard [11]:

MULTICOLORED k-CLIQUE Parameter: k
Input: A k-partite graph G = (V1 U--- UV, E), where Vi,...,V} are sets of the
k-partition

Question: Does G has a clique with k vertices?

Let G = (V4 U--- UV, E) be an instance of MULTICOLORED k-CLIQUE. We
construct the directed graph H as follows:
e Construct the copies of Vq,..., V.
e For 1 <i < j <k and for each u € V; and v € V}, if {u,v} ¢ E(G), then
construct an arc (u,v) for the copies of u and v in H.
e Foreachie {1,..., k}, construct two vertices x;, y;, then join x; by arcs with
all vertices of V; and join every vertex of V; with y; by an arc.
e Construct arcs (y1,z2), (Y2, 23), -, (Yr, x1)-
We set k' = 3k.

We claim that G has a clique with k vertices if and only if H has an induced
Euler subgraph with at least k' vertices.

Let K = {v1,...,vx} be a clique in G where v; € V; for i € {1,...,k}. Ob-
serve that vi,...,v; are pairwise nonadjacent in H. Hence, the set of vertices
{z1,v1,Y1, ..., Tk, Uk, Y } induces a cycle in H. Hence, we have an induced Euler
subgraph with at least k' vertices.

Suppose now that H has an induced Euler subgraph C with at least k' vertices.
Observe that every directed cycle in G contains the arc (yx,x1), because if we delete
this arc, we obtain a directed acyclic graph. Since any Fuler directed graph is a
union of arc-disjoint directed cycles (see, e.g., [12]), C is an induced directed cycle.
Moreover, for each i € {1,...,k}, C contains at most one vertex of V;. Indeed, assume
that two vertices u, v of C are in the same set V;. Then the (u, v)-paths and the (v, u)-
path in C should contain (yg,x1), but this is impossible. Because C' has 3k vertices,

we conclude that C' contains exactly one vertex v; from each V; for i € {1,...,k},
and xz;,y; € V(C) for i € {1,...,k}. Then C = H[{x1,v1,91,- .., %k, Vi, Yx }]. Since
C'is an induced cycle, vy, ..., v are pairwise nonadjacent in H. Then {vy,..., v} is

a clique in G. a

For LARGE EULER SUBGRAPH for directed graphs, we prove that this problem is
Para-NP-complete.

THEOREM 3.8. For any k > 4, LARGE EULER SUBGRAPH is NP-complete for
oriented graphs, i.e., for directed graphs without cycles of length two.

Proof. We reduce the 3-SATISFIABILITY problem. It is known [2] that this problem
is NP-complete even if each variable is used in exactly 4 clauses: two clauses contain
the literal x; and two clauses contain the literal T;.



LONG CIRCUITS AND LARGE EULER SUBGRAPHS 887

Fia. 3. Construction of G.

Let & > 4 be an integer. Suppose that Boolean variables z1,...,x, and clauses
Ci,...,C,, compose an instance of 3-SATISFIABILITY such that each variable is used
in exactly 4 clauses: 2 times in positive and 2 times in negations. Let ¢ = C1A---AC,,.
Without loss of generality we assume that k& < 4(n + m). We construct the oriented
graph G as follows (see Figure 3):

e Foreachi € {1,...,n}, construct vertices y;, v/, z}, 22, %}, 77 and arcs (y;, r}),
(z},27), (3,9)), (v, 7)), (T, 7). (T3, ))-

e For each i € {2,...,n}, construct (y;_;,y;).
e Foreach j € {1,...,m}, construct vertices zj, 2}, uj, u3, u}, vj, v, v} and arcs
1 1,1 1 2 2,2 2 3 3,3 3
(Zjﬂuj)ﬂ (yjﬂvj)v (Ujvzé')v (Zjﬂuj)ﬂ (ujﬂvj)v (Uj,Z;-), (Zjﬂuj)ﬂ (uj,v-), (’Uj,Z;-).
e For each j € {2,...,m}, construct (z}_;,z;).
e Construct (yl,,z1), (20, y1)-
e For each j € {1,...,m}, let C; = wy Vws Vws. For h € {1,2,3},
— if wp = x; for some i € {1,...,n} and wy, is the first occurrence of the
literal z; in ¢, then construct (le,u?), (U;?, z});
— if wp, = 2; for some i € {1,...,n} and wy, is the second occurrence of
the literal x; in ¢, then construct (z7, u?), (vf, x?);
— if wy, = T; for some i € {1,...,n} and wy, is the first occurrence of the
literal T; in ¢, then construct (Z;,u?), (v}, Z);
— if wp, = T; for some i € {1,...,n} and wy, is the second occurrence of

the literal T; in ¢, then construct (T2, u?), (v?,ff)
We claim that ¢ can be satisfied if and only if G has an induced Euler subgraph
with at least k vertices.
For i € {1,...,n}, let P, = {y;,x},22,y!} and P; = {y;,7},77,y.}. For j €
{1,...,n} and h € {1,2,3}, Q? = {zj,u?,v?,z'»}. Let also Z = {z1,...,2m} and
Z'={,..., 2}

y*m S
Suppose that the variables z1,...,z, have values such that ¢ is satisfied. We
construct the set of vertices U as follows:
e foric {1,...,n},if »; = true, then the vertices of the set P; are included in
U, and P; is included otherwise;
o for j € {1,...,m}, if C; = wi V wy V ws, then we choose a literal wy, = true

in C; and include Q? inU.
Observe that U induces a cycle in G and |[U| = 4(n +m) > k. Then G[U] is an
induced Euler subgraph on at least k vertices.
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Assume now that a set U C V(G) induces an Euler graph H = G[U] and |U| > k.
Notice that because |U| > k > 4, for every vertex w € U, U contains at least one
in-neighbor of w and at least one out-neighbor of w. Also the number of in-neighbors
and the number of out-neighbors of w in U is the same.

Since k >4, UN(Z U Z") # () because G — (Z U Z') has no cycles except vertex-
disjoint triangles. Hence, there is j € {1,...,m} such that z; € U or z; € U. Suppose
that z; € U. If j = 1, then y/, € U because it is the unique in-neighbor of z;, and if
7> 1, then 25-71 eU as 25-71 € U is the unique in-neighbor. Then exactly one of the

out-neighbors of zj, i.e., exactly one of the vertices u]l, u?,u?—, isin U. Let u? eU.

Then its unique out-neighbors v;-l € U. Further, exactly one of the out-neighbors of
v is in U, and either zj € U or some vertex 2} € U or 7, € U. But if 2} € U or
7’ e U, d;{(u?) =2>1= d;}(u?) Hence, z; € U. If j = m, then y; € U, and
if j < m, then zj41 € U. We use similar arguments for the case z§ ceU. If j =m,

then y; € U, and if j < m, then 2,11 € U. Also, exactly one of the vertices UJl», vj2-, v?

isin U. Let vé? € U. Then u? € U. Further, either z; € U or some vertex 2 € U
or T € U because U contains an in-neighbor of v/ € U. But if 2 € U or 7} € U,
dl_{(vf) =1<2= d;}(vﬁl) Hence, z; € U. If j > 1, then 2;_; € U. We have that for
each j € {1,...,m}, exactly one Q) C U for h € {1,2,3}, and for b’ € {1,2,3}\{h},
u;?/,vj?, ¢ U. Also we have that y; € U.

Now we consequently consider ¢ = 1,...,n. We already know that y; € U.
Assume inductively that y; € U. Then exactly one of the vertices z},7; is in U.
Assume that x} is in U as another case is symmetric. Then either z? or some vertex
u? should be in U. But if u? € U, then because z; € U, d;{(u?) =2> d;}(u?)
and this is impossible for an Euler graph. Then xf € U. By the same arguments we
show that y; € U. If i < n, then y;41 € U, and we can proceed with our inductive
arguments. We conclude that for each ¢ € {1,...,n}, either P, C U or P; CU, and
if P, CU (P; C U, resp.), then 7,77 ¢ U (z},2? ¢ U, resp.). Moreover, if P, C U
(P; C U, resp.) and Q? C U, then H has no arcs between the vertices of these two
sets.

We define the truth assignment for the variables z1,...,x, as follows: for each
ie{l,...,n}, if P, CU, then x; = false, and x; = true otherwise. We claim that ¢
is satisfied by this assignment. To show it, consider a clause C; = wy V wa V wz. We
know that there is h € {1,2,3} such that Q? C U. Assume that wy, = x; (the case
wp, = T; is symmetric). Then Q? is joined by arcs in G with P;. It follows that P;
was not included in U, i.e., P; C U and z; = true. Hence, wy, = true. O

We proved that LARGE EULER SUBGRAPH is NP-complete for directed graphs
for k > 4. In the conclusion of this section we observe that the bound k& > 4 is tight
unless P = NP.

PRrROPOSITION 3.9. LARGE EULER SUBGRAPH can be solved in polynomial time
for k < 3.

Proof. For k = 1, the problem is trivial. If £ = 2, then any shortest cycle C in a
directed graph G is an induced Euler subgraph of G with at least two vertices, and
G has no induced Euler subgraph if G is a directed acyclic graph. Hence, it remains
to consider k = 3.

Suppose that H is an induced Euler subgraph of a directed graph G, and H has
at least three vertices. Denote by H’ the graph obtained from H by the deletion of all
pairs of opposite arcs, i.e., for each pair of vertices z, y such that (z,y), (y,z) € E(H),
we delete (z,y), (y,z). Clearly, for any v € V(H'), dy, (v) = dj;, (v). If H' is empty,
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then because |V(H)| > 3, there are three distinct vertices z,y,z € V(H) such that
(z,9), (y,2),(y, 2), (2,y) € E(H) and either (z,z2),(z,2) € E(H) or (z,z),(z,x) ¢
E(H). Then G[{z,y,2}] is an Euler subgraph of G. If H' is nonempty, then H' has
a shortest cycle C. Because H' has no cycles of length two, G[V(C')] is an induced
Euler subgraph with at least three vertices.

We conclude that LARGE EULER SUBGRAPH can be solved for £ = 3 as follows.
If G has three distinct vertices z,y,z such that (x,y), (y,x),(y,2),(z,y) € E(G)
and either (x,2),(z,2) € E(G) or (z,z2),(z,z) ¢ E(G), then G[{z,y, z}] is an Euler
subgraph of G. Otherwise, let G’ be the graph obtained from G by the deletion of all
pairs of opposite arcs. We find a shortest cycle C' in G’, and we have that G[V(C)]
is an induced Euler subgraph with at least three vertices. Finally, if G’ is a directed
acyclic graph, then we return a NO-answer. d

4. Long circuits. In this section we show that the LoNG CIRCUIT problem is
FPT for directed and undirected graphs. Our algorithms are based on known results
about the LoNG CYCLE problem:

LonGg CYCLE Parameter: k
Input: A (directed) graph G and a positive integer k
Question: Does G contain a cycle with at least k edges (arcs)?

Fomin, Lokshtanov, and Saurabh [15, 16] gave a first single-exponential FPT
algorithm for the problem on directed graphs. In particular, they proved the following
theorem.

THEOREM 4.1 (Theorem 5.1 of [16]). The LoNG CYCLE problem can be solved
in time 85t°%) “mn2logn for directed graphs with n vertices and m arcs.

Let G be a directed graph. Recall that the line digraph L(G) of G is a directed
graph that has the vertex set E(G), and for any two distinct arcs e; = (uq,v1) and
e2 = (ug,v2) of G, (e1,ez) is an arc of L(G) if and only if vo = u;. We use the
following folklore observation and provide its proof for completeness.

LEMMA 4.2. For a directed graph G and a positive integer k, G has a directed
circuit with at least k arcs if and only if L(G) has a directed cycle on at least k
vertices.

Proof. Suppose that G has a directed circuit vy, e1,v1,€2,...,€.,v.. Then, by
the definition of L(G), the vertices ey,...,e,,e1 of L(G) compose a directed cycle.
Suppose now that L(G) has a directed cycle e, ..., e,. Foreachi € {0,...,r—1}, ¢;
and e;11 have a common incident vertex v; such that v; is the head of e; and is the
tail of €;41. Then vg,eq,...,e.,vg is a directed circuit in G. a

Theorem 4.1 and Lemma 4.2 immediately provide the following corollary.

COROLLARY 4.3. The LoNG CIRCUIT problem can be solved in time 8F+o(k) .
m*logn for directed graphs with n vertices and m arcs.

Observe also that Lemma 4.2 together with the results of Fomin, Lokshtanov, and
Saurabh [16] implies the following proposition. Notice that its undirected analogue
was proved by Cai and Yang in [5].

PROPOSITION 4.4. The k-CIRCUIT problem can be solved in time O(2.851F .
mlog? n) for directed graphs with n vertices and m arcs.

For undirected graphs, it is slightly more convenient to use the structural result
by Gabow and Nie [17]. Let us recall that a fundamental cycle in an undirected graph
is formed from a spanning tree and a nontree edge.
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THEOREM 4.5 (see [17]). In a connected undirected graph G having a cycle with
at least k edges, either there is a fundamental cycle with at least k edges for every
depth-first search tree or some cycle in G with at least k edges has at most 2k — 4
edges.

We need the following observation.

LEMMA 4.6. Let G be a graph without cycles of length at least k. If G has a
circuit with at least k edges, then G has a circuit with at least k and at most 2k — 2
edges.

Proof. Let C be a circuit in G. It is well known (see, e.g., [12]) that C is a
union of edge-disjoint cycles C1,...,C,. Moreover, it can be assumed that for any
1 €{1,...,r}, the graph C; U---U C; is connected, i.e., it is a circuit. Suppose now
that C' is a circuit with at least k edges that has minimum length. Then the circuit
C'=C1U---UC,_1 has at most k— 1 edges. Since G has no cycles of length at least
k, C, has at most k — 1 edges. Thus, C' has at most 2k — 2 edges. O

Now we are ready to prove the FPT-result for LoNG CIRCUIT on undirected
graphs.

THEOREM 4.7. The LONG CIRCUIT problem can be solved in O(k(2e)?* - nm)
expected time and in (2€)*EC1°8K) .nim log n worst-case time for graphs with n vertices
and m edges.

Proof. We assume that the input graph G is connected, as otherwise we can solve
the problem for each component. We choose a vertex v arbitrarily and perform the
depth-first search from v. In this way we find the fundamental cycles for the dfs-tree
rooted in v and check whether there is a fundamental cycle of length at least k. If we
have such a cycle, then it is a circuit with at least k edges, and we have a YES-answer.
Otherwise, by Theorem 4.5, either G has no cycles of length at least k£ or G has a
cycle with at least k£ and at most 2k — 4 edges. Hence, if G has a cycle of length at
least k, then G has a circuit with at least & and at most 2k — 4 edges. If G has no
cycles with at least k edges, then by Lemma 4.6, if G has a circuit with at least k
edges, it contains a circuit with at least £ and at most 2k — 2 edges. We conclude
that if the constructed fundamental cycles have lengths at most k — 1, then G either
has a circuit with at least k and at most 2k — 2 edges or has no circuit with at least
k edges.

We check whether G has a circuit with at least k and at most 2k — 2 edges using
the color coding technique proposed by Alon, Yuster, and Zwick [1]. Our algorithm is
a variant of the algorithm of Cai and Yang [5] for k-CIRCUIT. Hence, we only sketch
it here. For simplicity, we solve the decision problem, but the algorithm can be easily
modified to obtain a circuit of prescribed size if it exists.

Let G be a graph with n vertices and m arcs.

First, we describe the randomized algorithm. We color the edges of G by k' =
2k — 2 colors 1,..., k" uniformly at random independently from each other. Now we
are looking for a colorful circuit in G that has at least k edges, i.e., for a circuit such
that all edges are colored by distinct colors.

To do it, we apply the dynamic programming across subsets. We choose an
initial vertex u and try to construct a circuit that includes u. For a set of colors
X C{1,...,K'}, denote by U(X) the set of vertices v € V(G) such that there is a
(u,v)-trail with | X| edges colored by distinct colors from X. It is straightforward to
see that U(0) = {u}. For X # (), v € U(X) if and only if v has a neighbor w € Ng(v)
such that {w,v} is colored by a color ¢ € X and w € U(X\{c}). We consequently
construct the sets U(X) for X with 1,2,... k" elements. We stop and return a YES-
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answer if u € U(X) for some X of size at least k. Notice that the sets U(X) can be
constructed in time O(K’2% -m). Since we try all possibilities to select u, the running
time is O(k'2"" - mn).

Now we observe that for any positive number p < 1, there is a constant ¢, such
that after running our randomized algorithm cpek/ times, we either get a YES-answer
or can claim that with probability p G has no directed circuit with at least k and at
most k' arcs.

This algorithm can be derandomized by the technique proposed by Alon, Yuster,
and Zwick [1] using the k’-perfect hash functions constructed by Naor, Schulman,
and Srinivasan [21]. To do it, we replace random colorings by the family of at most
¥ ko8 k Jog n hash functions.

Since the depth-first search runs in linear time, we have that LoNG CIrRcUIT
can be solved in O(k(2¢)?* - nm) expected time and in O((2¢)?*kC1°8%) . nmlogn)
worst-case time. O

5. Conclusions. In this paper, we provide a complete classification of the pa-
rameterized complexity of different Euler subgraph problems; see Table 1. It is natural
to ask whether it is possible to obtain better running times for the problems that are
shown to be FPT. For LoNG CIRCUIT on directed graphs, we can observe that
by applying the representative set techniques proposed by Fomin, Lokshtanov, and
Saurabh [16] directly to the problem, i.e., without transforming an instance of LONG
CIRCUIT to the instance of LONG CYCLE for the line graph of the input graph using
Lemma 4.2, we can obtain a better dependence on the input size. For the undirected
case, we can solve the problem in time O*(8%+°(*)) For LARGE EULER SUBGRAPH,
the dependence of the running time of our algorithm on the parameter is huge. Is it
possible to solve the problem in single-exponential O*(2°®*)) time?

In a related question, an induced Euler subgraph of maximum size can be found
in time O*(2™) by a trivial brute-force algorithm trying all possible vertex subsets
and checking if the induced subgraph is Eulerian. Can brute force be avoided here?
In other words, is there time O*((2 — &)™) algorithm for this problem?

REFERENCES
[1] N. ALoNn, R. YUSTER, AND U. ZWICK, Color-coding, J. ACM, 42 (1995), pp. 844-856.
[2] P. BERMAN, M. KARPINSKI, AND A. D. ScoTt, Approzimation hardness of short symmetric
instances of MAX-3SAT, Electronic Colloquium on Computational Complexity (2003).
(3] H. L. BODLAENDER, A linear-time algorithm for finding tree-decompositions of small treewidth,

H
SIAM J. Comput., 25 (1996), pp. 1305-1317.
H. L. BODLAENDER, R. G. DowNEY, M. R. FELLOWS, AND D. HERMELIN, On problems without
polynomial kernels, J. Comput. System Sci., 75 (2009), pp. 423-434.
[5] L. Car AND B. YANG, Parameterized complezxity of even/odd subgraph problems, J. Discrete
Algorithms, 9 (2011), pp. 231-240.
(6] B. COURCELLE AND J. ENGELFRIET, Graph Structure and Monadic Second-Order Logic—
A Language-Theoretic Approach, Encyclopedia Math. Appl. 138, Cambridge University
Press, Cambridge, UK, 2012.
[7] M. CyGaAN, D. Marx, M. PiLipczuk, M. PILIPCZUK, AND I. SCHLOTTER, Parameterized com-
plexity of Eulerian deletion problems, Algorithmica, 68 (2014), pp. 41-61.
(8] F. DorN, H. MOSER, R. NIEDERMEIER, AND M. WELLER, Efficient algorithms for Eulerian
extension and rural postman, SIAM J. Discrete Math., 27 (2013), pp. 75-94.
[9] R. G. DowNEY AND M. R. FELLOWS, Fundamentals of Parameterized Complezity, Texts in
Comput. Sci., Springer, New York, 2013.
[10] P. ERDOS AND G. SZEKERES, A combinatorial problem in geometry, Compos. Math., 2 (1935),
pp- 463-470.



892

[11]

[12]
[13]
[14]
[15]

[16]

FEDOR V. FOMIN AND PETER A. GOLOVACH

M. R. FELLows, D. HERMELIN, F. A. ROSAMOND, AND S. VIALETTE, On the parameter-
ized complexity of multiple-interval graph problems, Theoret. Comput. Sci., 410 (2009),
pp. 53-61.

H. FLEISCHNER, Eulerian Graphs and Related Topics, Part 1, Volume 1, Ann. Discrete Math.
45, Elsevier, Amsterdam, 1990.

J. FLuM AND M. GROHE, Parameterized Complexity Theory, Texts in Theoret. Comput. Sci.,
Springer-Verlag, Berlin, 2006.

F. V. FomIN AND P. A. GOLOVACH, Parameterized complexity of connected even/odd subgraph
problems, J. Comput. System Sci., 80 (2014), pp. 157-179.

F. V. FoMmIN, D. LOKSHTANOV, AND S. SAURABH, Efficient Computation of Representative Sets
with Applications in Parameterized and Ezact Algorithms, CoRR abs/1304.4626, 2013.

F. V. FoMIN, D. LOKSHTANOV, AND S. SAURABH, Efficient computation of representative sets
with applications in parameterized and exact algorithms, in Proceedings of SODA 14,
C. Chekuri, ed., SIAM, Philadelphia, 2014, pp. 142-151.

H. N. GaABOw AND S. NIE, Finding a long directed cycle, ACM Trans. Algorithms, 4 (2008).

M. R. GAREY, D. S. JOHNSON, AND R. E. TARJAN, The planar Hamiltonian circuit problem is
NP-complete, STAM J. Comput., 5 (1976), pp. 704-714.

P. A. GOLOVACH AND D. M. THILIKOS, Paths of bounded length and their cuts: Parameterized
complezity and algorithms, Discrete Optim., 8 (2011), pp. 72-86.

A. Kosowskl, B. Li, N. Nisse, AND K. SUCHAN, k-chordal graphs: From cops and robber
to compact routing via treewidth, in ICALP 2012, Lecture Notes in Comput. Sci., 7392,
Springer, New York, 2012, pp. 610-622.

M. NAOR, L. J. SCHULMAN, AND A. SRINIVASAN, Splitters and near-optimal derandomization,
in Proceedings of FOCS, IEEE Computer Society, 1995, pp. 182—-191.

R. NIEDERMEIER, Invitation to Fixed-Parameter Algorithms, Oxford Lecture Ser. Math. Appl.
31, Oxford University Press, Oxford, UK, 2006.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


