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task is to decide if G contains a (connected) subgraph with k vertices (edges) with all
vertices of even (odd) degrees. They succeed to establish the parameterized complexity of
all cases except two, when we ask about:

Keywords:

Pajr,ameterized complexity e a connected k-edge subgraph with all vertices of odd degrees, the problem known as
Euler graph k-EDGE CONNECTED ODD SUBGRAPH; and

Even graph e a connected k-vertex induced subgraph with all vertices of even degrees, the problem
0dd graph known as k-VERTEX EULERIAN SUBGRAPH.

Treewidth

We show that k-EDGE CONNECTED ODD SUBGRAPH is FPT and k-VERTEX EULERIAN SUBGRAPH is
WI[1]-hard. Our FPT algorithm is based on a novel combinatorial result on the treewidth of
minimal connected odd graphs with even amount of edges.

© 2013 Elsevier Inc. All rights reserved.

1. Introduction

One of the oldest theorems in Graph Theory is attributed to Euler, and it says that a graph admits an Euler walk, i.e.
a walk visiting every edge exactly once, if and only if the graph is connected and all its vertices are of even degrees. While
checking if a given graph is Eulerian, i.e. is connected and has no vertices of odd degrees, is easily done in polynomial time,
the problem of finding k edges in a graph to form an Eulerian subgraph is NP-hard. We refer to the book of Fleischner [7]
for a thorough study of Eulerian graphs and related topics.

An even graph (respectively, odd graph) is a graph with each vertex of an even (odd) degree. Thus an Eulerian graph is
a connected even graph. Let /T be one of the following four graph classes: Eulerian graphs, even graphs, odd graphs, and
connected odd graphs. In [4], Cai and Yang initiated the study of parameterized complexity of subgraph problems motivated
by Eulerian graphs. For each I7, they defined the following parameterized subgraph and induced subgraph problems:
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Table 1
Parameterized complexity of k-EDGE IT SUBGRAPH and k-VERTEX IT SUBGRAPH.
EULERIAN EVEN OpD CONNECTED ODD
k-EDGE FPT [4] FPT [4] FPT [4] FPT Theorem 2
k-VERTEX WI[1]-hard Theorem 3 FPT [4] FPT [4] FPT [4]

k-EDGE IT SUBGRAPH (resp. k-VERTEX /T SUBGRAPH)

Instance: A graph G and non-negative integer k.
Parameter: k.
Question: Does G contain a subgraph with k edges from I7
(resp. an induced subgraph on k vertices from IT)?

Cai and Yang established the parameterized complexity of all variants of the problem except k-EDGE CONNECTED ODD
SUBGRAPH and k-VERTEX EULERIAN SUBGRAPH, see Table 1. It was conjectured that k-EDGE CONNECTED ODD SUBGRAPH is FPT
and k-VERTEX EULERIAN SUBGRAPH is W[1]-hard. We resolve these open problems and confirm both conjectures.

The remaining part of the paper is organized as follows. In Section 2, we provide definitions and give preliminary results.
In Section 3, we show that k-EDGE CONNECTED ODD SUBGRAPH is FPT. Our algorithmic result is based on an upper bound for
the treewidth of a minimal connected odd graphs with an even number of edges. We show that the treewidth of such
graphs is always at most 3. The proof of this combinatorial result, which we find interesting in its own, is non-trivial and
is given in Section 4. The bound on the treewidth is tight—complete graph on four vertices K4 is a minimal connected odd
graph with an even number of edges and its treewidth is 3. In Section 5, we prove that k-VERTEX EULERIAN SUBGRAPH is
WI[1]-hard and observe that the problem remains W[1]-hard if we ask about (not necessarily induced) Eulerian subgraph
on k vertices. We conclude the paper in Section 6 with some open problems.

2. Definitions and preliminary results

Graphs. We consider finite undirected graphs without loops or multiple edges. The vertex set of a graph G is denoted by
V(G) and its edge set by E(G). A set S C V(G) of pairwise adjacent vertices is called a clique. For a vertex v, we denote
by N¢(v) its (open) neighborhood, that is, the set of vertices which are adjacent to v. The distance between two vertices
u,v € V(G) (i.e., the length of the shortest (u, v)-path in the graph) is denoted by dist; (u, v). For a vertex v € V(G) and a
set of vertices S C V(G), the distance between v and S is distg (v, S) = min{distg (v, u)|u € S}. For a vertex v and a positive
integer k, Ngf)[v] = {u € V(G) | distg(u, v) < k}. The degree of a vertex v is denoted by dg(v), and A(G) is the maximum
degree of G. For a set of vertices S C V(G), G[S] denotes the subgraph of G induced by S, and by G — S we denote the
graph obtained form G by the removal of all the vertices of S, i.e. the subgraph of G induced by V(G) \ S.

Parameterized complexity. Parameterized complexity is a two dimensional framework for studying the computational com-
plexity of a problem. One dimension is the input size n and another one is a parameter k. It is said that a problem is fixed
parameter tractable (or FPT), if it can be solved in time f(k) -n°( for some function f. One of basic assumptions of the
Parameterized Complexity theory is the conjecture that the complexity class W[1] # FPT, and it is unlikely that a W[1]-hard
problem could be solved in FPT-time. We refer to the books of Downey and Fellows [6], Flum and Grohe [8], and Nieder-
meier [9] for detailed introductions to parameterized complexity.

Treewidth. A tree decomposition of a graph G is a pair (X, T) where T is a tree and X = {X; |i € V(T)} is a collection of
subsets (called bags) of V (G) such that:

L Uiev(r Xi = V(G),
2. for each edge {x, y} € E(G), x, y € X; for some i € V(T), and
3. for each x € V(G) the set {i | x € X;} induces a connected subtree of T.

The width of a tree decomposition ({X; |i € V(T)}, T) is maxijev(r){|Xi| — 1}. The treewidth of a graph G (denoted as tw(G))
is the minimum width over all tree decompositions of G.

Minimal odd graphs with even number of edges. Let r be a vertex of G. We assume that G is rooted in r. Let G be
a connected odd graph with an even number of edges. We say that G is a minimal if G has no proper connected odd
subgraph with an even number of edges containing r.

The importance of minimal odd subgraphs with even numbers of edges is crucial for our algorithm because of the
following combinatorial result.

Theorem 1. Let G be a minimal connected odd graph with an even number of edges with a root r. Then tw(G) < 3.
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For non-rooted graphs, we also have the following corollary.
Corollary 1. For any minimal connected odd graph G with an even number of edges, tw(G) < 3.

Let us remark that the bound in Theorem 1 is tight—complete graph K4 with a root vertex r is a minimal odd graph
with even number of edges and of treewidth 3. The proof of Theorem 1 is given in Section 4. This proof is non-trivial and
technical, and we find the combinatorial result of Theorem 1 to be interesting in its own. From the algorithmic perspective,
Theorem 1 is a cornerstone of our algorithm; combined with color-coding technique of Alon, Yuster and Zwick from [1] it
implies that k-EDGE CONNECTED ODD SUBGRAPH is FPT. We give this algorithm in the next section.

3. Algorithm for k-Edge Connected Odd Subgraph

To give an algorithm for k-EDGE CONNECTED ODD SUBGRAPH, in addition to Theorem 1, we also need the following result
of Alon, Yuster and Zwick from [1] obtained by the color-coding technique.

Proposition 1. (See [1].) Let H be a graph on k vertices with treewidth t and let G be an n-vertex graph. A subgraph of G isomorphic
to H, if one exists, can be found in 0 (2°9% . nt*1y expected time and in 0 (2°® . n'*1 . logn) worst-case time.

We are ready to prove the main algorithmic result of this paper.
Theorem 2. k-EDGE CONNECTED ODD SUBGRAPH can be solved in time 0 (20 k1081 . n4 . Jogn) for n-vertex graphs.
Proof. Let (G, k) be an instance of the problem. We apply the following algorithm.

Step 1. If k is odd and the maximum vertex degree A(G) > k, then return YEs. Else if k is odd but A(G) <k, then go to
Step 3.

Step 2. If k is even and A(G) > k, then we enumerate all odd connected graphs H with k edges of treewidth at most 3.
For each odd graph H of treewidth at most 3 and with k edges, we use Proposition 1 to check whether G has a subgraph
isomorphic to H. The algorithm returns YEs if such a graph H exists. Otherwise, we construct a new graph G by removing
from the old graph G all vertices of degree at least k.

Step 3. Let us remark that at this step all vertices of the input graph G are of degree at most k — 1. For each vertex v, check
whether there is a connected odd subgraph H of G with k edges containing v. The algorithm returns YEs if a connected
odd subgraph H with k edges exists for some vertex v, and it returns No otherwise.

In what follows we discuss the correctness of the algorithm and evaluate its running time.

If k is odd and A(G) >k, then the star Ky is a subgraph of G. Hence, G has a connected odd subgraph with k edges.

Let k be even and let r € V(G) be a vertex with dg(r) > k. If G has a connected odd subgraph with k edges containing r,
then G has a minimal connected odd subgraph H with even number of edges rooted in r. Let £ = |E(H)|. Graph H contains
at most £ vertices in N¢(r). It follows that there are k — ¢ vertices v1, ..., Vk_¢ € Ng(r) \ V(H). Denote by H’ the subgraph
of G with the vertex set V(H) U{vq,...,Vvi_¢} and the edge set E(H) U {rvy,...,rvg_,}. Since k and ¢ are even, we have
that H' is an odd graph. By Theorem 1, tw(H) < 3. Graph H’ is obtained from H by adding some vertices of degree 1, and,
therefore, tw(H’) < 3. This means that when G has a connected odd subgraph H with k edges containing r, then there is a
connected odd subgraph H’ with k edges containing r and of treewidth at most three. But then in Step 2, we find such a
graph H’ with k edges.

If no connected odd subgraph with k edges was found in Step 2, then if such a graph exist, it contains no vertex of
degree (in G) at least k. Therefore all such vertices can be removed from G without changing the solution. Finally, in Step 3,
trying all possible connected subgraphs with k edges in the obtained graph of maximum degree at most k — 1, we can
deduce if G contains an odd subgraph with k edges.

We now analyze the running time of the algorithm. Because a connected graph with k edges has at most k + 1 vertices,
there are at most (k<k,2: 1>) pairwise non-isomorphic connected graphs with k edges, and we can find all connected odd graphs
with k edges in time 29108k and check in time O (k) if the treewidth of each of the graphs is at most three by making
use of Bodlaender’s algorithm [3]. The running time of this part can be reduced to 2°%) see e.g. [2]. Then for each graph
H of this type, to check whether H is a subgraph of G, takes time 0(2°® .n*.logn) by Proposition 1.

When we arrive at Step 3, we have that A(G) < k — 1. For each vertex v, to check whether the graph G [N,(Sk)[v]] induced

by the vertices within distance k from v has a connected odd subgraph H with k edges, one can use a brute-force algorithm.

This will take time 0(20("2 logk) . 17). A smarter way of implementing Step 3, suggested to us by an anonymous STACS 2012
referee, is the following. We enumerate all connected subgraphs with p =0, ...,k edges containing v by making use of the
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S1 S1 S1 S1 S3 S1 S1 SS9 S4 S5
S2 S2 83 82 53 52 54 52 53 53 56
Hy H, Hj H, H; Hg

Fig. 1. The set H.

following observation. For every connected subgraph H of G with p > 1 edges such that v € V(H), there is a connected
subgraph H’ with p — 1 edges such that v € V(H’) and H’ is a subgraph of H. Hence, given all connected subgraphs with
p — 1 edges, we can enumerate all subgraphs with p edges by a brute-force algorithm.

We show by induction that for any p > 1, there are at most p!(k — 1)P connected subgraphs with p edges in a graph G
with A(G) <k — 1 that contain a given vertex v. Clearly, the claim holds for p = 1. Let p > 1. Any connected subgraph of
G with p — 1 edges has at most p vertices. Since there are at most pA(G) < p(k — 1) possibilities to add an edge to this
subgraph to obtain a connected subgraph with p edges, the claim follows. Therefore, for each vertex v, we can enumerate all
connected subgraphs H with k edges that include v in time O (k!(k —1)¥). Hence, Step 3 can be done in time 0 (20k108k) . ),
We conclude that the total running time of the algorithm is 0 (20108 . n4 . Jogn). O

4. Minimal connected odd graphs with even number of edges

In this section we give the proof of Theorem 1, the main combinatorial result of this paper. It is inductive, and for the
inductive step we identify specific structures in a minimal connected odd graph with an even number of edges.

To proceed with the inductive step, we need a stronger version of Theorem 1. Let G be a graph and let x € V(G). We say
that a graph G’ is obtained from G by splitting x into x1, X2, if G’ is constructed as follows: for a partition X7, X3 of Ng(x),
we replace x by two non-adjacent vertices x1, X2, and join xq,X» with the vertices of X7, X, respectively. The following
claim implies Theorem 1.

Claim 1. Let G be a minimal connected odd graph with an even number of edges with a root r. Then tw(G) < 3.
Moreover, if dg (r) = 1 and z is the unique neighbor of r, then at least one of the following holds:

i) there is a tree decomposition (X, T) of G of width at most three such that for any bag X; € X with z € Xj, | Xi| < 3; or
ii) for any graph G’ obtained from G — r by splitting z into z1, zo, tw(G’) < 3 and there is a tree decomposition (X, T) of G’ of width
at most three such that there is a bag X; € X containing both z and z;.

To describe the structures in the graph, we need a notion of a subgraph with terminals. Roughly speaking, a subgraph
with terminals is connected to the remaining part of the graph only via terminals. More formally, let H be a subgraph of
graph G, and let sq,...,s € V(H). We say that H is a subgraph of G with terminals sq, ..., s, if there is a subgraph F of G
such that

e G=FUH,;
e V(F)NV(H)={s1,...,5}; and
e E(F)NE(H)=4.

Thus every edge of G having at least one endpoint in a non-terminal vertex of H, should be an edge of H. In particular,
terminal vertices of H separate non-terminal vertices of H from other vertices of G. Notice also that H and F are not
required to be induced, ie., if G has an edge s;s;, then s;s; is either in H or F. We also say that a subgraph H with a
given set of terminals is separating if the graph obtained from G by the removal of all non-terminal vertices of H and all
the edges of H (denoted G — H) is not connected. If it does not create confusion, we write that H is a subgraph of G or G
contains H as a subgraph omitting the terminals.

The specific structures we are looking for in the inductive step are the subgraphs isomorphic to graphs with terminals
from the set ‘H = {H1, Hy, H3, Hq, Hs, Hg} shown in Fig. 1. Whenever we say that H; € H is contained in graph G (or G
has H;), it always means that if G has a subgraph isomorphic to H; with the terminals shown in Fig. 1. Notice that Hg is a
subgraph of H4 and Hs, and throughout the paper we are looking for Hg only if we cannot find Hy4 or Hs.

The proof of Claim 1 is by induction on the number of edges. As the proof is very technical, we first give a high level
description.

The basis case is a graph with 6 edges. Then we assume that a minimal connected odd graph G with an even number
of edges has at least 8 edges and make an inductive step.
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Fig. 3. Replacement of R.

If G contains a subgraph R with terminals s1, sy shown in Fig. 3 such that r ¢ V(R) \ {51, s2} and s1s2 ¢ E(G), then the
inductive step is done by replacing R by the edge sisy. If G has no such subgraphs, then we say that G is R-free, and
furthermore we assume that G has this property.

The next step is to prove that if G has no subgraph from H, then G is one of the graphs G1, G2, G3 shown in Fig. 5. For
each of these graphs, the theorem holds trivially. Actually, we will need a stronger result, saying that if G has no subgraph
from H», ..., Hg and every subgraph of G isomorphic to H; is of specific form, namely, this subgraph is not separating and
r is not a non-terminal vertex of Hi, then even in this case, G is one of the graphs G1, Gy, G3 shown in Fig. 5. With this
claim we can proceed further with an assumption that G contains at least one graph from .

For the case when r is a non-terminal vertex of a subgraph H € H, we prove that H = H{. We remove non-terminal
vertices of H, identify terminals si, sp, and add a new root vertex r’ adjacent to the vertex obtained from s1, s;. Then we
prove that this graph is a minimal connected odd graph with an even number of edges, and then we can apply the induction
assumption on this graph, and derive our claim for G. The difficulty here is to ensure that the treewidth of the graph G
does not increase when we make the inductive step. This requires the assumptions i) and ii) in Claim 1 on the structure of
tree decompositions. From this point, it can be assumed that r is not a non-terminal vertex of a subgraph from X with the
corresponding set of terminals.

All graphs Hj, ..., Hg have even number of edges and every terminal vertex of such a graph is of even degree. This
means that G cannot contain a non-separating graph H from {H,,..., Hg}, because removing edges and non-terminal
vertices of H, would result in a connected odd subgraph of G with even number of edges, which is a contradiction to the
minimality of G. Hence, if G contains subgraphs from H but they are non-separating, G can contain only Hq. Then as we
already have shown, G is one of the graphs G1, Gy, Gz shown in Fig. 5. Thus we can assume that G contains a separating
subgraph H from H. Among all such separating subgraphs, we select H such that the number of edges of the component
Fy of the graph G’ = G — H containing r is minimum. We prove that G’ has exactly two components Fq, Fy, where Fq is a
tree, and this fact is used to make the inductive step.

In what follows, we give the detailed proof of Claim 1. We start with several technical lemmas.

4.1. Technical lemmas

Let [ > 3 be an integer. The graph S; is obtained from a cycle with | vertices by attaching a vertex of degree one
to each vertex of the cycle. More formally, S; is the graph with the vertex set {uq,...,u;} U{vq,...,v;} and the edge
set {viur,...,viuy U {viv}, viva,...,vi_1v;}. For positive integers t > 1> 3, by S;; is denoted the graph obtained from
a cycle of length I and a path of length t — | attached to a vertex of the cycle, by attaching to every vertex of degree
two a vertex of degree 1. Formally, S;; has the vertex set {ui,...,uj—1,Uj41,...,Us—1} U {v1,...,v¢} and the edge set
{viut, ..., VicqU—1, Vig U1, -« Vee1Ue—1} U {v1V, viva, ..., Ve—1 V). It is assumed that S; and S, are rooted in r = v,
and r = v, respectively. The graphs S; and S;; are shown in Fig. 2. Clearly, these graphs are minimal connected odd graphs
with en even number of edges rooted in r.

The following lemma describes minimal connected odd graphs with an even number of edges containing no induced
cycles of length at most four.

Lemma 1. Let G be a connected odd graph with a root r that contains cycles but has no induced cycles on three or four vertices. Then
G contains either Sy for 1 > 5 or S for t > 1> 5 rooted inr.
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Fig. 5. Graphs G1, G2, G3.

Proof. Let C =vq...v; be an induced cycle on [ vertices such that t =1+ distg(r, V(C)) is minimum. Suppose first that r €
V (C). Because G is odd, there are vertices uq, ..., u; adjacent to v1, ..., v; respectively such that u; ¢ Nc(v;) forie {1,...,1}.
Since G has no C3, C4 and t is chosen to be minimum, u1, ..., u; are pairwise distinct and are distinct from v1, ..., v;. Then
we have that G contains S;. Assume now that r ¢ V(C). Let v;...v; where v; =r be a shortest path between V(C) and r.
By the same arguments, there are vertices uq, ..., u;—1, U1, ..., Us adjacent to vq,...,Vi_1, Viy1, ..., Vi—1 respectively such
that uq, ..., u; are pairwise distinct and are distinct from vy, ..., v;. Then we conclude that S;; is a subgraph of G. O

The next lemma is a straightforward observation.

Lemma 2. Let G be a minimal connected odd graph with a root r that has an even number of edges. Suppose that G has a subgraph R
shown in Fig. 3 with the terminals sy, sy such thatr ¢ V(R) \ {s1, s2} and s1s ¢ E(G). Then the graph G’ obtained by the removal of
all the non-terminal vertices of R and the addition of s15; is a minimal connected odd graph with the root r that has an even number
of edges and tw(G) < tw(G’). Moreover, if tw(G’) > 2, then a tree decomposition of G of width at most tw(G") can be obtained from
a tree decomposition of G’ of width tw(G’) by the addition of bags of size at most three.

Let G be a connected odd graph with a root r and with an even number of edges. Let also S = {x1, X2}, r ¢ S, be a minimal
cut-set of G. Denote by U the set of vertices of the component of G — S that contains r, and let W = V(G) \ (SUU). Suppose
that the following holds:

e each of the vertices x1, x» is adjacent to exactly two vertices in U U S,

e X1, xy have a common neighbor y € U such that y is not a cut-vertex,

e the number of edges of G[W] be odd, and

o (Ng(x1) N Ng(x2)) N W =4.

Denote by Gs the graph obtained from G[W1] as follows: we add a vertex x and join it with the vertices (N¢(x1) UN¢(x2))N
W by edges and then add a vertex r’ and join it with x (see Fig. 4). The vertex r’ is a root of Gs.

Lemma 3. If G is a minimal connected odd graph with an even number of edges, then the rooted graph Gs is a minimal connected odd
graph with an even number of edges.

Proof. Clearly, Gs is a connected graph. For each x; € S, dg(;) is odd. Since x; is adjacent to exactly two vertices in U U S,
INg(xi) "W | is also odd. It follows that Gs an odd graph with an even number of edges, and it remains to prove that Ggs is
minimal. To obtain a contradiction, assume that Gs has a proper connected odd subgraph H with an even number of edges,
and 1’ € V(H). Observe, that the edge r'x € E(H). Hence, the number of edges that join x and the vertices of W should
be even. Let X; € W N N¢(x;) be the set of vertices of H from V(H) N W that are adjacent to x for i = 1, 2. Notice that
|X1] 4+ | X32]| is even, i.e. either | X[, |X2| are even or |X;]|, |X32| are odd. Consider the graph G[U US]UH[W NV (H)] and join
x; with the vertices of X; for i =1, 2. Denote the obtained graph by H’. The graph H’ is a proper connected subgraph of G,
r € V(H’), and the number of edges of H’' is even. If |X1| and |X;| are odd, then H’ is odd, and we get a contradiction with
the minimality of G. Assume that |X;| and |X;| are even. Recall that x1, x, have a common neighbor y € U such that y is
not a cut-vertex. We consider H” obtained from H’ by the removal of x1y, xoy. The graph H” is a proper connected odd
subgraph of G, r € V(H"), and the number of edges of H” is even. We arrive at contradiction. O
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Recall that a graph G is R-free if G has no subgraph isomorphic to the graph R with the two terminals that adjacent in
G such that r is not a non-terminal vertex of this copy of R.

Lemma 4. Let G be a minimal connected odd graph with an even number of edges rooted in r. Suppose that

i) G is R-free;
ii) G has no subgraph from H, ..., Hg with the corresponding terminals; and
iii) if G contains Hq as a subgraph, then this subgraph is not separating and r is not a non-terminal vertex of H;.

Then G is one of the graphs G1, G2, G3 shown in Fig. 5.

Proof. Observe that every connected odd graph with an even number of edges contains a cycle. If G has no cycles on three
or four vertices, then by Lemma 1, G contains either S; for [ > 5 or S;; for t > 1> 5 rooted in r. By the minimality of G,
either G = S; or G = S;;. But these graphs are not R-free; a contradiction. From now we assume that G contains induced
cycles on three or four vertices. We choose a cycle C of length three of four such that the distance between V(C) and r
is minimum. If there are cycles of length three and four at the minimum distance from r, we assume that C is a cycle of
length three.

Case 1. Suppose that C = C4. We want to show that this case cannot occur. Let C = v{v,v3Vv4 and assume that v4...Vv;
where v =r is a shortest path between V (C) and r. We consider two subcases.

Case l.a. r £ v4. Since G is odd, we have that there are (not necessarily distinct) vertices uq, uy, us3, us, ..., u;—1 adjacent
to vq, v, V3, Vs, ..., Vi_1 respectively such that uy # vy, v4 and u; # vi_q, viyq for i € {2,...,t — 1}. By the choice of the
cycle, uj #vj forie{1,2,3,5,...,t —1} and je({1,...,t}. If it is possible to choose pairwise distinct vertices u;, then the
subgraph G’ of G with V(G') = {uy,uy,us, us,...,ur—1}U{vy,...,v¢} and E(G") = {viuq, vouy, v3us, vsus, ..., Ve_qUr_1} U
{vivg, V1Va, ..., V¢(_1V¢} is an odd graph with an even number of edges, and by minimality, G = G’. But this graph is not
R-free; a contradiction. Hence, for any choice of uq, uy, us, us, ..., u;—1, some of these vertices are same.

Observe that because C is a closest to r cycle with three or four vertices, us, ..., u;—q1 are pairwise distinct. The set of
edges {v1va, VoV3, V3Vg, V4V1} is a cut-set in G because G is minimal. Let G’ be the graph obtained from G by the removal
of these edges. Denote by F; the component that contains r and v4. Notice that F; should have an odd number of edges
due the minimality of G.

If there is a component F’ with an odd number of edges that contains a single vertex from {vi, vy, v3} (see Fig. 6a),
then by the minimality of G, F' = K and G is not R-free. This is a contradiction. If G’ has four components, or G’ has three
components and F; contains two vertices from {vq, v, v3, v4}, or G’ has two components and F; contains three vertices
from {vq, va, v3, v4}, then such a component F’ should exist. Suppose that G’ has three components, and a component
F” # F1 contains two vertices from {v1, v, v3}. Then there is a component that contains a single vertex of this set, and it
should have an even number of edges. Hence, F” has an odd number of edges. If F” contains either vq, vy or vy, v3 (see
Fig. 6b), then since G has no Hj, it is possible to choose the vertices uq, uy, u3 in such a way that they are distinct and,
therefore, we have distinct uq, uy, us, us, ..., us—1. If F” contains v1, v3 (see Fig. 6¢), then since G does not contain Hs, it is
possible to find distinct vertices uq, u3z and uq, us, us, us, ..., ur—1 would be distinct. Hence, G’ has exactly two components
Fy and F;, the numbers of edges Fi, F» are odd, and F; contains at most two vertices of the set {vq, v, v3, v4}.

Suppose that F; includes two adjacent vertices from this set. Without loss of generality, let v1,v4 € V(F1) and v, v3 €
V (F3). Then we consider the subgraph of G obtained by the removal of the vertices of F, except v, and v3, and the removal
of the edge v;,vs, see Fig. 7a. This graph is an odd graph with an even number of edges but this contradicts the minimality
of G.

Suppose now that v, v4 € V(F1) and v1, v3 € V(F2) (see Fig. 7b). Since G does not contain H3, we can choose uq # us.
Since uq, uy, us, us, ..., Us_1 are not distinct, by the choice of C, we have that d¢(vy) =3 and either uy; = ug or uy; = us.

Assume first that uy = ug. There is a vertex w € V(Fq) adjacent to uy, w # v, vg. By the choice of C, w, us, u7, ..., u;_q
are distinct. Also by the choice of C, w # v4, vs5, v7, ..., v¢. Then Fq has the subgraph with the vertex set {vy, va4,..., V¢, Us,
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...,Ut—1,w} and the edge set {vyuj, v4Vs,..., Vi(—1V¢, VslUs, ..., Vi_1Ur—1, UpW}, see Fig. 7b. This graph is an odd graph
with an odd number of edges, and by minimality, is equal to F;. But F; is not R-free, which is a contradiction.
Now, let uy = us. There is a vertex w € V(F1) adjacent to up, w # va, vs. By the choice of C, w,ug,usg,...,us—q are
distinct, and w = v4, vg, ..., v¢. If w # u7, then Fq has the subgraph with the vertex set {vy,v4,..., V¢, Us, ..., Ur—1, W}
and the edge set {vauy, v4Vs,..., Vi—1Vt, VsUs, ..., Vi—1Ui—1, UpW}, see Fig. 7c. This graph is an odd graph with an odd

number of edges, and by minimality, is equal to Fi. But F; is not R-free, which is a contradiction. Hence, w = u7 (see
Fig. 7d). Notice that vyuguyvy...v; is a shortest path between r and C. By symmetry, we can assume now that d¢(u4) = 3.
Let Fg be the graph obtained from F; by the removal of the edges vyuy, v4Vs, vsus. It remains to observe that Fg is an
odd graph with even number of edges; a contradiction.

Assume now that vq, vy, v3 € V(F3) (see Fig. 7c). Because G does not contain H, and Hs, we again can find pairwise
distinct uq, uy, usz. Again, by minimality, in this case F, is not R-free; a contradiction.

Case 1.b. r = v4. The arguments for this case are similar, and we prove that such graphs do not exist.

Observe that there are vertices uy, up, u3, uy4 adjacent to vi, va, v3, v4 respectively, u; # v for i, j € {1,2,3,4}. If it
is possible to choose pairwise distinct vertices u;, then the odd graph G’ with V(G’) = {u1,...,u4} U {v1,...,v4} and
E(G") ={vqu1,...,vaua}U{vivyg, v1Vva,..., v3V4} has an even number of edges, and G’ is a subgraph of G. By minimality,
G = G/, but this graph is not R-free, and we have a contradiction. Hence, for any choice of u1, us, us, ug, some of these
vertices are equal. The set of edges {v1Vv2y, vaV3, V3Vg, V4Vv1} is a cut-set in G. Let G’ be the graph obtained from G by the
removal of these edges. Denote by F; the component that contains r and v4. Notice that F; should have an odd number
of edges. By the same arguments as for Case 1.a, G’ has exactly two components F; and F, with odd number of edges,
vy, va € V(F1) and vy, v3 € V(F3). Since G does not contain Hs, we can choose 17 # u3 and u; # u4 and construct R in G,
which is a contradiction with R-freeness.

Thus, within the assumptions of the lemma, Case 1 cannot occur.

Case 2. Let C = vqvyv3 and assume that vs...v; where v; =r is a shortest path between V(C) and r. We consider two
subcases.

Case 2.a. r # v3. Since G is odd, there are vertices uq, Uy, ug, ..., U;—1 adjacent to vq, va, V4,..., V¢_1 respectively such
that uq # vo,v3 and u; # vi_1,viy1 for i € {2,...,t — 1}. By the choice of the cycle, u; #v; for i € {1,2,4,...,t — 1}
and j e {1,...,t}. If it is possible to choose pairwise distinct vertices u;, then the subgraph G’ of G with V(G') =

{uq,uz,ug, ..., ur—1}U{vy, ..., v¢} and E(G') = {viuq, Valy, Vally, ..., Vi_qUr_1} U {V1Vg, V1V2, ..., V¢_1 V) is an odd graph
with an even number of edges, and by minimality, G = G’. Since G is R-free, we have that t =4 and G = G4. Assume
that G # G1. Then for any choice of uq, uy, ug, ..., us_1, some of these vertices are equal. Observe that by the choice of C,
Uy, ...,U;—q1 are pairwise distinct.

Let G’ be the graph obtained from G by removing E(C).

Suppose that G’ is not connected. Denote by F; the component containing r and v3. Notice that F; should have an odd
number of edges. If G’ has three components, then uq, uy, ug4, ..., u;_1 are pairwise distinct. Hence, G’ has two components
F1, F, and F; has an even number of edges. Observe that if u; = uy, then G contains H; that separates G. This contradicts
condition iii) of the lemma. Therefore, we have that u; = uy, but this is impossible, because it would imply that the u;’s
are pairwise distinct. Therefore, F1 contains two vertices of C, and we assume without loss of generality that v, v3 € Fq,
see Fig. 8b. Then uy # u1, ua4, ..., ur—1. We conclude that u; = us. There is a vertex w € V(F1) adjacent to u1, w # v, vs.
By the choice of C, w,ug,ug,...,u;—q are distinct. Then G has the subgraph with the vertex set V(Fy) U {vq,..., v} U
{ug, ..., us—1} U{w} and the edge set E(Fy) U{viVv3, V1Va,..., Vi1V U{viUq, Valg, ..., Vi_qUe_1} U {uyw} as it is shown
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Fig. 8. Case 2, G’ is not connected.

in Fig. 8b. This graph is an odd graph with an even number of edges, and by the minimality of G, G equals it, but it is not
R-free and we get a contradiction. Thus we conclude that G’ is connected.

If G’ is a tree, then we claim that G = G3.

Observe that if xq1, x are leaves of G’ adjacent to the same neighbor w, then x; € {r, v1, va, v3} or x € {r, v1, vo, v3}.
Otherwise we can delete x1, X, and obtain from G a smaller odd graph with even number of edges. Notice also that if x is
a leaf of G’ adjacent to a vertex w of degree two in G’, then x € {r, v, v, v3} or w € {r, v1, v3, v3} because G is R-free.
Clearly, |V (G| > 4.

Suppose that G’ has exactly one inner, i.e., non-leaf vertex. It means that G’ is a star Ky . Clearly, I is an odd integer
and [ > 3. If | =3, then G = K4, but by item iii) in lemma’s assumptions, G cannot be isomorphic to K4. Hence, [ > 5. Then
the vertices r, v1, v3, v3 are leaves of G’, but it contradicts the choice of C, since we have another cycle of length three at
distance one from r. We conclude that G’ has at least two inner vertices.

Suppose that G’ has two inner vertices w1, wy such that each vertex w; is adjacent to exactly one inner vertex, and

let wq be adjacent to at least four leaves xq, ..., x;. At least | — 1 vertices of {x1,...,x;} are in {r, vq, v2, v3} and at least
one vertex of {x1,...,x} is adjacent to wy. If r is adjacent to wy, then vq, vy, v3 € {X1, ..., X}, but it contradicts the choice
of C. Hence, r € {x1,...,%} and exactly two vertices of {v{, v, v3} are included in this set. Then the cycle induced by w;

and these two vertices is at distance one from r, and it contradicts the choice of C, since C is at distance two from r in this
case. We can claim now that each inner vertex w that is adjacent to one another inner vertex is adjacent to exactly two
leaves of G’.

Suppose that there are three inner vertices w1, wa, w3 such that each vertex w; is adjacent to exactly one inner vertex.
Let xf1 and xi2 be the leaves adjacent to w;. Then at least two vertices from the set {w;, x"l,xfz} are included in {r v, va, v3}
by the minimality of G and R-freeness; a contradiction. It means that there are exactly two inner vertices w1, wy such that
each vertex w; is adjacent to exactly one inner vertex. Let x"] and xf2 be the leaves adjacent to w;.

Suppose now G’ has another inner vertex w. Clearly w is adjacent to [ leaves y1, ..., y; where | is odd and d¢, (w) =142.
At least two vertices from each set {w,-,x"l,xfz} are included in {r vy, vy, v3}. It follows that w, y1,..., y; are not included
in {r vq,va,v3}. If =1, then we have a contradiction with the R-freeness of G, and if [ > 3, then we have a contradiction
with the minimality of G.

Now we have that G’ has exactly two inner vertices and each inner vertex is adjacent to exactly two leaves. Since G
does not contain Hy, we conclude that G = G3.

If G’ has cycles, but there are no cycles Csz, C4, then by Lemma 1, we can find an odd subgraph of G’ with an even
number of edges, but it contradicts the minimality of G. From now we assume that G’ contains induced cycles on three or
four vertices. Let C’ be a cycle on three or four such that the distance between V (C’) and r is minimum.

Suppose that C’ = C4. Let C' = wiwyw3wy. The set of edges {wiwy, wows, w3wy, waw} is a cut-set in G because G
is minimal, and therefore, it is a cut-set in G’. Denote by G” the graph obtained from G’ by the removal of these edges. Let
F/ be a component of G” that contains r and assume that wy € V(F}). Observe that v3 € V(F}) and F} has an odd number
of edges by the minimality of G. If v1, v2, v3 € V(F}), then the graph obtained from F) by the addition of the edges of C is
an odd subgraph of G with an even number of edges, but it contradicts the minimality of G. Hence, at least one vertex of
{v1, v2} is not included in F{. Observe also that at least one component of G” does not contain vertices from {v1, va, v3},
since otherwise the graph obtained from G by the removal of E(G’) is connected, but it is impossible by the minimality
of G.

First we consider the case when G” has four components F{, F}, F}, F;, w; € V(F}). Assume that exactly one component
F{ has no vertices from {vq, vy, v3} (see Fig. 9a). If F,./ has an even number of edges, then the graph obtained from G
by removing V(F{) and edges wiwy, waws, W3wy, Wawq is a connected odd subgraph of G with an even number of
edges, which contradicts to the minimality of G. If the number of edges of F/ is odd, then F/ = K and G is not R-free or
wi_1Wiy1 € E(C) € E(G) (it is assumed that ws = w1) and the graph obtained from G by the removal of V(F{) and the
edges wi_1wj, Wiw;i+1, Wi_1Wj4q is a connected odd subgraph of G with an even number of edges; again a contradiction
to minimality. Suppose that exactly two components F,.’, F} have no vertices from {vq, v, v3} (see Fig. 9b,c). If one of these
components, say F;, has an odd number of edges, then F; = K> and G is not R-free or w;_yw;;1 € E(G) and the graph
obtained from G by the removal of V(F{) and the edges w;_qw;, wiwiy1, W;_1wiy1 is a connected odd subgraph of G
with an even number of edges; a contradiction. If F/, F ; have even numbers of edges, then the graph obtained from G by
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the removal of V(Fi’) U V(F;) and the edges wiwj, waws, w3wy, Wawq is a connected odd subgraph of G with an even
number of edges and we again get a contradiction to the minimality of G.

Now, let now G” have three components F, F;, F;. Then exactly one component F; has no vertices from {vy, v, v3}.
If F{ has an even number of edges, then the graph obtained from G by the removal of V(F)) and the edges
Wi{Wy, WaWws, W3Wg, Wgw is a connected odd subgraph of G with an even number of edges and thus G is not mini-
mal, a contradiction. Hence, the number of edges in F; is odd. If F; contains exactly one vertex w; € {wz, w3, wy}, then
by the same arguments as above, we obtain a contradiction to the minimality of G. If F; contains two adjacent vertices
wi, wit+1 (see Fig. 10a), then the graph obtained from G by the removal of V(Fl.’) \ {wi, wir1} and the edge w;w;;q is a
connected odd subgraph of G with an even number of edges; a contradiction. It follows that F; contains wj, ws. Since G
does not contain Hs, there are z5,z4 € V(F,f), z) # z4, that are adjacent to wy, w4 respectively. Recall that the number of
edges of G’ is odd. Therefore, the component F;, j#1,i, has an odd number of edges. Hence, the subgraph of G with the
vertex set V (F}) U V(F;.) U{w2, wa, 22,24} and the edge set E(F}) U E(F}) U{wiwsy, waws, W3Wg, WaWq, WaZy, WaZs) (See
Fig. 10b) is an odd graph with an even number of edges; a contradiction.

Suppose now that C’ = (3, and let C’ = wiwyws3. Observe that since G does not contain Hg, C and C’ have a common
vertex. Recall that it was assumed that for any choice of uq, uy, u4, ..., u;_1, some of these vertices are equal. Observe that
(up to symmetry) there are two possibilities: either uq =uy or u; = us (see Fig. 11).

Suppose that u1 = uy. Notice that we can make another choice of these vertices unless d¢(vq) =dg(v2) =3, i.e., unless
G contains Hj. It follows that v3 € V(C’). Assume that vz = ws. Since G does not contains Hg, C' and the cycle vivyus
should have common vertices, we can assume that wq{ = uq = uy (see Fig. 12a). By the choice of C, wy # v4,..., v and
W3 # U4, ..., Ur—1. Then the subgraph of G with the vertex set {vq,...,v:} U {uq,us,...,u—1} U {wy} and the edge set
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{uqvi,u1vy, u1vs3, v1Vvs3, V1V, ..., Vi1 Vet U {valy, ..., vi—qUus—1} U {wws} (see Fig. 12b) is a connected odd graph with an
even number of edges and we have a contradiction.

Assume that u; = us. If dg(vq) > 3, then we can choose another vertex as u;. Hence, we can assume that d¢g(v1) = 3.
Notice that viuqvs...v; is a shortest path between r and C. If dg(v3) > 3, then by using this path instead of v3...v; we
obtain a contradiction. Hence, dg(vq) = dg(v3) = 3. Notice that v, € V(C’) and we assume that v, = ws. Since G is odd,
there are (not necessarily distinct) vertices X, y1, ¥2,z1 shown in Fig. 13a. Since C is a closest to r cycle with three or four
vertices and G has no triangles disjoint with C or C/, X # z1, U4, y1 # ¥2, 21 # Ug and {x, y1,¥2,z1} N {ug, ..., ur_1} = 0.
If it is possible to choose y1,y2 in such a way that either ugq # y1,y2 or z;1 # y1,y2, then G has a subgraph with
the vertex set {wi, wa, y1, y2} U{vq,...,vi} U {uga,...,ur—1} and the edge set {wqvy, wiy1, Wiwa, WV, Wy, v1v3} U
{vavs, ..., vi—1ve} U {vauy, ..., vi—q1ur—q} (Fig. 13b) or a symmetric subgraph shown in Fig. 13c, and we get a contradic-
tion. Therefore, it can be assumed that y; = z1, y» = u4 and dg(wq1) =dg(wy) = 3 (see Fig. 14a). Now we can find a
vertex z; # u1, w1 adjacent to z;. The edge set E(C) U E(C’) has an even number of edges. Hence, this is a cut-set of G.
Let G’ be the graph obtained from G by the removal of E(C) U E(C’). The graph G’ has two components Fi, F», where
r,vq,vs, wi, wy € V(Fp) and x, vy € V(F;). By the minimality of G, the number of edges of F; is odd. It follows that the
number of edges of F, is also odd. Then we have two possibilities. It can happen that G has a connected odd subgraph
with an even number of edges with the vertex set {vi, vy, w1, z1,u1} U {vs,..., v} U{vs, X, wy, 22} U {ug,...,us—1} and
the edge set {u1vq, vivy, vowy, w1z, Z1U1, U Vs U {Vvsve, ..., Vi—1 Ve U {V1V3, Vi, W1 W2, 2122} U {vglUsg, ..., Vi—1Us—1} (See
Fig. 14b). Another possibility is that the graph obtained from G by the removal of V(F) U {v{, w1} and the set of edges
E(C)UE(C’)U{uqz} (see Fig. 14c) is a connected odd graph with an even number of edges. We have the first case if z; # ug,
and we have the second case otherwise. So, we get a contradiction.

Case 2.b. r = v3. The arguments are similar to the previous case. Since G is odd, there are vertices u1, uy, u3 adjacent to
V1, V2, v3 such that u; # v for i, j € {1,2,3}. If it is possible to choose pairwise distinct vertices u;, then the subgraph G’
of G with V(G) = {uq,uy,u3} U{vy, vy, v3} and E(G") = {vquq, vauy, vsuz} U {vivs, v1Va, vav3} is an odd graph with an
even number of edges, and by minimality, G = G’. Hence, G = G,. Assume that G # G,. Then for any choice of uq, uy, us,
some of these vertices are equal.

Let G’ be the graph obtained from G by the removal of E(C).

Suppose that G’ is not connected. Denote by F; the component that contains r. Notice that F; should have an odd
number of edges. If G’ has three components, then uq, uy, us are pairwise distinct. Hence, G’ has two components Fq, Fo,
and F, has an even number of edges. If vq, v, € V(F3), then we can choose u1 # uy unless G contains H; that separates G.
Therefore, F1 contains two vertices of C, and we assume without loss of generality that v1, vs3 € F1. Then uj # uq, u3 and,
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therefore, for any choice, u; = us. It can happen only if d¢(vq) =d¢(v3) =3, and it means that r is a non-terminal vertex
of Hq; a contradiction.

We conclude that G’ is connected.

Suppose that G’ is a tree. We use the same arguments as in Case 2.a. Suppose that G’ has exactly one inner vertex.
It means that G’ is a star Ky ;. Clearly, | is an odd integer and [ > 3. If | =3, then G = K4, but by item iii) in lemma’s
assumptions, G cannot be isomorphic to K4. Hence, [ > 5. But then at least two leaves are not included in {vq, vy, v3}, and
we have a contradiction with the minimality of G. Hence, G’ has at least two inner vertices. Suppose that G’ has two inner
vertices w1, wy such that each vertex w; is adjacent to exactly one inner vertex, and let wi be adjacent to at least two

leaves x}, .. .,x,1 and let wy be adjacent to at least two leaves x%, .. x,z, Then at least two vertices from each of the sets
{w1,x{,....x/} and {wa,x2,...,x%} are included in {vy, v, v3}; a contradiction.

If G’ has cycles, but there are no cycles Cs3, C4, then by Lemma 1, we can find an odd subgraph of G’ with an even
number of edges, but it contradicts the minimality of G. From now we assume that G’ contains induced cycles on three or
four vertices. Let C’ be such a cycle that the distance between V (C’) and r is minimum.

We use exactly the same arguments as in Case 2.a and prove that C’ # C4. Suppose that C’ = C3, and let C' = wywyws.
Observe that since G does not contain Hg, C and C’ have a common vertex. Recall that it was assumed that for any choice
of u1,uy, us, some of these vertices are equal. Because G does not contain Hi that has r as a non-terminal vertex, there is
only one possibility: uq = u;, and we again use the same arguments as in Case 2.a to get a contradiction. O

Now we need two technical lemmas about odd graphs when the number of edges is odd.

Lemma 5. Let G be an odd graph with an odd number of edges rooted inr. Let also W = {w, ..., wp} C V(G). Suppose that

i) G is a minimal (not necessarily connected) odd graph with an odd number of edges such that r € V(G), W C V(G), and each
component of G contains at least one vertex of W ;
ii) G has no connected odd subgraph with an even number of edges rooted in r;
iii) G is R-free;
iv) G does not contain H € {H1, Hy, H3} such that r is a non-terminal vertex of H.

Then one of the following holds:

a) Gisatree;

b) G contains a separating H € {H1, Hy, H3} such that for a component F of G — H withr € V(F), V(F)NW = @; or

¢) G contains an induced cycle C on three vertices such that the graph obtained from G by the removal of E(C) has two components
Fi,Fpand V(F))NW #£@, V(F)) N W # (.

Proof. If G has no cycles then the claim is trivial. Assume that G has cycles. If G contains no cycles on three or four vertices,
then by Lemma 1, G has connected odd subgraph with an even number of edges rooted in r. Hence, G contains induced
cycles on three or four vertices. Let C be such a cycle that the distance between V (C) and r is minimum. We consider two
cases.

Case 1. C = (4. Let C = vqvav3vye and assume that v4...v, where v, =r is a shortest path between V(C) and r. We
consider two subcases.

Case l.a. r # v4. Since G is odd, there are (not necessarily distinct) vertices uq, uy, us, us, ..., us—1 adjacent to vq, vy, v3, Vs,
..., Vi—1 respectively such that {uq,us,us, us,...,ur—1} N{vy,..., v} =@. If it is possible to choose pairwise distinct ver-
tices uj, then the subgraph G’ of G with V(G') = {u1, uz, u3, us, ..., us_1}U{vq,..., v¢} and E(G') = {viuq, vaus, v3us, Vsus,
ey Ve_qUi—1}U{vivye, v1Va, ..., Vi—1V¢} is a connected odd graph with an even number of edges that contain r, but it con-
tradicts ii). Hence, for any choice of uq, uy, us, us, ..., us—_1, some of these vertices are equal.

Observe that since C is a closest to r cycle with three or four vertices, us, ..., u;_1 are pairwise distinct. The set of edges
{v1va, voV3, v3Vy, V4Vvq} is a cut-set in G because G is minimal. Let G’ be the graph obtained from G by the removal of
these edges. Denote by F the component that contains r and v4. Notice that F should have an odd number of edges. By
condition i), W \ V(F) # (. Observe also that if V(F) N W =# @, then G’ has a component F’ such that V(F')N W =, since
otherwise we can remove E(G) and get an odd graph with an odd number of edges such that r and W are included in it,
and each component contains at least one vertex of W.

If G’ has four components, then we always can find distinct uq, uy, u3 that are different from us, ..., u;_1. Suppose that
G’ has three components. Let v4 be the unique vertex from V (C) in F. Unless G contains H € {H,, H3} with a terminal in
v4 such that C is a part of H, we always can find pairwise distinct u1, up, u3. Suppose that G contains such H € {H;, H3},
but the component of G — H with r has at least one vertex from W. In this case G’ has exactly one component F’ such that
V(F)N'W =@. If the number of edges of F’ is even, then the graph obtained from G by the removal of V(F’) and E(C)
is an odd graph with an odd number of edges that r and W are included in it, and each component contains at least one
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Fig. 16. The case when G’ has two components.

vertex of W. It gives a contradiction with i). Hence, the number of edges of F’ is odd. If F’ contains exactly one vertex from
V(C), then by minimality, F’ = K, and we get a contradiction with iii). Let F’ contain two vertices from V (C). Assume that
F’ includes two adjacent vertices of C, say the vertices v1, v, (see Fig. 15a). Then the graph obtained from G by the removal
of V(F')\ {v1, v2} and the edge vq, v, is a connected odd graph with an even number of edges; a contradiction. Suppose
now that vy, vz € V(F’) (see Fig. 15b). It follows that for any choice of uq, us, it should be u; = us, but then H = H3 and
F’ = R with the terminals v, v3; a contradiction with R-freeness.

We now suppose that G’ has two components F, F”. In this case V(F) N W =@ and the number of edges of F” is even.

If F contains the unique vertex from {vq, vy, v3, v4}, then we can find pairwise distinct uq, up, u3 unless G contains
H € {Hy, H3} with a terminal in v4 such that C is a part of H and b) holds. Suppose that F contains three vertices of
this set. Then the component F” # F contains a vertex u; adjacent to the unique vertex of v; in {vq, vy, v3, v3} N V(F”).
It remains to observe that the subgraph of G with the vertex set V(F) U {v;, u;} and the edge set E(F) U E(C) U {vju;} is a
connected odd graph with an even number of edges; a contradiction. We conclude that F contains exactly two vertices of
{v1,v2,v3, va}.

Suppose that F includes two adjacent vertices from this set. Without loss of generality, let v, v4 € V(F) and v3,v3 ¢
V(F) (see Fig. 16a). Then we consider the subgraph of G with the vertex set V(F) U {v;, v3} and the edge set E(F) U
{v1v4, v1Vv2, v3v4}. This graph is an odd graph with an even number of edges, but this contradicts ii).

Suppose now that vy, v4 € V(F). We can find distinct uq, u3 adjacent to vq,u3 unless G contains H3 and b) holds.
Otherwise, since for any choice, not all uq,uy, us, us,...,us—q1 are not distinct, but us, ..., u;_1 are pairwise distinct, we
conclude that d¢(v2) =3 and either uy = ug or u = us.

Suppose that u; = ug as is shown in Fig. 16b. There is a vertex z € V(F) adjacent to uy, z # v3, vg. By the choice of C,
Z,Us,U7,...,Ur—q are distinct. Then F has the subgraph with the vertex set {va, v4,..., v} U{us,...,u;—1} U {z} and the
edge set {v4Vs,..., vVi_1Ve} U {vaug, vsus, ..., vi_quUs—1} U {uzz} as in is shown in the figure. This graph is an odd graph
with an odd number of edges, and by the minimality of G, F = G, but it is not R-free and we get a contradiction.

Let uy = us. There is a vertex z € V(F) adjacent to uy, w # vy, vs. By the choice of C, z, ug, ug, ..., us—1 are distinct, and
Z# V4, Ve,..., V. If Z#u7, then F has the subgraph with the vertex set {vj, v4,..., V¢, Us, ..., Ur—1, 2} and the edge set
{vauy, vavs, ..., Vi_1Vs, VslUs, ..., Vi—1U¢—1, UpZ}, See Fig. 16c¢. This graph is an odd graph with an odd number of edges,
and by minimality, is equal to F. But F is not R-free, which is a contradiction. Hence, z = u; (see Fig. 16d). Notice that
Volgl7V7 ...V is a shortest path between r and C. By symmetry, we can assume now that dg(us4) = 3. Let F’ be the graph
obtained from F by the removal of the edges v,uy, v4Vs, Vsus. It remains to observe that F’ is an odd graph with even
number of edges; a contradiction.

Case 1.b. r = v4. The arguments are similar. Since G is odd, there are (not necessarily distinct) vertices uq, uy, us, u4 adjacent
to vq, vy, V3, v4 respectively such that {uq,uy, us,us} N {vi, vy, v3, va} =@. If it is possible to choose pairwise distinct



170 EV. Fomin, PA. Golovach / Journal of Computer and System Sciences 80 (2014) 157-179

Fig. 17. The case when G’ has two components.

vertices u;, then the subgraph G’ of G with V(G') = {u1, uz, us, ug}U{vq, va, v3, v4} and E(G’) = {vquq, viuao, v3us, vaus}U
{vivg, v1vy, vavs, v3v4} is an odd graph with an even number of edges that contain r, but it contradicts ii). Hence, for
any choice of uq, uy, us, ug, some of these vertices are equal. The set of edges {vqvy, vaV3, V3Vvyg, v4Vv1} is a cut-set in G
because G is minimal. Let G’ be the graph obtained from G by the removal of these edges. Denote by F the component
that contains r. If G’ has at least three components or G’ has two components and F contains one or three vertices from
{v1, v2, v3, v4} or F contains two adjacent vertices from this set, then the arguments are the same as in Case 1.a. Suppose
that vy, v4 € V(F). We can find distinct uq, u3 adjacent to vq, u3 unless G contains Hs, and we can find distinct uy, ug
adjacent to vy, ug unless G contains Hs such that r is a non-terminal vertex of Hs. If G contains Hs, then b) holds, and the
second case is impossible because of iii).

Case 2. C = (3. Let C =vqvyv3 and assume that v3...v, where v¢ =r is a shortest path between V(C) and r. We consider
two subcases.

Case 2.a. r # v3. Since G is odd, there are (not necessarily distinct) vertices u1,uy,uq4,...,U—1 adjacent to vy, vy, Va4,
..., V¢_1 respectively such that {uq, uy, uq, ..., ur—1}N{vy,..., v¢} =@. If it is possible to choose pairwise distinct vertices u;,
then the subgraph G’ of G with V(G') = {uy,uz,ug...,ur—1}U{vq,...,v¢} and E(G) = {viuq, valUa, Vallg, ..., Ve_qUr_1} U
{vivg, v1va, ..., v¢—1V¢} is an odd graph with an even number of edges that contain r, but it contradicts ii). Hence, for any
choice of uq, uy, ug,...,ur—1, some of these vertices are equal.

Observe that since C is a closest to r cycle with tree or four vertices, ug, ..., u;_1 are pairwise distinct. Let G’ be the
graph obtained from G by the removal of the set of edges {viva, vov3, v3vq}. The graph G’ is an odd subgraph with an
even number of edges. Hence, G’ is not connected. Denote by F the component that contains r and v4. Notice that F should
have an odd number of edges.

If G’ has three components, then we always can find distinct u1, uy, uz that are different from us, ..., us_1. Suppose that
G’ has two components F, F'.

If V(F)NW #@ and V(F') N W # @, then c) holds. If V(F') N W =, then F is a connected odd graph with an odd
number of edges such that r € V(F), W C V(F), and we get a contradiction with i). Assume that V(F) "W =@.

If F contains the unique vertex from {vq1, vy, v3}, then either G contains separating Hi or we can find pairwise dis-
tinct uq,uy. Let F contain two vertices of this set. Without loss of generality we assume that vq, vs € V(F). Clearly,
Uy # Uq,Uq...,Us—1. Since for any choice, not all uq,uy,us,us,...,u;—1 are distinct, we conclude that u; = us (see
Fig. 17). There is a vertex z € V(F) adjacent to uy, z # v1, vs. By the choice of C, z,u4,ug,...,u;—1 are distinct and
Z # Vy,...,ve. Then F has the subgraph with the vertex set {vi,vs,..., v} U {ug,...,u—1} U {z} and the edge set
{v3va...,vi—q1Vve} U {vqug, valyg, ..., Ve_q1Us—1} U {uqz} as in is shown in Fig. 17. This graph is an odd graph with an odd
number of edges, and by the minimality of G, F equals it, but it is not R-free and we get a contradiction.

Case 2.b. r = v3. The arguments are similar. Since G is odd, there are (not necessarily distinct) vertices u1, uy, u3 adjacent to
v1, vy, v3 respectively such that {uq, uy, us}N{vq, vy, vz} =@. If it is possible to choose pairwise distinct vertices u;, then
the subgraph G’ of G with V(G’) = {uq, uz, us}U{vq, va, v3} and E(G’) = {vquq, viuz, vsu3z} U{vivs, v1Vvy, vav3} is an odd
graph with an even number of edges that contain r, but it contradicts ii). Hence, for any choice of uq, uy, us, some of these
vertices are equal. As in Case 2.a, the set of edges {vqiv3, vaVv3, v3Vv1} is a cut-set in G. Let G’ be the graph obtained from
G by the removal of these edges. Denote by F the component that contains r and v3. Notice that F should have an odd
number of edges.

If G’ has three components or if G’ has two components F, F’ such that V(F)N'W # @ and V(F) N W # ¢, then we
argue exactly as in Case 2.a. Then we can assume that V(F) "W =0.

If F contains the unique vertex from {vq, v,, v3}, then either G has a separating H; and b) holds, or we can find pairwise
distinct uq, up. Suppose that F contains two vertices of this set. Without loss of generality we assume that vi, vz € V(F).
But then we can find distinct v1, v3 unless if G contains Hq such that r is not a non-terminal vertex of Hi, and we get a
contradiction with iii). O

Lemma 6. Let G be a connected odd graph with an odd number of edges, r1, 1, € V(G). Suppose that

i) G is a minimal connected odd graph with an odd number of edges that contains r1,15;
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ii) G is R-free;
iii) G has no connected odd subgraph with an even number of edges rooted in r1 or in r».

Then tw(G) < 2.

Proof. We prove the lemma by the induction on the number of edges. For the base case, when there is only one edge,
G = K, and the claim holds trivially. If G is a tree, then tw(G) = 1. Assume that G contains cycles. If G has no cycles on
three or four vertices, then by Lemma 1, we get a contradiction with iii). We consider two cases.

Case 1. The graph G contains an induced Cy.

Let C = v1vyv3v4 be an induced cycle. The set of edges {v{va, voV3, V3Vga, V1V4} is a cut-set in G. Let G’ be the graph
obtained from G by the removal of these edges. Denote by F; the component that contains r; and assume that vi € V (Fq).
Observe that F; should have an odd number of edges. By condition i), r» ¢ V(Fq). Denote by F, the component that
contains ry. By iii), F» has an odd number of edges. Therefore, G’ has at least three components and the total number of
edges in the remaining components is odd.

Suppose that |V(F1)NV(C)|=1 and |V (F2)NV(C)| = 1. Let F contain a vertex of C adjacent with v1, say the vertex v;.
Then the subgraph obtained from G by the removal of the vertices V(G) \ (V(F1) UV (F2) U {v3, v4}) and the edge v3v4
(see Fig. 18a) is a connected odd graph with an odd number of edges that contain rq, 3, and we get a contradiction with i).
Suppose that v3 € V(F2). If there are distinct vertices uy, ug # v1, v4 adjacent to v;, v4 respectively, then the graph with
the vertex set V(F1) U V(Fy) U {vy, v4,uy,us} and the edge set E(F1) U E(Fy) U E(C) U {vauy, vaug} (see Fig. 18b) is a
connected odd graph with an even number of edges that contains r;, and we get a contradiction with iii). Otherwise,
dg(vy) =dg(v4) =3 and there is the unique vertex u # v1, v3 adjacent to vy, v4. Also there is a vertex z # vy, v4 adjacent
to u. The graph with the vertex set V(F1) U V(F2) U {v3, v4, u, z} and the edge set E(F1) U E(F) U E(C) U{vau, vqu, uz} is
a connected odd graph with an odd number of edges that contains r1, 1, (see Fig. 18c). By minimality, this graph equals G,
but then G is not R-free; a contradiction.

Suppose now that either V(F1) NV (C) =2 or V(F;) N V(C) =2. Then there is the unique component F3 # Fy, F, that
contains exactly one vertex v; € {va, v3, v4}, and this components contains an odd number of edges. By the minimality of G,
F3 = K3, but then G is not R-free and we get a contradiction with ii).

We conclude that G cannot contain induced cycles on four vertices.

Case 2. The graph G contains a cycle C = vivyvs. Let G’ be the graph obtained from G by the removal of the set of
edges {vq1Vvy, vav3, v3vqy}). The graph G’ is an odd graph with an even number of edges that contains ry. Hence, G’ is not
connected. Denote by F; the component that contains r; and assume that v{ € V(F;). Observe that F; should have an odd
number of edges and by i), r; ¢ V(Fq). Let F; be the component of G’ that contain r; and assume that v, € V (F»). If there
is the third component F3, then v3 € V(F3), and F3 has a vertex u3 adjacent to v3. Since F, contains a vertex u; adjacent
to vy, the subgraphs of G with the vertex set V(Fy) U {vy, v3,uy,us} and the edge set E(F1) U E(C) U {vauy, v3us} (see
Fig. 19a) is a connected odd graph with an even number of edges that contains r{, and we get a contradiction with iii).
Hence, either v3 € V(Fq) or v3 € V(F). Without loss of generality, we assume that v3 € V(F3).

The graph F, contains two (not necessarily distinct) vertices uy, u3 adjacent to vy, v3 respectively. If it is possible to
choose distinct uy, us, then the subgraphs of G with the vertex set V(F1) U {va, V3, uy,u3} and the edge set E(Fq) U
E(C) U{vauy, vyus} (see Fig. 19b) is a connected odd graph with an even number of edges that contains r{, and we get a
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contradiction with iii). Hence, dg(v2) =d¢(v3) =3 and F;, has the unique vertex u adjacent to vy, v3. If r; = v, or v3, then
the subgraphs of G with the vertex set V(F1) U{v3, v3} and the edge set E(F1) U{v vy, v1v3} (see Fig. 19¢) is a connected
odd graph with an odd number of edges that contains rq,r, and we get a contradiction with i). It means that rp # v;, vs.
Denote by F) the graph obtained from F; by the removal of vy, v3 (see Fig. 19d).

We apply the lemma inductively for F; with the vertices rq, v; and Fg with the vertices u,r,. These graphs have tree

decompositions (T, XMy and (T@, X@) respectively of width at most two. Let i be a node of T with v € Xi(]) where

Xi(]) is the bag of (T™M, XM) which corresponds to i. Let also j be a node of T® with u e Xj.z)
decomposition for G as follows. We consider the trees TV and T® and join the nodes by a path of length three with
the nodes i,i’, j/, j and let the bags Xy = {v1, v, v2}, Xj = {va, va,u} for the nodes i’, j’. The bags for other nodes are
the same as in (T, XM) and (T@, X@). It remains to observe that we get a tree decomposition for G of width at most

two. O

. We construct a tree

4.2. Induction

In this section we prove our inductive Claim 1 that yields Theorem 1.

Let G be a graph and let x € V(G). Recall that we say that a graph G’ is obtained from G by a splitting of x into x1, x2, if
G’ is constructed as follows: for a partition X7, X, of N (x), we replace x by two vertices X1, X2, and join x1, x; with the
vertices of Xy, X, respectively.

We prove the claim by the induction on the number of edges.

Observe that every connected odd graph with an even number of edges has at least 6 edges, and there are two graphs
shown in Fig. 20 with 6 edges that have these properties. It is straightforward to check that the claim holds for these graphs
for any choice of the root vertex. Assume now that G has at least 8 edges.

If G is not R-free, i.e., it contains a subgraph R with the terminals sq, sy such that r ¢ V(R) \ {s1,s2} and s1s2 ¢ E(G),
then by Lemma 2, the graph G’ obtained by the removal of all the non-terminal vertices of R and the addition of sys; is
minimal and tw(G) < tw(G’). Since |E(G")| < |E(G)|, our claim holds by induction. From now we assume that G is R-free.

We proceed with the following case analysis.

Case 1. The graph G has no subgraphs Hj, ..., Hg, and if G contains H1, then this subgraph is not separating and r is not a
non-terminal vertex of Hy. Then by Lemma 4, G is one of the graphs G1, G, G3 shown in Fig. 5 and the claim holds.

Case 2. The graph G contains a subgraph H € H and r is a non-terminal vertex of H. Clearly, we can assume that H = H1, H
or Hj. Indeed, all vertices of Hg are terminals, and H4 and Hs contain Hi. Let F be the subgraph of G obtained by the
removal of the non-terminal vertices of H and all the edges of H.

Case 2.1. H = H1. We have two subcases here.

Case 2.1.a. F is connected. If s; and s, are adjacent in G, then, by minimality, G is the graph shown if Fig. 21a, but this
graph has six edges. If s; and s; have a common neighbor x € V (F), then since G is minimal and odd, G is the graph shown
in Fig. 21b, but it contradicts our assumption that G is R-free. Let Ng(s1) N Ng(s2) NV (F) =@ (see Fig. 21c). Consider the
graph Gs for S = {sq, s3} with the root r’ and the unique vertex x adjacent to r’ (see Fig. 4; x; =51, X =s3 and W = V(F)
here). By Lemma 3, Gs is a minimal connected odd graph with an even number of edges. Because |E(Gs)| < |E(G)| — 4, by
the induction hypothesis, tw(Gs) < 3 and conditions i) or ii) of Claim 1 hold for Gs.
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Fig. 22. Case 2, H = H>.

We construct the tree decomposition of G as follows. If there is a tree decomposition (X, T) of G of width at most three
such that for any bag X; € X with x € Xj, |Xj| < 3, then we remove r’ from all the bags, replace x by sy, s, in every bag,
and finally, choose a node of T with the bag X; that contain s, s>, add a leaf j adjacent to this node, and let X; =V (Hq).
If for any graph G’ obtained from Gs —r’ by splitting x into x1, X2, tw(G’) < 3 and there is a tree decomposition (X, T) of
G’ of width at most three such that there is a bag X; € X with xq, x, € Xj, then there is a tree decomposition (X, T) of F of
width at most three such that there is a bag X; € X with s1, s € X;. We add a leaf j adjacent to i in T, and let X; = V (Hy).
It is straightforward to check that we get a tree decomposition of width at most three.

Case 2.1.b. F is not connected. Let F; and F, be components of F such that s; € V(F) and s; € V(F3). Since the number
of edges of G is even, by symmetry, without loss of generality, we assume that |[E(F1)| is odd and |E(F3)| is even. Then
the graph obtained by the removal of the vertices F; and the edge between non-terminal vertices of Hq (see Fig. 21d) is a
connected odd graph with an even number of edges, which contradicts the minimality of G.

Case 2.2. H = H;,. We prove that this case cannot occur. We consider three subcases.

Case 2.2.a. F is connected. Then the graph obtained by the removal of the edges of the cycle with four vertices induced by
the non-terminal vertices of Hs and sy, s3 (see Fig. 22a) is a connected odd graph with an even number of edges, and it
contradicts the minimality of G.

Case 2.2.b. F has two components Fq, Fy. Since the number of edges of G is even, either both the graphs Fi, F, have odd
numbers of edges, or they have even numbers of edges. Observe that one of these graphs, say Fi, contains exactly one
vertex of the set {si,s,s3}. Assume that the number of edges of F; is odd. If s; € V(F7), then the graph obtained by
the removal of the vertices F; and the edge between non-terminal vertices of H, is a connected odd graph with an even
number of edges, and it contradicts the minimality of G (see Fig. 22b). If s, € V(F1) or s3 € V(F7), then by the minimality
of G, F1 = K; and the graph G is not R-free, but it contradicts our assumption. Suppose now that the number of edges of
Fq is even. If s; € V(F1), then the graph obtained by the removal of the vertices F, and the edge between non-terminal
vertices of Hy (see Fig. 22c) is a connected odd graph with an even number of edges, and it contradicts the minimality
of G. Assume that rs; € E(G) and denote by z the second non-terminal vertex of H;. If s; € V(F7), then the subgraph of G
induced by V(F1) U {r,s3} is a connected odd graph with an even number of edges (see Fig. 22d), but this is impossible.
If s3 € V(F1), then the subgraph of G obtained by the removal of all vertices of V(F1) — {s1, s2} (see Fig. 22e), the edges of
F1, and the edges sir, s, is a connected odd graph with an even number of edges; a contradiction.

Case 2.2.c. F has three components F1, F, F3. Since the number of edges of G is even, one of these graphs, say Fi, contains
an even number of edges. By using exactly the same arguments as in Case 2.2.b, we get a contradiction with the minimality
of G.

Case 2.3. H = H3. To show that this case cannot occur, we consider three subcases.

Case 2.3.a. F is connected. Denote by z the second non-terminal vertex of H3. Then the graph obtained by the removal of
the edges of the cycle with four vertices induced by r, 53, z, s3 is a connected odd graph with an even number of edges, and
it contradicts the minimality of G.

Case 2.3.b. F has two components Fq, Fy. Since the number of edges of G is even, either both the graphs Fq, F, have odd
numbers of edges, or they have even numbers of edges. Observe that one of these graphs, say Fi, contains exactly one
vertex of the set {sq, Sz, s3}. Let s1 € V(Fy). If the number of edges of F; is odd, then by the minimality of G, F; = K, and
the graph G is not R-free, but it contradicts our assumption. If the number of edges of F; is even, then the graph obtained
from G by the removal of the vertices of F; is a connected odd graph with an even number of edges, and it contradicts the
minimality of G.
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Fig. 23. The case H = Hj.

Case 2.3.c. F has three components Fq, Fy, F3. Since the number of edges of G is even, one of these graphs, say Fq, contains
an even number of edges. By using exactly the same arguments as in Case 2.3.b, we get a contradiction with the minimality
of G.

From now we assume that the root r is not a non-terminal vertex of a graph from H. If G would contain a non-separating
subgraph H1i, then as we already have shown in Case 1, G is one of the graphs G1, G, G3 shown in Fig. 5. All graphs from
Hj, ..., Hg have even number of edges and every terminal vertex of such a graph is of even degree. This means, that G
cannot contain a non-separating graph H from H, ..., Hg, because removing edges and non-terminal vertices of H, would
result in a connected odd subgraph of G with even number of edges, which is a contradiction to the minimality of G.

Case 3. The graph G has a separating subgraph from H.
We choose H € H in such a way that the number of edges of the component F; with the root vertex r of G’ =G — H is
minimum. By the minimality of G, the number of edges of F; is odd. Now we consider the following cases.

Case 3.a. H = Hy. Assume that s; € V(Fy) and let F, be the second components of G’, s, € V(F3). Since G has an even
number of edges, the number of edges of F, is even. We apply Lemma 5 for W = {s1}. By the choice of H, F; cannot
contain a separating H' € {Hq, H,, H3} such that for a component F’ of F; — H' with r € V(F'), V(F) N W = {. Since
|[W| =1, G cannot contain an induced cycle C on three vertices such that the graph obtained from F; by the removal
of E(C) has two components Fi, F, and V(F)) N W # @, V(F,) N W #@. It follows that F; is a tree, and by minimality,
F1 =K>.

By the minimality of G, F, is a minimal connected odd graph with an even number of edges with a root s,. By induction,
tw(F’) < 3. Let (X, T) be a tree decomposition of F’ of width at most three, and assume that s, € X;. Denote by x1, X3
the non-terminal vertices of H. We add a path of length three with the nodes i,i1,i2,i3 to T, and set X;, = {s2, X1, X2},
Xi, = {s1,x1, X2}, and X;; = V(F1). We get a tree decomposition of G of width at most three. Notice that if dg(r) =1, then
s1 is adjacent to r, and s; is included in two bags of size at most three.

Case 3.b. H = H;. Denote by x1, x, the non-terminal vertices of Hs adjacent to s;, s3 respectively.

Suppose that F; contains two terminal vertices of H,. Then G’ has two components, and we denote by F, the second
component. The graph F» has an odd number of edges, and by minimality, F; = K3. Since G is R-free, s, s3 € F1. But then
the subgraph of G with the vertex set V(Fq) U {x1,x2} and the edge set E(F1) U {syx1, S3x2} (see Fig. 23a) is a connected
odd graph with an even number of edges; a contradiction. Hence, F{ contains exactly one vertex of H;. If s; € V(Fy), then
the subgraph of G with the vertex set V(F1) U V(H) and the edge set E(F1) U {s1X1, S1X2, X1X2, X152, X253} (see Fig. 23b)
is a connected odd graph with an even number of edges; a contradiction. Therefore, we can assume that s; € V(F;) and
s1,83 ¢ V(F1).

Suppose that sq, s3 are vertices of different components Fo, F3 of G’ respectively. If the number of vertices F3 is odd,
then F3 = K; and we get a contradiction with R-freeness. Hence, the number of edges of F3 is even and the number
of edges of F, is odd. Then the graph obtained from G by the removal of V(F;) and the edge x1xy (see Fig. 23c) is a
connected odd graph with an even number of edges; a contradiction. It follows that sq, s3 are vertices of one component
of G’. We denote it by F,. Notice that the number of edges of F, is odd.

By exactly the same arguments as in Case 3.a, we claim that F; = K, (see Fig. 23d).

If s1,s3 are adjacent then F» = K, and the claim of the lemma holds. If s, s3 have a common neighbor u in Fy, then
there is a vertex w € V(F2), w # s1, s3, adjacent to u. By minimality, V (Fy) = {s1, s3, u, w} and E(F2) = {s1u, s3u, uw}, but
then G is not R-free; a contradiction. Otherwise we consider the graph Gs for S = {s1, s3} with the root r’ and the unique
vertex x adjacent to 1. By Lemma 3, Gs is a minimal connected odd graph with an even number of edges. By the induction,
tw(Gs) < 3 and either i) or ii) holds for Gs

Suppose that Gs has a tree decomposition (X, T) such that for any bag X; € X, if x € Xj, then |X;| < 3. We construct
the tree decomposition of G as follows. First we remove ' from all the bags and replace x by s1,s3 in every bag. Let i be
a node of T with the bag X; that contain si,s3. We add a path of length three with the nodes i,iy,i;,i3 to T, and set
Xi; = {51, 83, X1, X2}, Xi, ={s2,53,%1}, and X;; = V(F1). We get a tree decomposition of G of width at most four. Notice that
if dg(r) =1, then sy is adjacent to r, and s; is included in two bags of size at most three.
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Fig. 24. The case H = Hg.

Suppose now that for any graph G’ obtained from Gs — r’ by splitting x into z1,z, tw(G’) < 3 and there is a tree
decomposition (X, T) of G’ of width at most three such that there is a bag X; € X with z1, z; € X;. Then there is a tree
decomposition (X, T) of F, of width at most three such that there is a bag X;j € X with sq,s3 € X;. We add a path of
length three with the nodes i, iy, iz,i3 to T, and set X;, = {s1, s3, X1, X2}, Xi, = {S2,53, %1}, and X;; = V(F1). We get a tree
decomposition of G of width at most four. Notice that if dg(r) = 1, then s, is adjacent to r, and s; is included in two bags
of size at most three.

Case 3.c. H = H3. Denote by x1, x, the non-terminal vertices of Hs.

Suppose that F; contains two terminal vertices of H3. Then G’ has two components, and we denote by F, the second
component. The graph F, has an odd number of edges, and by minimality, F, = K;,; a contradiction to the assumption
that the graphs are R-free. Therefore, we can assume that s; € V(Fq) and s, s3 ¢ V(F1). Suppose that s, s3 are vertices
of different components F», F3 of G’ respectively. Then either F, or F3 has an odd number of edges and we again get a
contradiction with R-freeness. It follows that s,, s3 are vertices of one component of G’. We denote it by F,. Notice that the
number of edges of Fy is odd.

By exactly the same arguments as in Case 3.a, F1 = K>.

If 55,53 are adjacent then F, = Ky and the claim of the lemma holds. If s;, s3 have a common neighbor u in F,, then
there is a vertex w € V(F3), w # s3, s3, adjacent to u. By minimality, V (F,) = {s2, s3,u, w} and E(F,) = {sau, s3u, uw}, but
then G is not R-free; a contradiction. Otherwise we consider the graph Gs for S = {sy, s3} with the root r' and the unique
vertex x adjacent to r’. By Lemma 3, Gs is a minimal connected odd graph with an even number of edges. By the induction,
tw(Gs) < 3 either i) or ii) holds for Gs.

Suppose that Gs has a tree decomposition (X, T) such that for any bag X; € X, if x € Xj, then |Xj| < 3. We construct
the tree decomposition of G as follows. First we remove r’ from all the bags and replace x by s, s3 in every bag. Let i be
a node of T with the bag X; that contain sy, s3. We add a path of length three with the nodes i,i1,i,i3 to T, and set
Xi, = {52,583, X1, %2}, Xi, = {S1,%1, %2}, and X;; = V(F1). We get a tree decomposition of G of width at most three. Notice
that if dg(r) = 1, then s7 is adjacent to r, and s1 is included in two bags of size at most three.

Suppose now that for any graph G’ obtained from Gs — r’ by splitting x into z1,zz, tw(G') < 3 and there is a tree
decomposition (X, T) of G’ of width at most three such that there is a bag X; € X with z1, 2z € X;. Then there is a tree
decomposition (X, T) of F, of width at most three such that there is a bag X;j € X with s3,s3 € X;. We add a path of
length three with the nodes i,i1,1i3,i3 to T, and set X;, = {s2, $3, X1, X2}, Xi, = {s1,%1,x2}, and X;; = V(F1). We get a tree
decomposition of G of width at most three. Notice that if d;(r) =1, then s; is adjacent to r, and sy is included in two bags
of size at most three.

Case 3.d. H = H4. Without loss of generality we assume that sq,s3 € V(F1) and s, 54 ¢ V(F1). Otherwise, either a copy of
Hy in H is a non-separating subgraph of F; and F; — Hy is a connected odd graph with an even number of edges, or we
can find a separating H = H; with the same component Fi. Denote by xi1, X, the non-terminal vertices of H adjacent to
S1, 52, and let y1, y2 be the non-terminal vertices of H adjacent to s3, S4.

Suppose that s,, s4 belong to different components F,, F3 of G’. Then one of these components, say F3, contains an odd
number of edges. Assume that s4 € V(F3). Then the subgraph with the vertex set V(F1) UV (Fy) U {x1, X2} and the edge set
E(F1) U E(Fy) U {s1X1, S1X2, X1X2, X152, X252} (see Fig. 24a) is a connected odd graph with an even number of edges, and it
contradicts the minimality of G. Hence, s,, s4 are vertices of one component of G’ with an odd number of edges, and we
denote it by F, (see Fig. 24b).

We apply Lemma 5 for W = {s1, s3}. Since F; is connected, F; is a minimal (not necessarily connected) odd graph with
an odd number of edges such that r € V(G), W C V(G), and each component of G contains at least one vertex of W. By
minimality, F; has no connected odd subgraph with an even number of edges rooted in r. By the choice of H, F; cannot
contain a separating H’ € {Hq, H3, H3} such that for a component F’ of F;{ — H" with r € V(F’), V(F') N W = @. Suppose
that F; contains an induced cycle C on three vertices such that the graph obtained from F; by the removal of E(C) has
two components F{, F, and V(F1) "W #@, V(F2) "W #0. Let r,s1 € V(F}) and s3 € V(F}). Then the union of C and the
triangle x1xsy (see Fig. 24c) gives a copy of Hg, for which we could get a smaller Fy. It follows that Fq is a tree, and by
minimality and symmetry, F; is one of the graphs Fgl), F{z), F?), F§4) shown in Fig. 25.
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Fig. 25. The trees F{", ... F%.

We observe that F, is a minimal connected odd graph with an odd number of edges containing s;, s4. Also F, has
no connected odd subgraph with an even number of edges rooted in s or in s4. Indeed, if F, contains a connected odd
subgraph F with an even number of edges rooted, say, in s, then the graph with the vertex set V (F1) UV (F)U{xy, x2} and
the edge set E(F1) U E(F) U {s1x1, S1X2, X1X2, X152, X252} is a connected odd subgraph of G with an even number of edges
that contains r; a contradiction.

By Lemma 6, tw(F3) < 2. Consider a tree decomposition (X, T) of F, of width at most two. Let i be a node of T such
that sy € Xj.

If F1 € {F{l), F{z), Ff)}, then we construct a tree decomposition for G from (X, T) as follows. We include vertex s4 in all
the bags.

If F1 = F](U, then we add a path of length five with the nodes i,1i1, i3, i3,i4,i5 to T, and set X;, = {s2, X1, X2, sa}, Xi, =
{s1,x1, X2, Sa}, Xi; = {s1, 53,54}, Xi, = {53, 1, ¥2, 54}, and Xi; = {s4, ¥1, ¥2}.

If Fi =F® or F; = F®, then we add a path of length six with the nodes i,i1, iz, 13, i4, i, is and a node j adjacent
to iz to T. If Fy = F\”) then Xi, = {s2, X1, X2, 54}, Xi, = {51, X1, X2, 54}, Xis = {51, 2, 54}, X, = {53, Z, 52}, Xis = {53, V1, Y2, Sa},
Xig = {S4, ¥1, y2), and X; = {z,7}. If Fy = F* then X, = {s2, %1, X2, 54}, Xi, = {51, X1, X2, Sa}, Xiy = (51,7, 54}, Xi, = (3.7, 54},
Xis = {83, Y1, Y2, 4}, Xig = {54, ¥1, ¥2}, and X = {z,r}. We get a tree decomposition of G of width at most four. Notice that
if dg(r) =1, then z is adjacent to r, and z is included in three bags of size at most three.

Now, let F1 = F§4). We prove that for any graph G’ obtained from G —r by splitting s1 into w1, wa, tw(G’) < 3 and there
is a tree decomposition of G’ of width at most three such that there is a bag that includes w1, w,. Assume that the vertex
w> is adjacent to s3 in G’. We consider (X, T) and include the vertex s4 in all the bags. We add a path of length five with
the nodes i, i1, i, 13, i4, i5 and then a path iy, ji, jo to T. Then X;, = {s2, X1, X2, 54}, Xi, = {w2, X1, X2, 54}, Xi; = {w2, 53, 54},
Xiy = {83, Y1, Y2, 84}, Xis = {4, ¥1, y2}, and Xj, ={w1, wa, X1, X2}, Xj, ={w1, wa, z}.

Case 3.e. H = Hs. Denote by x1,x; the non-terminal vertices of H, adjacent to s, and let yq, y, be the non-terminal
vertices of H3 adjacent to s3. We assume without loss of generality that either s; € V(F1) and s3,s3 ¢ V(Fq) or s1 ¢ V(Fp)
and sy, s3 € V(Fq).

Suppose that s; € V(F1) and sy, s3 ¢ V(F1). Then by the same arguments as in Case 3.d, we prove that s,, s3 are vertices
of one component F, and tw(F;) < 2. Then exactly as in Case 3.a we prove that F; = K. Let (X, T) be a tree decomposition
of F, of width at most two, and let i be a node of T such that s, € Xj.

If r = s then we construct a tree decomposition for G as follows. We consider (X, T) and include the vertex s3 in all the
bags. We add a path of length four with the nodes i, i1, 12,13, i4 and a node j adjacent to iy to T. Let X;, = {s2, x1, X2, $3},
Xi, = {81, X1, X2, 83}, Xiy = {51, ¥1,¥2,53}, Xi, = {53, ¥1,¥2}, and X; =V (F1). We get a tree decomposition of G of width at
most three.

Suppose that r # s;. We prove that for any graph G’ obtained from G — r by splitting s; into wq, wa, tw(G’) < 3 and
there is a tree decomposition of G’ of width at most three such that there is a bag that includes w1, w,. We consider (X, T)
and include the vertex s4 in all the bags. By the symmetry, it is sufficient to consider three cases.

1. wy is adjacent to x; and w; is adjacent to xp, y1,y2 (see Fig. 26a). We add a path of length four with the nodes
i,i1,iz,i3,i4 and a node j adjacent to ip to T. Let Xj, = {s2,x1,x2,83}, Xi, = {wa,x1,x2,53}, Xi; = {w1,y1,¥2,53},
Xiy = {s3, 1, ¥2}, and X;j = {w1, wa, x1,s3}.

2. wq is adjacent to x1,x and w» is adjacent to yq, y» (see Fig. 26b). We add a path of length five with the nodes
i,i1,iz,i3,14,i5 to T. Let Xj, = {s2,x1,%2,83}, Xi, = {W1,X1,X2,53}, Xj; = {w1, wa,s3}, Xi; = {wa, y1,¥2.53}, Xi, =
{s3, y1, y2}.

3. wq is adjacent to x1,y7 and w; is adjacent to x;, y» (see Fig. 26¢). We add a path of length six with the nodes
i,i1,12,13,14,15,i to T. Let X;; = {s2,X1,X2,53}, Xi, = {W1,X1,%2,83}, Xj; = {w1, w2, x2,53}, Xiy, ={w1,wa, ¥1,53},
Xis ={w2, ¥1, ¥2, 83}, Xig = {s3, y1, ¥2}.

Assume now that s; ¢ V(F1) and s3, 3 € V(F1). Then we observe that by minimality F, = K3, and by the same argu-
ments as in Case 3d we prove that G is one of the graphs shown in Fig. 26 It is straightforward to see that the claim of the
lemma holds in this case.
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Fig. 26. Splitting of s;.

Case 3.f. H = Hg. By the previous cases, we can assume that G does not have a copy of H4 or Hs containing H. Suppose
that for one triangle in H, say $15253, S1, 52,53 € V(F1). Then the set of edges {s1s2, S253, s153} is not a cut-set in Fq, and
the graph obtained from F; by the addition of these edges is a connected odd graph with an even number of edges;
a contradiction.

Suppose that for one triangle in H, say s485Sg, S4, S5, S¢ € V (F1). Then let C = sqs3s3 and consider the graph G’ obtained
from G by the removal of E(C). The graph G’ is not connected and F; is a component of G'.

Let F1 include the unique vertex from C and assume that s; € V(Fq). If we can choose distinct vertices uq, uy # s1
adjacent to sy, s3 respectively, then the subgraph of G with the vertex set V(F1) U {s2, s3, U1, Uz} and the edge set E(F1) U
{s152, 5253, 5153, SaUq, S3uz} is a connected odd graph with an even number of edges; a contradiction. Hence, d¢(s3) =
dc(s3) =3 and sy, s3 have the unique neighbor u # sq1. But in this case we should choose H instead Hs.

Now, let now F; contain two vertices from C and assume that s1, sy € V(F1). There is a vertex u # s1, sp adjacent to s3.
We apply Lemma 5 for W = {sq, sp}. Clearly F; is a minimal odd graph with an odd number of edges such that r € V(G),
W C V(G), and each component of G contains at least one vertex of W. By minimality, F; has no connected odd subgraph
with an even number of edges rooted in r. By the choice of H, F{ cannot contain a separating H' € {H1, H, H3} such that
for a component F’ of Fy — H with r € V(F"), V(F') N W = @. Suppose that F; contains an induced cycle C’ on three
vertices such that the graph obtained from F; by the removal of E(C’) has two components Fi, F, and V(F1) "W #,
V(F2) N W # ¢. Then the subgraph of G with the vertex set V(F}) U V(F}) U {s3,u} and the edge set E(F}) U E(F}) U
{s152, 5253, 5153, s3u} is a connected odd graph with an even number of edges; a contradiction. Hence, Fq is a tree, but by
minimality, we can find a copy of Hy that should be chosen instead of Hg.

From now we assume that each triangle in H has at least one vertex in F; and at least one vertex not in Fy.

Suppose that F; contains a single vertex of each triangle in H. We assume that sq,s4 € V(F1). The considered graph
H = Hg is not a subgraph of H4 or Hs. Hence, there are distinct vertices u1, uy ¢ V(F1) adjacent to either s;, s3 respectively
or to ss, sg respectively. Assume that uqs, uzs3 € E(G). Then the subgraph of G with the vertex set V(F1) U {sy, s3, u1, uz}
and the edge set E(Fq) U U{s152, 5253, 5153} U {sau1, S3u2} is an odd graph with en even number of edges; a contradiction.

Suppose that Fq contains a single vertex from {s1, sp, s3} and two vertices from {s4, S5, Sg}. We assume that sq, S4, S5 €
V(Fy).

If we can choose distinct vertices u1, uy # sy adjacent to s, s3 respectively, then the subgraph of G with the vertex set
V(F1) U{s2,s3,uq,uz} and the edge set E(F1) U{s152, $253, 5153, Sal1, S3U3} iS a connected odd graph with an even number
of edges; a contradiction. Hence, d¢(s3) =dg(s3) =3 and sy, s3 have the unique neighbor u # s1.

Let F» be the graph obtained from G by the removal of V(F1) U {s, s3}. Exactly as in Case 3.d we show that F, is a
connected odd graph with an odd number of edges (see Fig. 27a).

Now we apply Lemma 5 for W = {sq, s4, s5}. Clearly F1 is a minimal odd graph with an odd number of edges such that
re V(G), W C V(G), and each component of G contains at least one vertex of W. By minimality, F; has no connected odd
subgraph with an even number of edges rooted in r. By the choice of H, F{ cannot contain a separating H’' € {H1, Hy, H3}
such that for a component F’ of F{ — H with re V(F'), V(F)NW =0.

Suppose that F; contains an induced cycle C = z1zpz3 on three vertices such that the graph obtained from F; by the
removal of E(C) has two components F{, F, and V(F{))NW # @, V(F2)NW # . Let r € V(F}). If s4 € V(F}), s5 € V(F}) or
S5 € V(F{),S4 € V(Fé), then the subgraph obtained from G by the removal of s;, s3 and E(C) a connected odd graph with
an even number of edges (see Fig. 27b); a contradiction. Therefore, either s; € V(F{) and sg4, S5 € V(Fé) Or S4,S5 € V(F{)
and sy € V(F}). If s; € V(F}) and s4,s5 € V(F}), then we observe that the union of C and the triangle sys3u could be
chosen instead of H (see Fig. 27c). Hence, s4, S5 € V(Fﬁ) and s € V(Fé). If the triangles C and s4s55¢ are disjoint, then
their union could be chosen instead of H. It means that these triangles have a common vertex. Assume that z; = s5 and
z3 € V(F}). Observe that Fj is an odd graph with an odd number of edges. Then the subgraph of G with the vertex set
V(F}) U {se, z2} and the edge set E(F}) U {sgS4, 4S5, S522} (see Fig. 27d) is a connected odd graph with an even number of
edges; a contradiction.

We conclude that Fp is a tree. By minimality, d¢(s4) = dg(s5) =3 and Fq has the unique vertex w adjacent to s4, S5. But
then we have the two copies of Hi induced by the sets si, s3, S3, 4 and sg4, S5, Sg, U respectively. Hence, we should choose
either H = H4 or H = Hj instead of Hg.

It remains to consider the final case when F; contains two vertices from {s1, s, s3} and two vertices from {s4, S5, Sg}.
We assume that sq, 52, S4, S5 € V(F1).

Let F, be the graph obtained from G by the removal of V (Fq). Exactly as in Case 3d we show that F, is a connected
odd graph with an odd number of edges.



178 EV. Fomin, PA. Golovach / Journal of Computer and System Sciences 80 (2014) 157-179

Fig. 28. The case s1, 52, S4, S5 € V(F1).

Now we apply Lemma 5 for W = {s1, 52, 54, S5}. Clearly F; is a minimal odd graph with an odd number of edges
such that r € V(G), W C V(G), and each component of G contains at least one vertex of W. By minimality, F; has no
connected odd subgraph with an even number of edges rooted in r. By the choice of H, F{ cannot contain a separating
H' € {Hq, Hy, H3} such that for a component F’ of F; — H withre V(F), V(FH)NW =4.

Suppose that F; contains an induced cycle C = z1z2z3 on three vertices such that the graph obtained from F; by the
removal of E(C) has two components F{, F, and V(F1) N W #@, V(F2) N W #@. Let r € V(F)). If s4 € V(F}),s5 € V(F})
or ss € V(F}),s4 € V(F}), then the subgraph obtained from G by the removal of E(C) U {s152, 5253, 5153} (see Fig. 28a) is a
connected odd graph with an even number of edges; a contradiction. Similarly, if 51 € V(F}),s2 € V(F}) or s; e V(F}), 14 €
V (F}), then the subgraph obtained from G by the removal of E(C) U {s4S5, S556, 5456} a connected odd graph with an even
number of edges; a contradiction. Therefore, we can assume that s1,s, € V(F{) and s4, S5 € V(Fé). If the triangles C and
s15»s3 are disjoint, then their union could be chosen instead of H. It means that these triangles have a common vertex.
Assume that z; =s; and z; € V(F)). Observe that F} is an odd graph with an odd number of edges. Then the subgraph
of G with the vertex set V(F}) U {s3,2>} and the edge set E(F}) U {s3s1, 5152, 5222} (see Fig. 28b) is a connected odd graph
with an even number of edges; a contradiction.

We conclude that Fq is a tree. By minimality and the choice of H, it should be a tree shown in Fig. 28c.

Observe that F, is a minimal connected odd graph with an odd number of edges that contains s3,sg. Also F, has
no connected odd subgraph with an even number of edges rooted in s3 or in sg. Indeed, if F, had a connected odd
subgraph F with an even number of edges rooted, say, in s3, then the graph with the vertex set V(F;) U V(F) and the
edge set E(F1) UE(F) U {s1s2, 5253, 5153} is a connected odd subgraph of G with an even number of edges that contains r;
a contradiction.

By Lemma 6, tw(F;) < 2. Consider a tree decomposition of F, of width at most two. Let i a node of T such that
s3 € Xj. We construct a tree decomposition for G as follows. We include the vertex sg in all the bags. We add a path
of length six with the nodes i,i1,12,i3,14,i5,is and a path i3jijp to T, and set X;, = {s1, s2, 53, S6}, Xi, = {51, $2, 21, S6},
Xiy =1{s2,21, 22,56} Xiy, = (21,22, 54, S6} Xis = 122,54, 55,6}, Xis = {4, 5, S6}, and X;, = {z1,22, w}, Xj, ={w,r}. We get a
tree decomposition of G of width at most four. Notice that dg(r) =1 and w is included in two bags of size at most three.

This completes the case analysis and the proof of Claim 1.

5. Complexity of k-Vertex Eulerian Subgraph

In this section we prove that k-VERTEX EULERIAN SUBGRAPH is W[1]-hard.
Theorem 3. The k-VERTEX EULERIAN SUBGRAPH is W[1]-hard.

Proof. We reduce from the well-known W[1]-complete k-CLIQUE problem (see e.g. [6]):

k-CLIQUE

Instance: A graph G and non-negative integer k.
Parameter: k.
Question: Does G contain a clique with k vertices?
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Notice that the problem remains W[1]-complete when the parameter k is restricted to be odd. It follows immediately
from the observation that the existence of a clique with k vertices in a graph G is equivalent to the existence of a clique
with k+ 1 vertices in the graph obtained from G by the addition of a universal vertex adjacent to all the vertices of G. From
now it is assumed that k > 1 is an odd integer.

Let G be a graph. We construct the graph G’ by subdividing edges of G by k2 vertices, i.e. each edge xy is replaced by an
(x, y)-path of length k? + 1. We say that u € V(G’) is a branch vertex if u € V(G), and u is a subdivision vertex otherwise.
We also say that u is a subdivision vertex for an edge xy € E(G) if u is a subdivision vertex of the path obtained from xy.
We claim that G has a clique of size k if and only if G’ has an induced Eulerian subgraph on k' = %(k — k3 + k vertices.

Suppose that G has a clique K with k vertices. Let H be the subgraph of G induced by K and the subdivision vertices
for all edges xy with x, y € K. It is easy to see that H is a connected Eulerian graph on k' = %(k — k3 + k vertices.

Now, let H be an induced Eulerian subgraph of G’ on k' = %(k — 1)k3 4k vertices. Denote by U the set of branch vertices
of H, and let p = |U|. Let A= {xy € E(G)|x,y € U, and H has a subdivision vertex for xy} and let F = (U, A). Also, let g
denote |A|. Since H is connected, the graph F is connected as well. Observe that if u € V(H) is a subdivision vertex for an
edge xy € E(G), then all subdivision vertices for xy are vertices of H and x, y € V (H). It follows that H has p +¢q -k =k
vertices, and we have p — k = (%(k — 1k — q)k?. Since k* is a divisor of p —k, p > k. Suppose that p > k. Then since
k? is a divisor of p —k, p > k* 4+ k. Any connected graph with p vertices has at least p — 1 edges, and it means that
q>k*+k—1> J(k— 1)k We get that 0 < p — k= (3(k — 1)k — q)k? < 0; a contradiction. We conclude that p = k. Then
q= %(k — 1)k and U is a clique with k vertices. O

Recall that k-VERTEX EULERIAN SUBGRAPH asks about an induced Eulerian subgraph on k vertices. For the graph G’ in the
proof of Theorem 3, any Eulerian subgraph is induced. It gives us the following corollary.

Corollary 2. The following problem:

Instance: A graph G and non-negative integer k.
Parameter: k.
Question:  Does G contain an Eulerian (not necessarily induced)
subgraph with k vertices?

is W[1]-hard.
6. Conclusion

We proved that k-EDGE CONNECTED ODD SUBGRAPH is FPT and k-VERTEX EULERIAN SUBGRAPH is W[1]-hard. This completes
the characterization of even/odd subgraph problems with exactly k edges or vertices from parameterized complexity per-
spective. While it is trivial to decide whether a graph G has a (connected) even or odd subgraph with at most k edges or
vertices, the question about a subgraph with at least k edges or vertices seems to be much more complicated. For AT LEAST
k-EDGE ODD SUBGRAPH and AT LEAST k-VERTEX ODD SUBGRAPH, following the lines of the proofs from [4] for k-EDGE ODD SuB-
GRAPH and k-VERTEX ODD SUBGRAPH, it is possible to show that these problems are in FPT. For other cases, the approaches
used in [4] and in our paper, do not seem to work.

Cai and Yang in [4] also considered dual problems where the aim is to find an even or odd subgraph of a graph G with
[V (G)| —k vertices or |E(G)| —k edges respectively. Recently, these results were complemented by Cygan et al. [5]. However,
the complexity of the dual problem to k-EDGE CONNECTED ODD SUBGRAPH, namely, obtaining connected odd subgraph with
|E(G)| — k edges, remains open.
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