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Abstract. In the EDGE EDITING TO CONNECTED f-DEGREE GRAPH problem we are given a
graph G, an integer k, and a function f assigning integers to vertices of G. The task is to decide
whether there is a connected graph F' on the same vertex set as G, such that for every vertex v,
its degree in F' is f(v), and the number of edges in E(G)AE(F), the symmetric difference of E(G)
and E(F), is at most k. We show that EDGE EDITING TO CONNECTED f-DEGREE GRAPH is fixed-
parameter tractable (FPT) by providing an algorithm solving the problem on an n-vertex graph in
time 20(®)nO(1) We complement this result by showing that the weighted version of the problem
with costs 1 and 0 is W[1]-hard when parameterized by k and the maximum value of f even when
the input graph is a tree. Our FPT algorithm is based on a nontrivial combination of color-coding
and fast computations of representative families over the direct sum matroid of ¢-elongation of the
co-graphic matroid associated with G and a uniform matroid over the set of nonedges of G. We
believe that this combination could be useful in designing parameterized algorithms for other edge
editing and connectivity problems.

Key words. connected f-factor, graph editing problem, FPT, representative family, color
coding, matroids

AMS subject classifications. 68Q25, 68W05, 05C85, 68W40

DOI. 10.1137/17M1129428

1. Introduction. A subgraph F of a graph G is a factor of G if F' is a spanning
subgraph of G. When a factor F' is described in terms of its degrees, it is called a
degree-factor. For example, one of the most fundamental notions in Graph Theory is
1-factor (or a perfect matching), the case when a factor F' has all of its degrees equal
to 1. Another example is r-factor, a regular spanning subgraph of degree r. More
generally, for a function f: V(G) — N, subgraph F' is an f-factor of G if for every
v € V(G), dr(v), the degree of v in F is exactly f(v). The study of degree factors is
one of the mainstays of combinatorics with a long history dating back to 1847 to the
works of Kirkman [13], and Petersen [21]. We refer to surveys [1, 22], as well as the
book of Lovész and Plummer [16], for an extensive overview of degree factors.

Another broad set of degree-factor problems is obtained by requesting the factor to
be connected. The most famous examples are other classical Graph Theory notions,
the Hamiltonian cycle, which is a connected 2-factor, and the Eulerian subgraph,
which is a connected even-degree factor. We refer to the survey of Kouider and
Vestergaard [14] on connected factors, as well as to the book of Fleischner [7] for a
thorough study of Eulerian graphs and related topics.

A natural algorithmic problem concerning (connected) f-factors is for a given
graph G and a function f to decide whether G contains a (connected) f-factor. While
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deciding whether a given graph contains an f-factor can be done in polynomial time
for any function f [3], deciding the existence of even a connected 2-factor (Hamiltonian
cycle) is NP-complete. In this work we study the parameterized complexity of the
following algorithmic generalization of the problem of finding a connected f-factor.

EDGE EDITING TO CONNECTED f-DEGREE GRAPH (EECQG)

Input: An undirected graph G, a function f: V(G) — {1,2,...,d}, and k € N.
Parameter: k

Question: Does there exist a connected graph F' such that for every vertex v,
dr(v) = f(v), and the size of the symmetric difference is |E(G)AE(F)| < k?

Apart from studying a classical problem algorithmically, one of the main motiva-
tions for our interest in the generalization of the classical f-factor problem comes from
the recent developments in parameterized algorithms for graph modification problems.
These recent algorithmic advances were important not only due to the problems they
settled but also for the kind of techniques they brought to the area. For example,
the work on cut (or edge-deletion) problems of Kawarabayashi and Thorup [12] and
Chitnis et al. [4] brought recursive understanding and randomized contraction tech-
niques. The work on FEEDBACK ARC SET IN TOURNAMENTS [2] led to the chromatic
coding. Study of chordal graph completions from [9] triggered the usage of potential
maximal cliques in subexponential parameterized algorithms.

The main result of our paper is the following theorem.

THEOREM 1.1. EECG is solvable in time 2°F)nOW) deterministically.

The proof of our theorem is based on (i) color-coding and (ii) fast computation of
representative family over a linear matroid. While using graphic matroids to resolve
different types of connectivity issues has become a popular theme in algorithms, our
proof requires the usage of some nonstandard matroids. In particular, we use fast
representative family computations over the direct sum matroid of f-elongation of
the co-graphic matroid associated with G and a uniform matroid over E(G), the set
of non-edges of G. We believe that this combination could be useful for designing
parameterized algorithms for other edge editing problems. To the best of our knowl-
edge, this is the first use of elongation of matroids in the designing of parameterized
algorithms.

One of the nice properties of using matroids is that often they allow us to lift
solutions from unweighted problems to problems with costs. It would be natural to
suggest that the nice properties of matroids would help us with the “weighted” version
of EECG as well.

EDGE EDITING TO CONNECTED f-DEGREE GRAPH WITH COSTS

Input: A graph G, functions f : V(G) — {1,2,...,d} and c: (V(zG)) — N, and
k,C € N.

Parameter: k +d

Question: Does there exist a connected graph F' such that for every vertex v,
dr(v) = f(v), |E(G)AE(F)| < k, and ¢(E(G)AE(F)) < C?

However, in spite of our attempts, we could not extend the results of Theorem 1.1
to EDGE EDITING TO CONNECTED f-DEGREE GRAPH WITH COSTS. The following
theorem explains why our initial attempts failed.

THEOREM 1.2. EDGE EDITING TO CONNECTED f-DEGREE GRAPH WITH COSTS
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(parameterized by k+d) is W[1]-hard even when the input graph G is a tree and costs
are restricted to be 0 or 1.

Previous work. It was shown by Mathieson and Szeider that the problem
of deleting k vertices to transform an input graph into an r-regular graph, where
r > 3 is W[l]-hard parameterized by k [18]. For edge-modification problems to a
graph with certain degrees, Mathieson and Szeider have shown that EDITING TO
f-DEGREE GRAPH, the case when the requirement that the resulting graph F' is
connected is omitted, is solvable in polynomial time. As with the f-factor problem,
the situation changes drastically when one adds the requirement that the resulting
graph F' is connected. A simple reduction from Hamiltonian cycle shows that in this
case deciding if a graph can be edited into a connected 2-degree graph, i.e., a cycle,
by changing at most k adjacencies, is NP-complete [10].

Golovach in [10] has shown that when parameterized by the maximum vertex
degree d in the resulting graph plus the number of editing operations k, the prob-
lem EDGE EDITING TO CONNECTED f-DEGREE GRAPH is fixed-parameter tractable
(FPT). In the same paper, it was shown that in the variant when the resulting graph
F'is regular, the problem is FPT, parameterized by k. However, prior to our work the
complexity status of EDGE EDITING TO CONNECTED f-DEGREE GRAPH remained
open. Thus, Theorem 1.1 resolves the problem in affirmative. However, we still do
not know the kernelization status of this problem and leave it as an interesting open
problem. A related problem, EULERIAN EDGE DELETION on an n-vertex graph is
proved to be solvable in time 2°*)n0™M) [11].

Our approach. FEach solution to our problem is of the form D U A where
D C E(G) and A C E(G). The sets D and A are called a deletion set and an addition
set, respectively, corresponding to the solution DU A. We start by characterizing our
solution in terms of special deletion set D, called nice deletion set. Nice deletion sets
satisfy certain properties. These properties of nice deletion sets allow us to recover the
addition set A in polynomial time. This viewpoint allows us to concentrate on finding
a nice deletion set. To get a nice deletion set D, we view the solution D U A as a
system of “alternating walks and alternating even closed walks.” Alternating (closed)
walks are essentially normal (closed) walks with edges from D U A such that they do
not have consecutive edges from either D or A, and no edge from D U A repeats in
the walk. We take this viewpoint to construct a dynamic programming algorithm as
this allows us to proceed between the states of the program by using one edge (either
of an addition set or of a deletion set). The number of states can be upper bounded
by 2°(k) . However, the number of sets D’ U A’ that could satisfy the prerequisite of
being in a particular table entry could be as large as n®*) and thus this would not
lead to an FPT algorithm. However, we follow this template for our algorithm and
use some more structural properties to prune the family of partial solutions stored
at a Dynamic Programming (DP) table entry. Moreover, our algorithm will output
D* U A*, where D* is a nice deletion set, if the input instance is a YES instance.

Our pruning is based on the proof that DU A is an independent set in some linear
matroid. The first observation towards an FPT algorithm is that after we delete
the edges in D, the number of connected components can at most be |D| — k + 1.
This allows us to show that, in fact, we can think of D being an independent set in
the matroid Mg (¢). That is, ¢-elongation of the co-graphic matroid, Mg, associated
with G, where ¢ = |E(G)| — |[V(G)| + k — |D| + 1 (we refer to preliminaries for
the definition). Next, we show that for the addition set A, all we need to store is
some form of disjointness and that can be captured using a uniform matroid over
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the universe E(G). Let Uy, k—k be a uniform matroid with ground set E(G), where
m' = |E(G)| and k' = |D|. From the definition of Uy, s, any set A of size at most
k — k' is an independent in U, ,_;. We have already explained that we view the
deletion set D as an independent set in Mg (¢) where £ = |[E(G)|— |V (G)|+k—k +1.
Thus, to see the solution set D U A as an independent set in a single matroid, we
consider the direct sum of Mg (¢) and U,y j—p; that is, let M = Mqg(€) @ Upy jo—pr -
In M, a set I is an independent set if and only if I N E(G) is an independent set in
Mg (¢) and INE(G) is an independent set in Uy, ,—j. This ensures that any solution
D U A is an independent set in M. By viewing any solution of the problem as an
independent set in a matroid M (which is linear), we can use fast computation of
g-representative families to prune the DP table entries. However, we still need to take
care of a technical requirement in the definition of a nice deletion set. Towards this,
we show that for every deletion set D there exists a set of edges Wp, disjoint from D,
of size at most 6k such that if these edges are not selected then we can satisfy that
technical requirement. To achieve this we apply color coding technique and this can
be derandomized using universal sets.

In [11], EULERIAN EDGE DELETION is solved using representative family on the
co-graphic matroid associated with the input graph.

2. Preliminaries. Throughout the paper we use w to denote the exponent in the
running time of matrix multiplication, the current best-known bound is w < 2.373 [24].
We use N and N7 to denote the set of natural numbers and the set of positive integers,
respectively. For any n € N, we use [n] to denote the set {1,2,...,n}. We use Q to
denote the field of rational numbers. For any multiset A and an element z, by A(zx)
we denote the number occurrences of  in A. Let U be a set and W C U x Nt. For
convenience we denote a pair (v,7) € U x Nt (or in W) by v(i). For any W C W
and u € U, we define

W (u) = [{u(i) | i € NT,u(i) € W'}.

2.1. Graphs. We use “graph” to denote simple graphs without self-loops, di-
rections, or labels. We use standard terminology from the book of Diestel [5] for
those graph-related terms which we do not explicitly define. In general, we use G to
denote a graph. We use V(G) and E(G), respectively, to denote the vertex and edge
sets of a graph G. For a graph G, we use F(G) to denote the simple non-edge set
(V(QG)) \ E(G). For a vertex v € V(G), we use Eg(v) to denote the set of edges of

E(G) incident with v, Eg(v) to denote the set of edges of E(G) incident with v, and
da(v) to denote |Eg(v)|, i.e., the degree of vertex v. For an edge set B’ C F(G) and
A C E(G), we use (i) V(E’) to denote the set of end vertices of the edges in E’, (ii)
G — E' to denote the subgraph G’ = (V(G), E(G)\ E’) of G, (iii) G + A to denote the
graph G’ = (V(Q), E(G) U A), and (iv) G[E'] to denote the subgraph (V(G), E’) of
G. We say an edge e € E(G) is a bridge if G — {e} has more connected components
than G.

2.2. Matroids and representative families. In the next few subsections we
give definitions related to matroids. For a broader overview on matroids, we refer the
reader to [20].

DEFINITION 2.1. A pair M = (E,Z), where E is a ground set and Z is a family
of subsets (called independent sets) of E, is a matroid if it satisfies the following
conditions:

(I1) P eZ.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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(12) If A CAand A€Z, then A’ € T.
(I3) If A,B € T and |A| < |B|, then there is e € (B\ A) such that AU {e} € T.

An inclusion-wise maximal set of Z is called a basis of the matroid. Using axiom (I3)
we can show that all the bases of a matroid have the same size. This size is called the
rank of the matroid M, and is denoted by rank(M). The rank function of a matroid
M = (E,I) is a function 7py : 2F — N which is defined as follows: 7,/(S) for any
S C F is the cardinality of the maximum sized independent set contained in S.

Linear matroids and representable matroids. Let A be a matrix over an arbitrary
field F and let E be the set of columns of A. For A, we define a matroid M = (E,Z) as
follows. A set X C F is independent (that is, X € 7) if the corresponding columns are
linearly independent over F. The matroids that can be defined by such a construction
are called linear matroids, and if a matroid can be defined by a matrix A over a field
F, then we say that the matroid is representable over F; that is, a matroid M = (F,Z)
of rank d is representable over a field F if there exist vectors in F¢ corresponding to
the elements such that linearly independent sets of vectors correspond to independent
sets of the matroid. A matroid M = (E,Z) is called representable or linear if it is
representable over some field F.

Direct sum of matroids. Let My = (F1,Z;1), My = (E2,1s), ..., My = (Ey,Z;) be
t matroids with E; N E; = @ for all 1 <4 # j < t¢. The direct sum M; & --- & M, is
a matroid M = (E,Z) with E := Ule E; and X C FE is independent if and only if
XNE; eZ for all i <t. Let F be a field. Let A; be a representation matrix over [F
of Ml = (E“IZ) Then,

A 0 0 0

0 Ay 0 0
Av = .

0 0 0 A,

is a representation matrix of My @ --- @ M;. The correctness of this construction is
proved in [17].

PROPOSITION 2.2 (see [17, Proposition 3.4]). Given representations of matroids
M, ..., M; over the same field F, a representation of their direct sum can be found
in polynomial time.

Uniform matroids. A pair M = (E,T) over an n-element ground set E, is called a
uniform matroid if the family of independent sets is given by Z = {A C FE | |4| < k},
where k is some constant. This matroid is also denoted as U, . Every uniform
matroid is linear and can be represented over a finite field of size at least n by a k xn

matrix Aps where Apr[i,j] = 571 and 1,2,...,n are distinct elements in the field.
1 1 1 1
1 2 3 n
2 2 2
Ay = 1 2 3 n
i 21@71 31@71 . : . nk.fl

Co-graphic matroids. Given a graph G with r connected components, the co-
graphic matroid associated with G is defined as (U, I), where U = E(G) and

I={SCE(G): G- S has exactly r connected components}.
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We use Mg to denote the co-graphic matroid associated with the graph G.

PROPOSITION 2.3 (see [20]).  Co-graphic matroids are representable over any
field of size at least 2.

FElongation of a matroid. The {-elongation of a matroid M, where ¢ > rank(M)
is defined as a matroid M’ = (E,Z’) such that S C F is a basis in M’ if and only if
ry(S) = ry(E) and |S| = €. We use M (¢) to denote the ¢-elongation of a matroid
M.

THEOREM 2.4 (see [15]). Given a representation of a matroid M and an inte-
ger £ >rank(M), there is a deterministic polynomial time algorithm to compute a
representation of £-elongation of M, M({).

DEFINITION 2.5 (g-representative family [17]). Given a matroid M = (E,T) and
a family S of subsets of E, we say that a subfamily SCSis g-representative for &
if the following holds: for every set Y C E of size at most q, if there is a set X € S
disjoint from Y with X UY € I, then there is a set X es disjoint from Y with
XUY eT. IfS C S is g-representative for S, we write S Clep S

THEOREM 2.6 ([15]). Let M = (E,Z) be a linear matrozd of rank n and let S =
{S1,...,5¢} be a family of independent sets, each of size b. Let A be an n x |E| matriz
representing M over a field F, where F = Fpe or F is Q (here p is a prime number
and € € N*) Then there is deterministic algorithm which computes a representative

family S Ci., S of size at most nb(b+q), using O((bzq) tb>n? + t(bzq)w_l(bn)“_l) +
(n+ |E|)°M) operations over the field F.

3. An overview of our algorithm. Let (G, f, k) be an instance of EECG. Our
algorithm finds a solution of size exactly k (if one such solution exists) and outputs
No otherwise. Any solution to our problem is of the form D U A, where D C E(G)
and A C E(G). The sets D and A are called the deletion set and the addition set,
respectively, corresponding to the solution D U A.

3.1. Characterizing the solution. The starting point of our algorithm is a
characterization of its solution in terms of a deletion set D satisfying certain properties
(such deletion sets are called nice deletion sets). This allows us to focus on finding
nice deletion sets. To describe the main steps and ideas involved in our algorithm we
first give a semi-informal definition of a nice deletion set. Towards this we need the
following definitions. We define the set of deficient vertices as

def(G, f) = {v [ v € V(G), f(v) > dg(v)}

We also define a set of all pairs (v, ), where v is a deficient vertex and 4 is an integer

from {1,..., f(v) —dg(v)},
S(G, f) = {(v,i) | v € def(G, f),i € {1,..., f(v) — da(v)}}.

Thus for every deficient vertex v there are f(v) — dg(v) pairs in S(G, f) containing
v. The set S(G, f) specifies how many edges in an addition set must be incident
with v. Let ¥ : S(G, f) — S(G, f) be an involution. Given 1, we define a multiset
Ey as follows. It consists of all possible pairs (u,v) such that u,v € def(G, f) and
Y(u,i) = (v,j) for some j > i. Essentially, map ¢ will allow us to obtain the
corresponding addition set A. We say that v is a proper deficiency map if, for every
u € V(G) (u,u) ¢ Ey, Ey is a set (not a multiset), and Ey N E(G) = 0. Finally, a
set D C E(Q) is called a nice deletion set if
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(i) For all v € V(G), dg—p(v) < f(v).
(ii) [S(G = D, f)| = 2(k — |DI).
)
)

(iii) Graph G — D has at most k — |D| + 1 connected components.

(iv) If G— D is not connected, then each connected component in G — D contains
a vertex v deficient in G — D, i.e. such that de_p(v) < f(v).

(v) There exists a proper deficiency map 9 : S(G — D, f) — S(G — D, f).

Let D C E(G). As we will see in Lemma 4.4, there exists A C E(G), |A| = k — |D|
such that A U D is a solution to EECG if and only if D is a nice deletion set.
Furthermore, given a nice deletion set we can find an addition set, if it exists, in
polynomial time. Thus, our problem reduces to finding a nice deletion set D C E(G)
and an accompanying proper deficiency map 1 on S(G — D, f), if it exists. We use a

dynamic programming (DP) algorithm to compute a nice deletion set D.

3.2. Towards the states of the dynamic programming algorithm. So,
how can one find a nice deletion set? Throughout this section we will work with
a hypothetical deletion set D. We partition the vertex set of G into sets of Green
and Red vertices: We color v € V(G) green if dg(v) > f(v), and red otherwise. Let
E, = E(G[Red]) and E; = E(G) \ E,. We need a quick sanity check; that is, if
2 {vide ()£ () [da(v) — f(v)] > 2k, then we output NO, because in this case any
solution to EECG requires more than k edge edits (addition/deletion operations).
Now we guess the size k' < k of D such that 2k" > 3" _Green dc(v) — f(v). Since D
is our hypothetical deletion set, we have that for any v € Green, the number of edges
in D which are incident with v is at least dg(v) — f(v). Now we guess the number
k1 of edges in D which are incident with only green vertices and the number ko of
edges in D which are incident with at least one vertex in Red. Note that ki + ko = k.
Also note that the number of ways we can guess (k', k1, ko) is at most k2. Now for
every v € Green, we guess the number of edges in D which are incident with v. In
particular, we guess a function ® : Green — N such that for all v € Green we have
that ®(v) > dg(v) — f(v). The number of possible functions ®(v) is upper bounded
by O(4%k) (a proper analysis of this bound is explained in section 4). From now
on we will assume that we are given a function ®. In other words we have guessed
the function ® corresponding to the hypothetical solution D. We say that a solution
D U A to EECG satisfies the function ® if for every vertex v € Green, the number of
edges incident with v in D is exactly ®(v).

We start with an intuitive explanation of the structure of the solution that is
helpful in designing partial solution for the DP algorithm. Given DUA, we first define
anotion of an alternating walk. An alternating walk is a sequence of vertices ujus - - - up
such that consecutive pairs of vertices ((u;, ti11), (uit1,ui12)) either belong to D x A
or Ax D and {(u;,ui+1) | 1 <4 < £} is a set (not a multiset); that is, an edge from D
is followed by an edge from A or vice-versa. In an alternating even length closed walk,
uy = ug and the first and the last edge in the walk are of different type (i.e., one from
D and one from A). One might wonder about the definition of alternating odd length
closed walk. For our purposes we will think of them as alternating walks that start
and end at the same vertex and the first and the last edge either both belong to D or
both belong to A. From now on whenever we say an alternating closed walk, we mean
an alternating even length closed walk; see Figure 3.1 for an illustration of alternating
(closed) walks. For every intermediate, i.e., not the endpoint, vertex in an alternating
walk or in an alternating closed walk, one of the edges incident with it belongs to D
while the second edge belongs to A. Thus the degree of any vertex is not disturbed
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Vs Ug

U7

Fic. 3.1. Nlustration of alternating (closed) walks. The blue and red edges belong to D and A,
respectively. The sequence v1vV2V3V4V5V6V3V] @S an alternating walk starting and ending at vi. The
sequence ulu2U3ULUSUEU3UTUL 1S an alternating closed walk. (Figure in color online.)

by an alternating walk where this vertex is intermediate. We define alternating walks
for the following reason. Let D U A be a solution of EECG that satisfies ®. We can
think of edges in D U A forming a family P of edge disjoint alternating walks and
alternating closed walks with the following properties:

e For every vertex v € V(G) and a set Z € {D, A}, we define apdeg(P, Z,v) as
the number of edges from Z that are incident with v and appear as (i) the
first edge in alternating walks from P that start with v; and (ii) the last edge
in alternating walks from P that end in v. Note that if there is an alternating
walk that both starts and ends in v and the start edge as well as the last edge
belong to Z, then this walk contributes two to apdeg(P, Z,v) (this happens
when the alternating walk wu; ...u, is of odd length and v = u; = uy). For
every vertex v € Green, we require that apdeg(P, D,v) = dg(v) — f(v) and
apdeg(P, A,v) = 0. Furthermore, for every vertex v € Red, apdeg(P, D,v) =
0 and apdeg(P, A,v) = f(v) — dg(v). When the number of edges in D which
are incident on v € Green is greater than dg(v) — f(v), then the number
of times v appears as intermediate vertices in alternating (closed) walks is
exactly equal to the number of excess edges and these excess edges will not
contribute to apdeg(P, D, v).

e Every vertex v € Green appears as an intermediate vertex in an alternating
walk or in an alternating closed walk of P exactly ®(v) — dg(v) + f(v) times.
This walk system view allows us to make a dynamic programming algorithm
where we can move from one state to another using one edge addition or deletion. In
particular, the algorithm works by constructing first all alternating walks Pi,..., P,
and then alternating closed walks P, 11,...,FP,. Given a partially constructed walk
system, we try to append an edge to the current walk we are constructing by adding
an edge from (V(QG)) to it; or declaring that we are finished with the current walk
and move to obtain a new walk. During this process we also keep a partial proper
deficiency map 1’ such that E, are addition-edges in the current partial solution.
Thus, a state in the dynamic programming algorithm is given by our current guesses
and a subset of domain of partial proper deficiency map. It can be shown that the
number of states is upper bounded by 2°*). However, the number of sets D’ U A’
that could satisfy the prerequisite of being in a particular table entry could be as
large as n©*), and thus this would not lead to an FPT algorithm. However, this is
indeed a template for our algorithm. Next, we show how to prune table entry size to
20(k) O thus obtaining an FPT algorithm.

3.3. Pruning the DP table entry and an FPT algorithm. We need to
prune the DP table in a way that we do not change the answer to the given instance
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(G, f, k). Towards this we show that if some subset we have stored in a DP table entry
could lead to a nice deletion set, then we have at least one such set after the pruning
operation. Our guessing of k1, ko2, and ® allows us to satisfy the properties (i) and (ii)
of nice deletion set. Property (iii) of nice deletion sets implies that D is an independent
set in the matroid Mg (¢)—the ¢-elongation of the co-graphic matroid Mg associated
with G, where ¢ = |E(G)| — |V(G)| + k — |D| + 1 (we refer to preliminaries for the
definition). Thus by considering only those D which are independent sets in Mg (¥),
we ensure that property (iii) of nice deletion set is satisfied. Now consider the property
(v) of nice deletion set, i.e., there exists a proper deficiency map ¢ : S(G — D, f) —
S(G—D, f). Our objective is to get a set DU A such that there is a proper deficiency
map ¢ over S(G — D, f) with B, = A, along with other properties as well. Let
D1 U Ay, Dy U Ay be two partial solutions belonging to the same equivalence class,
where D1, Dy C E(G) and Ay, Ay C E(G). Suppose that D' C E(G), A’ C E(G),
(D1UD")J(A1UA) is a solution and A; N A’ = (). Since D1 UA;, Dy U As belongs to
the same equivalence class and Ay and A’ are disjoint, there is a proper deficiency map
Y’ over S(G — (DoUD’), f) such that Ey = As UA’. To take care of the disjointness
property between the current addition set and the future addition set while doing
DP, we view the addition set A of the solution as an independent set in a uniform
matroid over the universe E(G). Let Upy k—p be a uniform matroid with ground set

E(G), where m’ = |E(G)|. From the definition of Uy, x—_x’, every set A of size at

most k — k' is independent in U,/ x—x. We have mentioned that D is an independent
set in Mg (€) where £ = |E(G)|—|V(G)|+k—k +1. To view the solution set DU A as
an independent set in a matroid, we consider the direct sum M = Mg (€) ® Upy jo—i
of two matroids. In M, set I is independent if and only if I N E(G) is an independent
set in M (¢) and I N E(G) is an independent set in U, k. This ensures that any
solution DU A is an independent set in M. By viewing any solution of the problem as
an independent set in the matroid M (which is linear), we can use the g-representative
families to prune the table. However, we still need to ensure that property (iv) of nice
deletion set is satisfied. In what follows we explain how we achieve this.

We show that for every deletion set D, there exists a set of edges Wp C E(G)
disjoint from D, of size at most 6k such that if these edges are not selected, then we
can guarantee that each connected component in G — D contains a vertex v such that
da—p < f(v). To achieve this we apply color coding. We randomly color each edge
orange with probability 1/7 and black with probability 6/7, then with probability at
least (1/7)%(6/7)%F, all the edges of the deletion set D will be colored with orange and
all the edges in Wp will be colored with black. If we repeat our algorithm (77% /6%%)
times, we can increase the success probability to a constant. Finally, this step is
derandomized using universal sets.

4. Algorithm. For a given graph G, a solution to EECG comprises a deletion
set D C E(G) and an addition set A C E(G). That is, F = G — D+ A. In particular,
we denote the solution set as a pair (D, A), where D C E(G) and A C E(G). For an
instance (G, f,k) of EECG, our algorithm finds a solution of size ezactly k (if one
such solution exists), otherwise outputs No.

4.1. Structural characterization. In this subsection we give a structural char-
acterization of a solution that is central to our parameterized algorithm. In particular,
we give necessary and sufficient conditions on D C E(G) for being a deletion set of
an optimum solution to EECG. Furthermore, we show that if we have D that sat-
isfies the desired conditions, then we can obtain the corresponding addition set A in
polynomial time. We start with a few definitions that will set up a useful language to
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speak about different aspects of the sets we will be considering throughout the paper.
Now we recall the definitions of def(G, f) and S(G, f) for convenience.

DEFINITION 4.1. Let G be a graph and let f : V(G) — {1,2,...,d} be a function.
We call a vertex v € V(G) deficient with respect to G and f if f(v) > dg(v). We
define the deficiency vertex set of G and f, denoted by def(G, f), as the set of deficient
vertices with respect to G and f. We define the deficiency set of G and f, denoted by
S(G, f), as a set containing f(v) — dg(v) many elements corresponding to each vertex
v € def(G, f). Notice that the cardinality of S(G, f) is equal to Z{v:f(v)>dc(v)} flw)—
dg(v). In particular, these sets are defined as

def(G, f) = {v | v € V(G), f(v) > da(v)},
S(G, f) ={(v,1) [ v e V(G), f(v) > da(v),i € [f(v) — da(v)]}

Let W C V(G) x NT. Recall that we denote a pair (v,7) € V(G) x N* (or in W) by
v(i). Let ¢ : W — W be an involution. Given ¢, we define a multiset Ey, as follows.
For each u(i) € W we add (u,v) to Ey if ¥(u(i)) = v(j) for some j > i.

DEFINITION 4.2. Let G be a graph and let W C V(G) x NT. An involution
1 W — W is called a proper deficiency map if it satisfies the following properties:
1. Non-loop property: For each u € V(G), (u,u) ¢ Ey.
2. Simple edge property: Fy is a set, not a multiset; that is, there is no pair
u,v € V(G) such that Y(u(i1)) = v(j1) and P(u(iz)) = v(jz) for some iy # iz
and jl 7é jg.
3. Non-edge property: Ey N E(G) = 0.
In general, we will have proper deficiency map over the domain S(G, f) or some
set related to this. Finally, we define the notion of nice deletion set.

DEFINITION 4.3. Let (G, f, k) be an instance of EECG and let D C E(G). We
say that D is a nice deletion set if the following properties are satisfied:
(i) For allv € V(G), dg—p(v) < f(v).
(i) [S(G =D, f)| = 2(k — |D|).
(iii) The graph G — D has at most k — |D| 4+ 1 connected components.
)

If G — D is not connected, then each connected component in G — D con-
tains a deficient vertex with respect to G — D and f (i.e., for each connected
component F in G — D, V(F)Ndef(G— D, f) #0).

(v) There exists a proper deficiency map v : S(G — D, f) = S(G — D, f).

LEMMA 4.4. Let (G, f, k) be an instance of EECG and let D C E(G). Then
there exists A C E(QG), |A| = k — |D| such that AU D is a solution to EECG if and
only if D is a nice deletion set. Moreover, given a nice deletion set D C E(G) we
can find A C E(G) such that |A| = k — |D| and D U A is a solution to EECG in
polynomial time.

(iv

Proof. (=) Let A C FE(G),|A| = k — |D| be such that AU D is a solution to
EECG. We need to show that D C E(G) is a nice deletion set. Since AU D is a
solution to EECG, we have that dg_p(v) < f(v) for all v € V(G), satisfying condition
(i). Furthermore, AU D being a solution also implies that >, . r(y)sag_p)y (V) —
de—p(v) = 2|A| = 2(k — D). Hence |S(G — D, f)| = 2(k — |D]), satisfying condition
(ii). Since G—D+ A is a connected graph, G— D can have at most |A|+1 = k—|D|+1
connected components, satisfying condition (iii) in the definition. The graph G—D+ A
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is connected and thus each connected component F' in G—D (if G— D is not connected)
contains a vertex v € V(F') such that (v,u) € A for some u € V(G). Since DU A
is a solution to EECG, dg_p+a(v) = f(v) and hence dg_p(v) < f(v) (because
(v,u) € A), satisfying condition (iv). Finally, we show that D satisfies the last
property. Let A = {ej,ea,...,e.} C E(G), where r = k—|D|. Since DUA is a solution
to EECG, we have that for any vertex v, there are exactly f(v) — dg—p(v) edges in
A which are incident to v. Now we define a bijection ¢ : S(G — D, f) = S(G — D, f)
as follows: ¥(u(i)) = v(j) if (u,v) = e; such that there are exactly i — 1 edges from
{e1,...,e¢—1} incident on u and there are exactly j — 1 edges from {ey,...,er—1}
incident on v; that is, we traverse the edges ey, ..., e, from left to right and find the
ith edge incident with u, say e; = (u,v), and then we assign it v(j) if there are exactly
j — 1 edges incident with v present among {eq,...,ep_1}.

CLamM 1. ¥ :S(G — D, f) = S(G — D, f) is a proper deficiency map.

Proof. By the definition of v, if ¥ (u(i)) = v(j), then ¥ (v(j)) = u(i), and so ¢ is
an involution. Since G — D + A is a simple graph, for any u € V(G), (u,u) ¢ Ey.
Now we need to show that E, is not a multiset. Suppose not, then there exists
u,v € V(G) such that ¥(u(i1)) = v(j1) and ¥ (u(iz)) = v(j2) for some i1 # iz and
j1 # jo. This implies that there exist e;,e; € A, i # j such that e; = ¢; = (u,v).
This contradicts the fact that G — D + A is a simple graph. Since A is disjoint from
E(G), Ey, N E(G) = (. This completes the proof of the claim. |

(

<) Let D C E(G) be a nice deletion set. We need to show that we can find

A C E(G) such that |A] = k—|D| and G— D+ A is a solution to EECG. Properties (i)
and (ii) imply that dg_p(v) < f(v) for all v € V(G) and |S(G — D, f)| = 2(k — |DJ).
Due to the property (v) in the definition of nice deletion set, we know that there exists
a proper deficiency map ¢ : S(G — D, f) — S(G — D, f). Define A = E,. By the
definition of Ey, |[A1| = |Ey| = |S(G—D, f)|/2 = k—|D|. Also note that A;NE(G) =0
because v is a proper deficiency map. Now consider the graph G; = G—D+ A;. Note
that G is simple graph because 1 is a proper deficiency map. Also by the definition
of Ey, dg—p+a, (v) = f(v) for all v € V(G). So G satisfies the degree constraints. If
(1 is connected, then DU Ay is a solution to EECG. Thus, we assume that G is not
connected. In what follows we give an iterative procedure that finds the desired A.
Suppose we are in ith iteration and we have a set A; such that G — D + A; satisfies
all degree constraints but G — D + A; is not connected. Then in the next iteration we
find another addition set of size k — |D|, say A;+1, such that G — D + A; 1 satisfies
all degree constraints and G — D + A;;1 has strictly less connected components than
in G — D+ A;. The procedure is started with A; = E,. Let i > 1 and we have A4;
such that G — D + A; satisfies all degree constraints but G — D + A; is not connected.
Since |A;] = k — |D| and G — D has at most k — |D| + 1 connected components,
G; = G — D+ A; has a component F' such that there is an edge (u1,v;) € A; with
the property that ui,v; € V(F) and (u1,v1) is not a bridge in F. Let F’ be another
connected component in ;. Since each connected component in G — D contains a
vertex w € V(G) such that dg_p(w) < f(w), there exists an edge (ug,v2) € A; such
that Uz, V2 € V(F/) Now let Ai+1 = (Az \ {(ul,vl), (UQ,’UQ)}) U {(Ul,UQ), (Ul,’Ug)}.
Observe that G371 = G — D + A;y; is a simple graph with a strictly smaller number
of connected components than in G; and dg,,, (v) = f(v) for all v € V(G). Observe
that when the procedure stops, we find the desired A.

Given a nice deletion set D, we can find the desired A using the iterative proce-
dure described in the reverse direction of the proof. Clearly, this procedure can be
implemented in polynomial time. This completes the proof of the lemma. 0
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4.2. An algorithm with running time n®®), In this subsection we design
an algorithm for EECG running in time n®*)—an XP algorithm. Clearly, this is
not the algorithm we promised. In fact a simple brute force algorithm for EECG
will run in time n®*). But this algorithm will provide a skeleton for a parameterized
algorithm given in the next subsection. Both the algorithms, XP as well as FPT for
EECG, are based on DP. The algorithm given in this subsection allows us to introduce
various aspects of the dynamic programming in a gentler manner. Even though the
number of states in the dynamic programming algorithm given in this subsection is
bounded by 2°%) . n©M) | the number of partial solutions stored in a DP table entry
could potentially be n®*). The FPT algorithm given in the next subsection is based
on this algorithm and uses tools from representative family to reduce the cardinality
of partial solutions stored in any DP table entry to 20) . nO1),

Given an instance (G, f, k) of EECG. The main idea of the algorithm is to find
a nice deletion set D C FE(G) and an accompanying proper deficiency map % on
S(G—D, f), if it exists, using dynamic programming. Throughout this section we will
work with a hypothetical deletion set D. We start with coloring the vertices of G,
green and red in the following way. We color v € V(@) green if dg(v) > f(v), otherwise
we color v red; that is, Green = {v | v € V(G), dg(v) > f(v)} and Red = V(G)\ Green.
Let E, = E(G[Red]) and E; = E(G) \ E,. We need a quick sanity check; that is,
if > (0 de )27y [da(v) — f(v)] > 2k, then we output NO, because in this case any
solution to EECG requires more than k edge edits (addition/deletion operations).
Now we guess the size k' < k of D such that 2k" > 3~ ;) () da(v) — f(v). Since
D is our hypothetical deletion set, we have that for any v € Green, the number of edges
in D which are incident with v is at least dg(v) — f(v). Now we guess the number
k1 of edges in D which are incident with only green vertices and the number ko of
edges in D which are incident with at least one vertex in Red. Note that k1 + ko = k.
Also note that the number of ways we can guess (K, k1, ko) is at most k2. Now for
every v € Green, we guess the number of edges in D which are incident with v. In
particular, we guess a function ® : Green — N such that for all v € Green we have
that ®(v) > dg(v) — f(v). We claim that the number of possible functions from
Green to N that represent the number of edges incident with a vertex v € Green in the
hypothetical solution D is bounded by O(4*k). Let k3 be the number of edges in D
which are incident with only red vertices. Observe that we are looking for functions
®, such that for all v € Green we have that 1 < dg(v) — f(v) < ®(v) < k1 + ko — ks,
and Y7 ccreen P(v) < 2Ky + k2 — k3. The number of such functions is upper bounded

by

O(2|Green\+2k1+k27k372v66reen dc(v)ff(v)).

The above quantity is upper bounded by O(4*) because |Green| < 3= ¢ .on da(v) —
f(v) and 2k; + ko — k3 < 2k. Since there are at most k possible values for k3, the
number of possible functions ®(v) is upper bounded by O(4*k). From now on we will
assume that we are given a function ®. In other words we have guessed the function
® corresponding to the hypothetical solution D. We say that a solution D U A to
EECG satisfies the function ® if for every vertex v € Green the number of edges
incident with v in D is exactly equal to ®(v).

Intuitive structure of the algorithm. We start with an intuitive explanation of
the structure of a solution that helps us in designing a partial solution for the DP
algorithm. Any solution to our problem is of the form DU A € (V(QG)) where D C

E(G) and A C E(G). Given D U A, we first define a notion of an alternating walk.
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An alternating walk is a sequence of vertices ujus ... uy such that consecutive pairs
((wg, wit1), (wig1,uiq2)) either belong to D x A or A x D and no edges from D U A
repeats in the walk; that is, an edge from D is followed by an edge from A or vice-
versa. In an alternating even length closed walk, u; = uy and the starting and ending
edges are of different type. One might wonder about the definition of alternating
odd length closed walk. For our purposes we will think of them as alternating walks
that start and end at the same vertex, and the first and the last edge either both
belong to D or both belong to A. From now on whenever we say an alternating closed
walk, we mean an alternating even length closed walk. For every intermediate vertex
in an alternating (closed) walk, one of the edges incident with it belongs to D and
the second edge belongs to A. Thus the degree of any vertex is not disturbed by an
alternating walk where this vertex is intermediate. We define alternating walks for
the following reason. Let D U A be a solution of EECG that satisfies ®. We can
think of edges in DU A forming a family P of edge disjoint alternating (closed) walks
with the following properties:

e For every vertex v € V(G) and a set Z € {D, A}, we define apdeg(P, Z,v) as
the number of edges from Z that are incident with v and appear as (i) the
first edge in alternating walks from P that start with v and (ii) the last edge
in alternating walks from P that end in v. Note that if there is an alternating
walk that both starts and ends in v and the start edge as well as the last
edge belong to Z, then this path contributes two to apdeg(P, Z,v). For every
vertex v € Green, apdeg(P, D,v) = dg(v)— f(v) and apdeg(P, A,v) = 0. Fur-
thermore, for every vertex v € Red, apdeg(P, D,v) = 0 and apdeg(P, A,v) =
£(v) — d(v),

e Every vertex v € Green, appears as an intermediate vertex in an alternating
(closed) walk of P is exactly equal to ®(v) — dg(v) + f(v).

For any solution P = {Py, Ps, ..., Py}, without loss of generality we assume that
there is 7 such that P;,. .., P, are alternating walks and P41, ..., P, are alternating
closed walks. In our solution we will first construct all alternating walks and then
construct all alternating closed walks. Also for any alternating closed walk, we always
start with a deletion edge.

Towards an implementation of the intuitive description. Our objective is to design
a DP algorithm. Thus, we first need to define a notion of a partial solution which will
constitute a basic building block of our algorithm. We first explain partial solutions
and its structure which will be utilized to design the algorithm. Any solution to our

problem is of the form DU A € (V(QG)) where D C E(G) and A C E(G), thus the

partial solution for the problem is also a subset BUA’ € (V(ZG)) where B C E(G) and
A" C E(G). Let DU A be a solution of EECG that satisfies ®. As described before
we think of edges in D U A forming a family, P = {Py,..., Ps}, of alternating walks
and alternating closed walks. A partial solution can be thought of as {Py,... 7ij*},
where we have already created P, ..., P;_; and P]?k is some subwalk of P; that we are
creating now. This view could be useful in understanding the algorithm we are going
to describe later. At this point we add a caveat that our algorithm slightly differs from
this perspective to make the proof more accessible.

Let P" = {Py,..., P}} be a partial solution. We first assume that the P; that
we are constructing is going to be an alternating walk. For every vertex v € V(G)
and a set Z € {B, A'}, we define apdeg™(P’, Z,v) as the number of edges from Z that
are incident with v and appear as (i) the first edge in alternating walks from P’ that
start with v; and (ii) the last edge in alternating walks from {P,..., Pj_1} that end
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in v. As before, if there is an alternating walk that both starts and ends in v and
the start edge as well as the last edge belong to Z, then this path contributes two
to apdeg™(P’, Z,v). If theP; that we are constructing is going to be an alternating
closed walk, then apdeg™(P’, Z,v) = apdeg({P1,...,P;_1}, Z,v). Before we go further
we would like to add that while making an algorithm we will know whether we are
currently constructing an alternating walk or an alternating closed walk.

In our algorithm we form partial solutions of size ¢ from partial solutions of size
i — 1. It is important for designing the FPT algorithm given in the next subsection
to partition the set of partial solutions based on some of its structures. Note that
we have already guessed some structure of the solution: like the number of deletion
edges, the number of deletion edges with both endpoints in Green, the number of
addition edges, and the number of deletion edges from E(v) for each vertex v € Green
(via guessing the function ®). We use these structures to characterize the equivalence
classes of partial solutions. Since we are going to compute a solution which respects
®, in the description of an equivalence class over partial solution we would like to
include for every vertex v € Green the number of edges that are incident with v
and contribute to apdeg®(P, D,v). This is achieved by creating a multiset set T},
containing dg (v) — f(v) many copies of v for all v € Green and keeping a subset of T,
for each equivalence class; that is, T/ tells us how many edges incident with a vertex
v € Green must be present in the partial solutions that respect apdeg™(P’, B,v). In
other words, apdeg™(P’, B,v) =T, (v).

Now we define another set T, for Green vertices that stores the information about
how many times a vertex v appears as an intermediate vertex in the current partial
solution P’ = { P, ..., P;}. In particular, we define

T, ={v(i) | v € Green, ®(v) > dg(v) — f(v),7 € [(v) — (da(v) — f(v))]}.

We use Tg’ C T, to represent an equivalence class with the property that a partial
solution P" = {Pi,..., P/} satisfies that for every vertex v € Green the number of
times v appears as an intermediate vertex in P’ is the same as the number of ele-
ments corresponding to it in Té. Observe that we are differentiating between elements
corresponding to a vertex and a copy of a vertex. For example, consider a vertex v.
When we say that T,, contains three copies of a vertex v, we mean {v,v,v} C T,
and when we say T, contains three elements corresponding to v, then we mean that
{0(1),0(2),0(3)} € T,

We have taken care of all alternating walks that start or end with deletion edges
as well as alternating closed walk. We also have some alternating walks that start or
end with an addition edge. Now we define some sets that will help us to have some
control over these alternating walks. Towards this we define a set T, as follows: T,
is a set such that for every v € Red there are exactly f(v) — dg(v) elements in T,
corresponding to v:

T, ={v(i) | v € Red, f(v) > dg(v),i € [f(v) — da(v)]}.

Ideally, we would like to keep a set 7). C T, to represent an equivalence class with
the property that a partial solution P’ = {Py,..., P;} satisfies that for every vertex
v € Red, apdeg”(P’, A',v) = T/ (v). However, for technical reasons we represent it as
follows. For every vertex v € Red, apdeg®(P’, A’,v) = (T;- \ 1)) (v).

Let v be the last vertex of Pf. When we are constructing P it can happen that
the edge incident with v could either be a deletion edge or an addition edge. In either
case we do not know whether v is the last vertex of P; and thus we cannot store the
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information on v either using 7y or 7). To overcome this difficulty, we keep a multiset
X of size at most two or a set Y of size at most one. If the last edge is an addition
edge, then we store v in Y, and if the last edge is a deletion edge, then we store v
in X. Now we explain why X is a multiset and [X| < 2. If P/ is going to be an
alternating closed walk, then, in fact, we need to store information about both of its
end vertices. In other words, if P} is going to be an alternating closed walk, then P}
starts with a deletion edge and the information about its starting vertex is stored in
X. If P/ ends with deletion edge, then the information about it is stored in X and
the end vertex very well could be same as the starting vertex of P;. Thus, X could
be a multiset of size 2.

Informal description of the algorithm. Our algorithm works as follows. First,
we construct all alternating walks Pp,..., P, and then construct alternating closed
walks Ppy1,..., Py. Now we explain how each alternating (closed) walk can be con-
structed. Suppose we have completed constructing P;_;. We start constructing P; in
the following preference order.

1. If T,, # T),, then we start with a deletion edge incident with v € T, \ T}, and
add a copy of v to T),. Let P? denotes the current partial alternating walk
that we have constructed so far. If P} ends in a vertex u € Tp, \ T}, with a
deletion edge, then we say P; = P and add a copy of u to 7. 1If P* ends in
a vertex u with an addition edge and there is an element corresponding to w
in T}, then we say P; = P and we delete an element corresponding to u from
T/. Else, we continue constructing this alternating walk by either adding or
deleting an appropriate edge incident with w. Notice that if u is a vertex in
Green, then the last edge of P} will be accounted in the next step using Té.
However, if u € Red, then we do not account for these edges using any set.

2. If T # (), then we start with an addition edge incident with a vertex v,
where T/ (v) # 0 and we delete an element corresponding to v from 7). Let
P? denotes the current partial alternating walk that we have constructed so
far. Now if P} ends in a vertex u € T}, \ Ty, with a deletion edge, then we
say P; = P} and add a copy of u to T},. If P} ends in a vertex u with an
addition edge and there is an element corresponding to u in 77, then we say
P; = P; and we delete an element corresponding to u from T!. Else, we
continue constructing this alternating walk by either adding or deleting an
appropriate edge incident with u.

3. If both the above cases are not applicable, then, in fact, j — 1 > n; that is,
we have constructed all the alternating walks in the solution. Let B C E(G)
and A’ C E(G) be the set of deletion edges and addition edges present in
Pi,...,Pj_1. In fact, at this point dg_p+a/(v) = f(v) for all v € V(G),
Tn =T, ,T. =0, X =0, and Y = (. So all the degree constraints are
satisfied. But to make the resulting graph connected we might need to do
more editing. Note that any alternating closed walk will not disturb the
degree of any vertex. It is only used for connectivity purpose. We start
construction of P} by guessing a deletion edge (u,v) in the closed walk P;
and adding both its end-vertices—u and v to X. After this we continue
following this alternating walk until we hit u again with a deletion edge.
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In essence, we are constructing our alternating walks greedily (that is, we stop
whenever we have a chance to do so).

A formal definition of partial solution. For our partial solution we would like to
use Lemma 4.4. That is, we would like to obtain a nice deletion set. However, to
completely characterize a nice deletion set, we also need a proper deficiency map.
Note that for any Z C E(G), T, C S(G — Z, f). For each partial solution BU A’, the
subset T/ C T, represents the following: the current partial proper deficiency map
does not have T as its domain. This is the main reason we defined T, differently
than 7}, and T;. In other words 7). denotes that we still “need to add certain number
of edges” on vertices belonging to Red. However, note that we have a vertex v € X
and the only reason this vertex is in X is that f(v) > dg_p(v). Thus, when we
consider S(G — B, f) \ T/, then there is an element corresponding to v present in it.
And we cannot take care of this deficiency using the current partial map for which
the corresponding edge set is A’. To circumvent this we remove the newly added
deficiencies from our domain. Towards this we define Xp ; as follows. Let X be a
multiset of size 2 such that for all u € X, f(u) > dg_p(u) + X(u) — 1. Then,

Xy ={u(i) |ue X, flu) —dg_p(u) — X(u) +1<i < f(u) —da—p(u),i € N*}.

Note that Xp y C S(G—B, f). Similarly, when Y # () we know that the last operation

was an edge addition incident with a vertex w € Y. Thus to have a proper deficiency

map ¢’ such that E, = A’, we need to add Y to the domain of ¢’. For some partial

solution BU A’, it can happen that there exists v € Green such that dg_p(v) > f(v)

and Eg(v) N A’ # (. Thus to have a proper deficiency map ¢’ such that Ey = A’

we add the set T, corresponding to the partial solution B U A’ to the domain of 1.

Thus for any partial solution B U A’ which are in an equivalence class characterized

by T, C Ty, T; € T,, X, and Y, we will have a proper deficiency map ¢’ over

(S(G-B,f)u Té UuY)\ (T; U Xvi) such that Ey = A

Now we formally define the notion of partial solutions. Given an instance (G, f, k)
we define T}, Ty, and 7). as described earlier. Also, recall that we have k1, k2, and ®.
For any T}, C T, T, C Ty, T} C Ty, ky < ki, k5 < ko,i < k, a multiset X containing
elements from V(G) and Y C V(G) such that |[X| < 2,|Y| < 1,|XUY]| < 2, and
XNY =0, we define a family Q(7;,,T;, T}, ki, k5,1, X,Y) of subsets of (V(ZG)) as
follows. For any B C F(G) and A C E(G), BUA € Q(T),,T,, T}, K, k3,4, X,Y) if
the following conditions are met:

(a) |E(G[Green]) N B| = ki, |B\ E(G[Green])| = kj, and |BU A| = 1.

(b) For every v € Green, the number of edges in B which are incident with v is
exactly equal to T}, (v) + T, (v)+ X (v); that is, for all v € Green, [BNEg(v)| =
1, (v) + Ty(v) + X(v).
| Xpg sl =|X| and Xp ;s C S(G — B, f)\T,.

(d) The graph G — B has at most k — k¥’ + 1 connected components.

) There is a proper deficiency map " : (S(G — B, f)UT, UY )\ (T;UXp ;) —
(S(G-=B,/H)uT,uY)\ (T, U Xp ) such that A = E,. Furthermore, for
w e Y, if ' (w) =u(j) for some j, then T, (u) = T0, (u).

In condition (e) we demanded the following: for w € Y, if ¢'(w) = u(j) for some
j, then Ty, (u) = T (u). We explain the reason for doing this. In our algorithm if
Y # (), then the last operation is an addition operation with an edge incident with w.

—
o
~

—
@
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If (u,w) is the edge added in the last operation, then in the proper deficiency map v,
w maps to u(j) for some j. The only reason we did not stop at w is because either
u € Red or u € Green and T, (u) = Tj,,(w). Thus, in some sense this condition helps
us in knowing when the current alternating walk we are constructing will stop.

For T;, C T, Ty € Ty, Ty C Ty ky < ki, ky < ko,i < k, a multiset X containing
elements from V(G) and Y C V(G), we say that the tuple (7},7,, Ty, ki, ks, 4, X,Y)
is a wvalid tuple if the following happens:

(1) I X|<2,)Y|<L|XUY|<2and X NY = 0.

(2) Forw e Y, w(j) ¢ T, for all j.

(3) Ifu(j) € T,, then u(j’') € T, for all 0 < j' < j.

(4) For every v € X, T,,(v) =T}, (v).

For the correctness of the algorithm, it is enough to focus on partial solutions defined
over valid tuples. We have already explained that why the cardinality of |X| < 2
and |Y| < 1. Also note that if we have a partially constructed alternating (closed)
walk, then its current end vertex will be either in X or Y. If we are constructing
an alternating closed walk, then its starting vertex will also be in X. Because of
this [ X UY| < 2. When both X and Y are nonempty, then we are constructing an
alternating closed walk stating at a vertex z € X and at present it ends at a vertex
w €Y. If x = w, then we could have greedily completed this closed walk. Hence,
X NY # . For any partial solution BU A € Q(T},,T,, T}, k1, k3,4, X,Y), we have a
proper deficiency map ¢ over (S(G—B, f)UT,UY)\(T;UXp f). Ifu(j) € S(G-B, f),
then u(j’) € S(G — B, f) for all j* < j. Since T} also accounts for the number of edges
deleted from each vertex in Green (along with 7}, and X), the condition (3) of the
valid tuple is a sanity check. Conditions (2) and (4) are another set of sanity checks
which we have already explained.

Now we prove that, in fact, Q(T},, Ty, T}, ky, k5,4, X,Y) is “a correct notion of
partial solutions.”

LEMMA 4.5. Let (G, f,k) be a YES instance of EECG with a solution DUA such
that D C E(G), A C E(G), |DNE(G[Green])| = ki1, |D\ E(G[Green])| = ka, k1 + ko =
k', and |D N Eg(v)| = ®(v) for all v € Green. Let ¢ be a proper deficiency map over
S(G—D, f) such that E, = A. Then, for eachi < k, there exists D'UA’ C DUA and a
valid tuple (T}, T,, T}, k1, ky,i, X, Y) such that D'"UA" € Q(T},, T, T}, k1, k3,1, X, Y)
and there is a proper deficiency map ¢" over R = (S(G—D', f)UT,UY)\ (T, UXp )
with the property that Ey = A’

Proof. We prove the lemma by induction on i. For ¢ = 0 we set D', A’ = () and so
D'UA’ € Q(0,0,T,,0,0,0,0,0). It is obvious to see that D'UA’ satisfies the conditions
(a), (b), (c), and (e) of being in the family 9(0,0,7;,0,0,0,0,0). Since DU A is a
solution of EECG, G has at most k—k’+1 connected components, and hence D'U A’
satisfies the condition (d) of being in the family Q(@,0,T).,0,0,0,0,0). Assume that
the statement is true for ¢ — 1; that is, there exists D’ U A’ C DU A and a valid tuple
(T}, T,, T, k1, ky,i—1, X, Y) such that D'UA" € Q(T,,,T,, T}, ki, ky,i—1,X,Y) and
there is a proper deficiency map ¢’ over R = (S(G — D', f)UT, UY)\ (T, U Xp )
with the property that E, = A’. We need to show that the statement holds for 4.

Case 1: X,Y = 0. Since i — 1 < k, we have that D’ # D or A’ # A.
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Subcase (1): D' # D. Let e = (z,y) € D\ D’. Let D" = D’ U{e} and let Y’ = ().
Now we explain how to construct X’. The set X' is a subset of {z,y}. If € Green
and x ¢ T,,, \ T}, then we add x to X'. If € Red, then we add z to X’. A similar
case holds for y as well. We set X' = {z € {z,y} | 2 ¢ T, \ T,,}. Note that if
z € {z,y} is a Red vertex, then z ¢ T, \ T),. The following claim follows from the
definition of X’.

CLAM 2. Let z € {x,y} N Green. Then z ¢ X' if and only if z € T, \ T),.

Let T)) = T,, U ({z,y} N (T, \ T},)); that is, we add those elements from
{z,y} to T, that appear in T,, \ T),. Now we define k{ = k} + 1 and kJ = k}
if e € E(G|Green]), otherwise k{ = ki and k) = k), + 1. Now we claim that
D' UA € QT T, Tk, ki, X', Y") and (T0, T2, T0 K/, kg, i, X', Y") is a valid

tuple. Since |X'| <2, Y' = 0, and (T},,T,,T;, Kk, k3,7 — 1,X,Y) is a valid tuple,

y Lo

(T, T, Th kY kY i, X7 YY) satisfies properties (1), (2), and (3) of a valid tuple. Due
(

my=grTr

to Claim 2, (T}, T,, T}, kY, ky,i, X', Y") satisfies property (4) of a valid tuple. Since

) 9 )
D'UA € QT,,,T,,T], ki, ks, i —1,0,0) and D" = D" U{(z,y)}, the subset D" U A’,
satisfies the following conditions:

(a) |D" N E(G|Green])| = kY, |D" \ E(G|[Green])| =&Y, and |D" U A’| = i.

(b) Due to Claim 2 and the definition of T/,
|ID"' N Eg(v)| =Ty, (v) + X' (v) + Ty (v).

(c) Since for any v € X', dg-pr(v) < f(v), we have that [X'| = [X},, | and
Xpny CS(G=D", fI\T,.

(d) Since DU A is a solution of EECG, by Lemma 4.4, we have that G — D has
at most k — k' + 1 connected components. This implies that G — D" has at
most k — k’ + 1 connected components.

(e) Since S(G — D", f)UT, = S(G - D', f)uT,UXp, ; and (S(G — D', f)U
Ty) N Xpu ;= 0, we have that (S(G — D', f)UTy) \ T} = (S(G - D", f) U
Té) \ (TIUX b,,, f). This implies that ¢’ is a proper deficiency map over
(S(G = D", f)UTH)\ (T U XD f)-

Thus we conclude that D" U A" € Q(T,,,T,, T;, ki, k3, i, X', Y").

Subcase (ii): D’ = D. In this subcase we have that A’ # A. Let (z,y) € A\ A"
Let A” = A’ U {(z,y)}. Note that £, = A and Ey = A’. Since D' = D, for all
v € Green the number of edges in D’ which are incident with v is equal to ®(v).
Also, note that Ty, (v) + Ty(v) = ®(v). This implies that 7,, = T,,, and T, = Tj.
Since ¢ is a proper deficiency map over S(G — D, f) = S(G— D, f)UT,, ¢ is a
proper deficiency map over (S(G — D', f)UT,) \ T} and (z,y) € Ey \ Ey, there ex-
ists j,j’ such that z(j),y(j’) € T/. Now we claim that D' U A" € Q(T,,,T/,T, \

m? g’ T
{=(4),y(J")}, k1, k5,1,0,0). Since D" U A" € Q(T},, 15, T7, ki, ko, i — 1,0,0), D" U
A" satisfies conditions (a), (b), (c), and (d) of being in the family Q(7},,Ty,T; \
{z(5),y(4")}, ki, Ky, 4,0,0). Now we need to show that D’ U A” satisfies condition (e).
Consider the bijection 9" defined over (S(G — D', f) UTy) \ (T} \ {=(5),y(j')}) as

follows:

we have that for any v € Green,

y(i')  ifg=a(j),
) ifg= y(j/)7
q) otherwise.
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Note that Ey» = A” C A. Since 9 is a proper deficiency map, ¥"(z(j)) = y(j’),
" (y(4")) = z(j), Eyr is not a multiset and Ey» N E(G) = 0, we have that ¢" is a
proper deficiency map. It is easy to see that (T,,T,, Ty, ky, k3,i — 1,0,0) is a valid
tuple.

Case 2: X #0,Y = 0. Let v € X and let j be the smallest integer such that
v(j) € Xpr 5. Since Xpr y C S(G — D', f)\ T;, we have that v(j) € S(G— D', f) C
S(G— D, f). Also, since ¢’ is a proper deﬁmency map over (S(G — D', f)UT,) \ (T U
Xpr.5) and Ey C Ey, there exists b € V(G) such that (v,b) ¢ Ey and (v, b) € Ey.
Let A” = A" U{(v,b)}.

Subcase (1): b € X. In this subcase the set X’ = ). Let j' = f(b) — dg—p/(b).
Note that {v(j),b(j")} = Xp.y € S(G—D’, f)\T,. Let T,/ = T, U({v(4),b(") }NT,).
If v € Green, then we know that |Eg(v) N D'| = T}, (v) + T4 (v) + X (v) and X (v) = 1
Since the new set X’ = 0, to keep track of the cardinality |Eg(v) N D'| we include
v(j) to T,/. Claim 3 ensures that v(j) does not belong to T;. The similar arguments
hold for b as well.

Cram 3. Ifv € Green, then v(j) ¢ T, and v(j — 1) € Ty.
Proof. Since {v,b} = X, j = f(v) — dg—p/(v). This implies that

|Ec(v)ND'| = j+dg(v) — f(v)
(1) :j+Tm(U)-

We also know that, by the property (b) of partial solutions,

|[Ec(v) N D'| = T;,(v) + Ty(v) + X (v)
(2) =Tn(v) + Ty(v) + X (v) (because v € X).

Equations (1) and (2) imply that j = Ty (v) + X(v). This implies Ty(v) = j — 1
because [ X (v)| = 1. Thus we can conclude that v(j) ¢ T, and v(j — 1) € T,. O

Similarly, we can prove the following claim.
CraM 4. If b € Green, then b(j') ¢ T, and b(j' — 1) € T,,.
Now we claim that D' U A" € O(T,,, T/, T, ki, kb,4,0,0). Since D' U A’ €

m? g 79
Ty, Ty, Ty, ky, ks, i — 1, X, () and by Claims 3 and 4, we can conclude that D'U A"
satisfies conditions (a), (b), (c), and (d) of being in the family Q(7;,, T/, T}, k1, k3,14, 0,

). Now we need to show that D’ U A” satisfies condition (e). Consider the bijection
Y" over (S(G —D'), f)UT,))\ T} as follows:

b(j") if ¢ = v(j),
¥"(q) =1 () if ¢ = b(j"),
¥'(q) otherwise,

Note that Ey» = A”. Since ¢’ is a proper deficiency map, " (u(j)) = v(j’),
V" (v(j")) = uw(j), Eyp~ is not a multiset and Ewn N E(G) = 0, we have that 1" is a
proper deficiency map. It is easy to see that (70, T T/, ki, kb, 1,0, () satisfies proper-

mr+gortry
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ties (1), (2) and (4) of a valid tuple. Claims 3 and 4 imply that (T;,, T,/, T}, ki, k3,4, 0, 0)
satisfies property (3) of a valid tuple.
Subcase (ii): b ¢ X and b(j") € T} for some j'. Let T," =T, U ({v(j)} NTy).

Cram 5. Ifv € Green, then v(j) ¢ T, and v(j — 1) € Ty.

Proof. If X(v) = 1, then the proof is the same as that of Claim 3. Suppose
X (v) = 2. Since {v,v} = X, j = f(v) — dg—pr(v) — 1. This implies that

|Eg(v) N D'| = j+1+dg(v) - f(v)
(3) =j+ 1+ Tp(v).

We also know that, by the property (b) of partial solutions,

|Ec(v) N D'| = T;,(v) + Ty(v) + X (v)
(4) =T (v) + Ty(v) +2 (because v € X).

Equations (3) and (4) imply that j —1 = T, (v). Thus we can conclude that v(j) ¢ T,
and v(j — 1) € T,. O

Now we claim that D' U A” € Q(T},, T, T/ \ {b(3')}, k1, kb, i, X', 0) where X' =

g tr
X\ {v}. Since D'U A" € Q(T},,T,,T), ky,ky,i —1,X,0) and by Claim 5, we can
conclude that D’ U A” satisfies conditions (a), (b), (c), and (d) of being in the family
Ty, Ty, Th \ {b(j')}, k1, k5,4, X', 0). Now we need to show that D' U A" satisfies

condition (e). Consider the bijection ¢ over (S(G—D', f)UTN\((Ty\{b(j") }HUX ] )
as follows.

b(3") i g =),
V() =1 v()) if ¢ =0(j"),
¥'(q) otherwise,

Note that Ey» = A” C A. Since ¢’ is a proper deficiency map, ¥"(v(j)) = b(j'),
"(b(j")) = v(j), By~ is not a multiset and Ewu N E(G) = 0, we have that ¢" is
a proper deficiency map Since X' C X and (T}, T/, T/, k},kb,i — 1, X,0) is a valid

gr—nr

tuple, we have that (T, T, T/\{b(5')}, K} kQ, i, X (Z)) satisfies properties (1), (2) and

m>tgortr
(4) of a valid tuple. Claim 5 implies that ( s Ty s TT’ \{b(3")}, Ky, kb, i, X7, 0) satisfies
property (3).
Subcase (iii): b ¢ X and b(j") ¢ Ty for all j'. Let T,/ =T, U ({v(j)} NTy).

Cram 6. If v € Green, then v(j) ¢ T, and v(j — 1) € T;.

The proof of Claim 6 is the same as that of Claim 5. Now we claim that
UA” e Q1,11 k’ 5,8, X', Y"), where X' = X \ {v} and Y’ = {b}. Since

y Lo

D’UA’E Q(T’ T’ T k:2, —1,X,0) and X’ C X, and by Claim 6, we can con-

gr-m

clude that D" U A” satlsﬁes conditions (a), (b), (¢), and (d) of being in the family
o)., TV T ki, kb, i, X', Y"). Now we need to show that D' U A” satisfies condition

m)»—g oo
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(e). Consider the bijection ¢ over (S(G — D', f) UT, U {b}) \ (T} U X}, ;) defined
as follows:

b if ¢ =v(j),
(q) =1 () if ¢ =10,
¥'(q) otherwise.

Note that Ey» = Ey U {e} = A”. Since ¢’ is a proper deficiency map, ¥"(v(j)) = b,
Y"(b) = v(j), Eyr is not a multiset, and Ey» N E(G) = 0, we have that ¢” is a
proper deficiency map. Also note that ¢”(b) = v(j) and T,,(v) = T.,(v), because
v € X and (T,,T,, T}, ki, k3,3 — 1,X,0) is a valid tuple. Since X' C X, V' =

{b}, b(3") ¢ T for all j', and (T7,,T., T/, K}, ks, i — 1, X,0) is a valid tuple, we have

gr—r

that (T7,,T",T" Kk, kb,i, X', Y") satisfies properties (1), (2), and (4) of a valid tuple.

m>+gotr

Claim 5 implies that (T),, T, T\ {b(j")}, ki, kb, i, X', D) satisfies property (3).

m? g’ T

Case 3: Y # 0. Let Y = {w}. Since (T},,T,, T/, k1, k5, i —1,X,Y) is a valid
tuple and |Y| = 1, we have that |X| < 1. We claim that there exists z € V(G)
such that (w,z) € D\ D’. Suppose not, then dg_p/(w) = dg—p(w). This implies
that dg_prya(w) = dg—p4a(w). We know that ¢’ is a proper deficiency map over
(S(G=D', VT U{w)\(T;UXpr f), By = A’ and w(i’) ¢ T,UXp s for all i’ This
implies that dg_pr+a/(w) > f(w) + 1 and hence dg_p+a(w) > f(w), contradicting
the fact that D U A is a solution to EECG. Thus we know that there exists x such
that (w,z) € D\D'. Let D" = D'U{(w, )} and let X' = X U{z|z =,z ¢ T,,\T},}.
Note that | X’| < 2, because | X| < 1. Let T)), = T, U({z} N (T} \T},)). The following
claim follows from the definition of X".

CLAIM 7. Let x € Green. Then x ¢ X'\ X if and only if x € Ty, \ T,

Subcase (i): w € Green. Let kf = ki + 1,k = K} if (w,z) € E(G[Green]),
otherwise kf = ki,ky = kb + 1. We claim that there exists j € N such that
w(j) € Ty\T,. Suppose not. Since 1 is a proper deficiency map over (S(G—D"))UT;U
{wI\(T7UXpr ¢) such that Ej, = A" C A and w(j) ¢ Ty \ T for all j, we can conclude
that the number of edges in A’ which are incident with w is at least 1+ |{w(j’) | j' €
Nt w(j’) € T,} = 1+ ®(w) — (dg(w) — f(w)). This implies that dg_pya(w) >
Ao Do (w) > d(w) — |Eg(v) 1 D] +1+ B(w) — (de(w) — f(w)) = de(w) — (w) +
14+ @(w) — (dg(w) — f(w)) > f(w), which is a contradiction to the fact that DU A
is a solution of EECG. Without loss of generality let j be the smallest integer such
that w(j) € T, \ T,. Now we show that D" U A" € Q(T,, T, T}, k, ky,i, X", 0),

my g
where T/ = T/ U {w(j)}. Since D' U A’ € Q(TL,, T, T\, ki, kb,i —1,X,Y) and D" =

D" U {(w,x)}, the subset D" U A’ satisfies the following conditions:
(a) |D" N E(G|Green])| = kY, |D" \ E(G|[Green])| = kY, and |D" U A’| = 1.

(b) For any v € Green,

wraeawl={ 20 THO TG T R
T,,(v) + T, (v) + X(v) if v = w (by definition of 7)),
=4 Ty (v) +Ty(v) + X'(v) if v =2 (due to Claim 7),
T, (v) + Ty(v) + X (v) if v ¢ {w,x}
=T (v) + T (v) + X'(v)
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(c) X' =1+ {zlz = 2,2 ¢ T\ T}, }| = [Xpn 4| and X p C S(G=D", fI\T;.
(d) Since D U A is a solution of EECG, by Lemma 4.4 we have that G — D has
at most k — k' + 1 connected components. This implies that G — D" has at
most k — k' + 1 connected components.
Now we need to show that D" U A’ satisfies the condition (e). Consider the bijection
Y over (S(G = D")UT))\ (I} U Xp. ;) as follows:

P(w) if g =w(j),
(q) =1 w(j) if ¢ =4’ (w),
¥'(q) otherwise,

The function ¢” is a proper deficiency map such that Ey» = A’. Since the tuple
(T}, T, T K ki —1,X,Y) is a valid tuple, | X'| < 2, and j is the smallest integer

such tﬁat w(j) € Ty \ T, we have that (T, , Ty, Ty, k{, k3,4, X', ) satisfies properties
(1),(2), and (3) of a valid tuple. Due to Claim 7, (T}, T,’, Ty, kY, k4, i, X', ) satisfies
property (4) of a valid tuple.

Subcase (ii): w € Red. Here, we claim that D" U A" € Q(T},,T,, T}, ki, ky +
1,4, X', 0). Let j = f(w)—dg—_pr(w). Since D'UA" € Q(T},,T,, T}, ki, ky,i—1,X,Y)

and D" = D' U {(w, z)}, the subset D" U A’ satisfies the following conditions:
(a) |D" N E(G|Green])| = ki, |D" \ E(G[Green])| =k + 1, and |[D" U A'| =i.

(b) For any v € Green,

) Th(0)+ T0) + X(0) +1  ifv=x,
D" N Eg(v)] = { T/ () + Th(0) + X (v) it o2

=T, (v)+T,(v) + X'(v) (due to Claim 7).

(c) | X' =14+|zlz = 2,2 ¢ T\T),}| = |Xpu ;| and X7, ; € S(G—=D", ))\T.
(d) G — D" has at most k — k' + 1 connected components.
Now we need to show that D" U A’ satisfies the condition (e). Consider the bijection
Y" over (S(G — D")UT,)\ (T, U X} ¢) as follows:

P(w) if g =w(j),
¥'(q) =1 w(j) if ¢ =4’ (w),
¥'(q) otherwise.

The function ¢” is a proper deficiency map such that Ey» = A’. Since the tuple
(17, T, T, k1, k5, i—1, X, Y) is a valid tuple, | X'| < 2, we have that (177, T}, Ty, k7, k5 +

1,4, X',0) satisfies properties (1),(2) and (3) of a valid tuple. Due to Claim 7,
(T) T, Th Ky kY + 1,4, X', D) satisfies property (4) of a valid tuple.

m> g

Our algorithm is based on DP. It keeps a table entry D[T) ,T), T/ ki, kb, 1, X,Y]

my gy

for each valid tuple (T0,,T., T, ki, k5,4, X,Y). The idea is to store a subset of

m? ’ Ty
Ty, Ty, Ty, k1, kg, 0, X, Y) £iyn the DP table entry D[T},, Ty, T}, ki, k5,4, X, Y] which
is sufficient to maintain the correctness of the algorithm. Next, we write the recur-
rence relation for DT}, Ty, T, k1, k3,1, X, Y] and prove its correctness. Towards that
consider the following e and o operations defined as follows. For any family S of
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subsets of (V(9), e € E(G), and ¢’ € E(G),

See={BUAU{e} | AUB€S,BC E(G)\{e},AC E(G),
G — (BU{e}) has at most k — k' 4+ 1 connected components},
Soe'={BUAU{e'} | AUB€S,BC E(G),AC E(G)\ {¢'}}.

Now we write the recurrence relation. For i = 0, we have the following base cases:

{0y 7,7, X,)Y =0, and T. =T,

my—go

mrTgr e 0 otherwise.

(5)  D[T.,T.,T,0,0,0,X,Y]:= {

For any tuple (T),,T,, T/, ki,k5,4,X,Y) which is not a valid tuple, we set the

m>+grtr

entry D[T,, Ty, ky, k3,4, X, Y] = 0. Now we describe how to compute DP table entry

YT
for D[T},, Ty, T}, ki, k5, i+1, X, Y] for a valid tuple (T},, T,, T}, k1, k3, i+1, X, Y') using
the previously calculated table entries. We write the following recurrence by following
Lemma 4.5; that is, we see which all cases in Lemma 4.5 will lead to the current table
entry and for the current table entry we just take the union of previously calculated
table entries corresponding to these cases.

Case 1: X =0 and Y = 0.

DT, T, T, K, kyi+1,X,Y]

g? 79
U D[Tr/n\{xay}aT;aT;?kll_1ak/2a27®a®].{(1'7y)}>

(z,9)€E(G)
z,yeT,,

U D[TANT;?T»,{ U {x(j)vy(jl)}u k/17 é7i7@7 [Z)] © {(.’IJ, y)})
(z,y)€E(G)
35,3"2(5),y(3" ) ET\T].

U DIT;,, Ty \ {2 (), y ()} Tr by By, i {x, g}, 0] o {(x’y)}>

(z,y)€E(G)
J=Ty(@),5' =T, (y)

U DI\ b T\ {yG)h Th k= 1,k5,3,0, {y}] {(w)})
(y,7)€E(G)
i=T,(y),z€Ty,

U

U

U

Y e

U( U D[T;n\{'r}aTéaT;a 17k/2_1,i7®7 {y}]'{(y,ﬂf)})
L R

m

(6) U( U DT T, 7 U {y ()}, K, Ky i, ), 0] 0{(:1571/)})-

,»YERed

(z,y)€E(G)
35,y ET\T.
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Case 2: r€ X # ) and Y = .

(7)
DT, T\ T, K, ki +1,X,Y]

m? g’

< ID[T;TT’T_(;’T?{?‘IC/ l,ké,’l,,@,@].{(z,y)})
(z,y)€ E(G[Green])
yGX,T,’n(I):Tm(I)

T/ (¥)=Tm(y)

U

DIT;,, Ty, T} Ky Ky — 1,4,0,0] {(x,y)}>
(z,y GE(G
y€eX,x€Green,ycRed
T! (2)=Tm ()

m

U [T;z\{y}’r(;’Tr/’ki —1,k’2,i,X\{x},@]0{(a§,y)}>

(z,y)€E( G[Green])
y¢X7y€Tm
Vo (x)=Tp,

U [Trln\{y},T;,T;,k/ ké_lvi7X\{x}7@].{(mvy)}>

(z, y)GE G)
z€ERed,y¢ X ,yeT),

U DIT,,, Ty\ {z()}, Ty Uy} ks kg, i, X\ {2}, 0] o {(972)}>

(y,2 GE(G J=Ty(2)
35"y )ET- \T'

U< DT, \ =z} Ty \ {y(i)} T by — 17%7@){7{9}]'{(%%)})
(y,2)EE(G
j= T(y),zET

m

U DIT,,, Ty \ {y(N}. Tr, kq — 1,%71'7)(\{13},{31}]°{(y,x)}>

(y,z)eE( G’[Green])
@ Ty, 5=Ty(y)

U DITy,, Ty \ (i)} Ty ki — Lk’z,i,X\{x},{y}]0{(1/766)})

(U,I)EE G)
zE€Red,j= T

U DTy, \ A=} Tg, T} Ky by — 1,4, X, {y}]‘{(y,x)}>

(yyz)EE(G) z¢X
yERed,2€T),

U DT, T). TL. K Ky — 1,6, X\ {a}. {}] -{<y,x>}>.

(v, x)GE(G)
yERed, 2T
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Case 3: y e Y #.
DIT;, Tg, T} Ky, Ky, i+ 1, X, Y]

E(G),j=T,(z)
X'=XU{},T(3)=0

(8) = ( U D[T;ang/\{x(j)}7ﬂ7kllvk/27i7X/7®]O{(x’y)}>'
(z,y)€

The algorithm computes DP table entries DT}, T, T\, k1, kb, i, X, Y] for all valid

m? r

tuples (T,,,T,, T}, k1, k5,4, X, Y), and if there exists DiJA € DT, Ty, 0, k1, ko, k,0,0]
such that D U A is a solution to EECG, then outputs YES, otherwise outputs No.
Since the size of D[T},, Ty, T}, ki, k3,4, X, Y] can potentially be n®@ | this algorithm
takes time n®®). Now we prove the correctness of the algorithm.

Correctness. If the algorithm outputs YES, then there exists D U A which is a
solution to EECG. Now we need to show that if the input instance is a YES instance,
then the algorithm will always output YES. Lemma 4.7 achieves this. The following

lemma is useful for Lemma 4.7.
LEMMA 4.6. D[T) T/, T/ ki, kb, i, X, Y] C QT , T, T, K\, kb, i, X,Y), for any

my=-grTr my=Tgrr
valid tuple (T},,T,, Ty, ki, ks, i, X,Y).
Proof. This lemma can easily be proved using induction on 3. 0

The next lemma is very similar to Lemma 4.5 and we use some of the arguments
used there (for example, in showing a particular tuple to be valid) directly in our
proof.

LEMMA 4.7. Let (G, f,k) be a YES instance of EECG with a solution DUA such
that D C E(G),A C E(G), |DNE(G[Green])| = k1,|D\ E(G[Green])| = ka, k1 + k2 =
k' and |D N Eg(v)| = ®(v) for all v € Green. Let 1) be a proper deficiency map over
S(G—D, f) such that E, = A. Then for eachi < k, there exists D'"UA’ C DUA and a
valid tuple (Ty,,T,, T, k1, k5,1, X,Y) such that D" U A" € DIT},, Ty, T}, ki, k3,1, X, Y]
and there is a proper deficiency map ¢" over R = (S(G—D', f)UT,UY)\ (T, UXp )
with the property that Ey = A’. Moreover, DUA € D[T,,, T4, 0, k1, k2, k,0,0].

Proof. We prove the lemma by induction on i and its proof is very much similar
to the proof of Lemma 4.5. For i = 0 we set D', A’ = () and by definition, () €
DI0,0,T;,0,0,0,0,0]. We assume that the statement is true for 7 — 1; that is, there
exists D'U A" € DU A and a valid tuple (7},,T,, T}, k1, k3,4 — 1, X,Y) such that
D'UA" € DT}, Ty, Ty, ky, k3,i—1, X, Y] and there is a proper deficiency map ¢’ over
R=(S(G-D',f)uT,uY)\ (T U Xpr y) with the property that E, = A’. Due
to Lemma 4.6, D' U A" € Q(T},, T, T}, k1, ky,i —1,X,Y). We need to show that the
statement holds for i.

Case 1: X,Y = 0. Since i — 1 < k, we have that D’ #£ D or A’ # A.

Subcase (1): D' # D. Let e = (x,y) € D\ D'. Let D" = D' U{e}, X' = {z €
{z,y}t | 2 ¢ T \ T\ }, and Y' = 0. Let T =T/ U ({z,y} N (T, \ T},)). We have
several cases based on vertices belong to X”.

Suppose X’ = {z,y} and z,y € Green. By the definition of X', since z,y € X',
we have that x,y ¢ T,, \ T),. This implies that T = T/, T, (z) = T/ (x) and
Tin(y) = Ty,(y). Thus, by (7), D" U A" € D[T},,T,, T}, ki, ky,i — 1,0,0] @ {(z,9)} €
DT, T, T! Ky + 1, ki, X', 0].

Suppose X’ = {x,y}, x € Green and y € Red. By the definition of X', since
x € X', we have that = ¢ T,,, \ T,,. This implies that T, = T and T,,(z) = T}, (x).
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Thus by (7), D"UA" € D[T,,,T;, T}, ki, ks, i—1,0,0]e{(x,y)} € DIT,,,T,, T}, ki, ky+
1,4, X", 0].

Suppose X’ = {z} and x € Green. Then by the definition of X', since x € X’ and
y ¢ X', we have that « ¢ T,,\ T, and y € T, \ T},. This implies that T, =T, U{y}
and Ty, (v) = T}, (z). Thus by (7), D" U A" € DI[T,, \ {y}, Ty, T}, ki, ky, i — 1, {z} \
(o}, 0] @ {(2, )} © DT, T2, T K + 1, K, 4, X', 0.

Suppose X’ = {2} and = € Red. By the definition of X’, since y ¢ X', we
have that y € T, \ T},. This implies that 7)) = T, U{y}. Thus by (7), D" U A’ €
DTy \{y}, Ty, T) by, kg i— 1, {w i\ {x}, 0] e { (2, y)} C DITy,, Ty, T}, by, ky + 1,0, X7, 0.

Suppose X’ = (). Then by the definition of X', since x,y ¢ X', we have that z,y €
T\ Ty, and T}, =T, U{z,y}. Thus by (6), D"UA" € DT, \{z,y},T,, T, Kk, ks, i~
1,0,0] e {(x,y)} € DIT},, T, T}, Ky + 1, k5,4, 0, 0].

In all the above cases, we can show that 1’ is a proper deficiency map over
(S(G = D", f)uTy) \ (T; U Xp. ;) and its proof is the same as the corresponding
proof in Lemma 4.5. By an argument similar to the one in the proof of Lemma 4.5,
we can show that (T,,,T,, T/, k| + 1,k,4,0,0) is a valid tuple.

Subcase (ii): D’ = D. In this subcase we have that A’ # A. Let (z,y) € A\ A'.
Let A” = A" U{(z,y)}. Note that By, = A and Ey = A’. Since D' = D, for all
v € Green the number of edges in D’ which are incident with v is equal to ®(v). Also,
note that 75, (v) + Ty (v) = ®(v). This implies that T}, = T, and T, = Ty. Since 1 is
a proper deficiency map over S(G—D, f) = S(G—D, f)UT,, v is a proper deficiency
map over (S(G — D', f)UTy) \ T}, and (z,y) € Ey \ Ey, there exists j, j such that
2(7),4(7') € T. Thus, by (6), D' U A" &€ DT}, T, T0, K, ki — 1,0,0] o {(z,9)} €
DT, T T (o), () K Ky 1,0,

We can show that there is a proper deficiency map " over (S(G — D', f) U
T\ (Tr\ {=(5),y(j")}) such that A” = Ey» and its proof is the same as the cor-
responding proof in Lemma 4.5. Since D' U A" € Q(T;,,T,, T/, ki, k5,0 — 1, X,Y),
by an argument similar to the one in the proof of Lemma 4.5, we can show that
(T, T, Ti\A{z(5),y(J")}, k1, kb, i,0,0) is a valid tuple.

m? g’ T

Case 2: X #0,Y = 0. Let z € X and let j be the smallest integer such that
x(j) € Xprg. Since Xpr y € S(G — D', f)\ T;, we have that z(j) € S(G— D', f) C
S(G =D, f). Also since ' is a proper deficiency map over (S(G — D', f)UT,)\ (T; U
Xpr.p) and Ey C Ey, there exists y € V(G) such that (z,y) ¢ Ey and (x,y) € Ey.
Let A” = A’ U{(x,y)}.

Subcase (i): y € X. Let j' = f(y) —da—p’(y). Note that {z(j),y(j")} = Xp/ s C
S(G = D', )\ T Let T = T3 U ({2(7), y()} N T,).

Cramv 8. If x € Green, then x(j) ¢ T, and z(j — 1) € Ty. If y € Green, then
y(j') ¢ Ty and y(j — 1) € Ty,

Claim 8 is identical to Claim 3. Thus, by (6), D' UA” € D[T},,T., T}, ki, kb, i —

msLgrtr

1L, X,0] o {(z,y)} C D[T},, T/, T, k1, kb, i,0,0]. We can show that there is a proper

deficiency map 9" over (S(Gg— D', fYUT)\T; such that A” = Ey» and its proof is the
same as the corresponding proof in Lemma 4.5. Since D'UA" € Q(T7,, Ty, T}, k1, k3, i—
1,X,Y), by argument similar to the one in the proof of Lemma 4.5, we can show that
(T3, Ty, T}, kY, ky,,0,0) is a valid tuple.

Subcase (ii): y(j') € T} for some j'. Let T, =T, U ({z(j)} NT,).

CramM 9. If x € Green, then x(j) ¢ Ty and x(j — 1) € T,.
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Claim 9 is identical to Claim 5. Thus, by (6) (if X = {«}) and by (7) (if X # {z}),

D'uA" € D[Tflm Tglv T;a kll? kl23 i—1, X, mo(xa y) c D[T;nv T_z;/a Tr/\y(]/)a kllv kév 2 X\{I}7 @]
We can show that there is a proper deficiency map ¢ over (S(G— D', f)UT, )\ (T} \
{y(4)}) U XD ), where X' = X\ {z}, such that A” = Ey» and its proof is the same
as the corresponding proof in Lemma 4.5. Since D" U A" € Q(T},,T,, T}, ky, ky,i —
1,X,Y), by an argument similar to the one in the proof of Lemma 4.5, we can show
that (17, T, , T} \ y(j'), k1, k5,4, X \ {x},0) is a valid tuple.

Subcase (iii): y ¢ X and y(j') ¢ T;. for all j'. Let T;) =T, U ({z(5)} NTy).
Cram 10. If z € Green, then z(j) ¢ Ty and z(j — 1) € Ty.

Proof of the above claim is the same as that of Claim 5 as both are identical.
Thus, by (8),
D'UA” ¢ D[T,/n7T;7T;7/€’1,k/2,i—1,X, f]o(x,y) C D[T;,T;,T;,k'l,ké,i,X\{x}, {y}]-
We can show that there is a proper deficiency map ¢ over (S(G — D', f) UT; U
Y)\ (T} U X f), where X' = X\ {z} and Y’ = {y}, such that A” = Ey» and
its proof is the same as the corresponding proof in Lemma 4.5. Since D' U A’ €
ot T, Tl ki, kh,i —1,X,Y), by an argument similar to the one in the proof of

m> gt

Lemma 4.5, we can show that (7, 77,1}, ki, k5,4, X \ {2}, {y}) is a valid tuple.

m>+gortrs

Case 3: Y # 0. Let Y = {y}. Since (1},,Ty, T}, k1, k5,0 — 1, X,Y) is a valid
tuple and |Y| = 1, we have that |X| < 1. There exists z such that (y,z) € D\ D’
and the proof of this statement can be found in the proof of Lemma 4.5. Let D" =
D'U{(y,z)} and X' = X U{z|z = z,2 ¢ T,,, \ T},,}. Note that |X'| < 2, because
X| < 1. Let T4 = T}, U ({2} 1 (T \ ).

Subcase (i): y € Green. Then there exists j € N* such that y(j) € Ty \ T, and
its proof can be found in Lemma 4.5. Without loss of generality, let j be the smallest
integer such that y(j) € T, \ T,. Let Ty =T, U {y(j)}.

Subsubcase (ia): (y,z) € E(G[Green]). If X = X’ = (), then by the definition of
X', T =T, U{x}. Then, by (6),

D"UA € D[Trlnv Té, Tr/v k/lv k‘é,l -1, (Z)a Y] b (yv 1’) c D[Trlr/w T;a T;7 kll +1, k/Qa i, le (Z)]
If X = X’ # (), then by the definition of X', T)) = T/ U {z}. Then, by (7),
D"UA" € DIT,,,T,, T}k, ky,i — 1, X, Y] e (y,2) C DT}, T, , T}, ky + 1, k5,4, X', 0].

If X # X', then by by the definition of X', T = T/ . Then, by (7), D" U A’ €
DIT},, T, T, ky, ky,i — 1, X, Y] e (y,x) C D[T,,, T, T, ky + 1, k5,4, X', 0].

We can show that there is a proper deficiency map 9" over (S(G — D', f)UT,)\
(T7UX}y ¢), such that A” = Eyr and its proof is the same as the corresponding proof
in Lemma 4.5. Since D'UA’ € Q(Ty,, Ty, T}, ky, k3, i—1, X, Y'), by an argument similar
to the one in the proof of Lemma 4.5, we can show that (T}, T), Ty, kf +1, k3,4, X', 0)
is a valid tuple.

Subsubcase (ib): (y,z) ¢ E(G[Green]). In this subcase X’ = XU{z}. Then by (7),
D"UA" € DT, LT, k), ky,i—1,X,Y] e (y,2) C D[TL, TV, T/, ki1, ky+ 1,4, X', 0].

We can show that there is a proper deficiency map " over (S(G — D', f)UT") \
(T7U X}y ¢), such that A” = Eyr and its proof is the same as the corresponding proof
in Lemma 4.5. Since D'UA" € Q(T,,T,, T}, ki, ky,i—1, X, Y), by an argument similar

to the one in the proof of Lemma 4.5, we can show that (T}, T,/ , T}, k1, ky 41,4, X', 0)
is a valid tuple.
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Subcase (ii): y € Red. If X = X’ = (), then by the definition of X', T)) = T/, U{z}.
Then, by (6), DU A’ € DT}, Ty T/, K, ki~ 1,0, Y] (3,2) C DT, T4, T ki, Ky +
1,4,0,0]. If X = X’ # 0, then by the definition of X', T = T U {z}. Then, by (7),
D" U A € DT, T}, T, Ky ki — 1, X, Y] » (y,0) € DT, T0, TL, K,y + 1,4, X, 0],

If X # X', then by the definition of X', T/ = T/ . Then, by (7), D" U A’ €
DIT},, T, T}, ky, ky,i — 1, X, Y] e (y,x) C D[T,,,T,, T, ky, ky + 1,4, X', 0].

We can show that there is a proper deficiency map 4" over (S(G — D', f)UTy) \
(T7U X}y ¢), such that A” = Eyr and its proof is the same as the corresponding proof
in Lemma 4.5. Since D'UA’ € Q(Ty,, Ty, T}, ki, k3, i—1, X, Y'), by an argument similar
to the one in the proof of Lemma 4.5, we can show that (T,,, Ty, T}, ki, k5 + 1,4, X', 0)
is a valid tuple.

Now we need to show that D U A € D[T,,,Ty,0, k1,k2,k,0,0]. We have al-
ready shown that there is a valid tuple (7}, Ty, T}, ky, k5, k, X, Y") such that DU A €
DT}, T/, T!, k), ky, k, X, Y]. Due to Lemma 4.6, DUA € Q(T},,, T/, T/, K}, ky, k, X, Y).
This implies that there is a proper deficiency map ¢’ over (S(G — D, f)UT;UY) \
(T U Xp s) such that Ey = A. Since DU A is a solution to EECG, there is a proper

deficiency map ¢ over S(G — D, f) such that E, = A. This implies that
(9) S(G-=D,f)=(S(G-D,f)uT,uY)\ (T;UXp ).

Equation (9) implies that Y = 0. Since T}, C S(G—D, f) and Xp y C S(G—D, f)\T,
by (9), we get that T} = ) and X = . Since DUA € Q(T,, Ty, T}, ky, ks, k, X, Y), we
have that for any v € Green, |Eg(v) N D| = T}, (v) + T,(v). By assumption we know
that |Eg(v) N D| = ®(v) = T,,,(v) + Ty(v). This implies that T}, = T}, and T, = Ty,.
We also know, by assumption, that D N E(G[Green]) = ky and D\ E(G[Green]) = k.
This implies that k] = ki and k) = ko. Hence DU A € D[T,,, Ty, 0, k1, ko, k., 0,0].
This completes the proof. 0

4.3. Pruning the table—FPT algorithm. Now we explain how to prune the
family of partial solutions stored at each DP table entry such that its size is at most
20(k) O and thereby get an FPT algorithm. The objective is to find a nice deletion
set D C E(G). In fact, if the input instance is a YES instance, we will find a set
D C E(GQ), A C E(G) such that D is a nice deletion set with the property that
A = Ey, where 9 is a proper deficiency map over S(G — D, f).

Recall that for the algorithm we have guessed k'—the size of proposed deletion
set D, k;j—the number edges in D N E(G[Green]), ko—the number of edges in D \
E(G|Green]) and for all v € Green, ®(v) (> dg(v) — f(v))—the number of edges
in D which are incident with v. Consider the property (i) of nice deletion set, i.e.,
dg—p(v) < f(v) for all v. By guessing ®(v) > dg(v) — f(v) for all v € Green, we know
that any solution we compute will satisfy property (7).

Consider property (ii) of a nice deletion set, i.e., |S(G — D, f)| = 2(k — k). Since
the total number of edges in D which has one endpoint in Green and other in Red is

(ZS)EGreen (I)(U)) - 2k17 we have that EvERed ID N EG(’U)‘ = 2k2 - ((EveGreen (I)(U)) -
2k1 )

1S(G =D, f)l = ( > q’(v)—(dc(”)—f(v))) + Y (f(v) —de-p(v))

vEGreen vERed
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=< > CI’(v)—(dc(v)—f(v))>
vEGreen
+ > () —da®)+ Y |DNEg(v)|

vERed vERed
= ( Y () - (dg > v) = dg(v))
vEGreen vERed
<2k2 + 2k — )
vEGreen
=2k +2ka+ > (f da(v)).
veV(G)

So after guessing k', k1, ko and ®(v) for all v € Green, we check whether 2k + 2ko +
Yvevc)(f(v) —da(v)) = 2(k — k'), and if they are not equal, we consider it as an
invalid guess. Thus our guesses take care of property (ii).

The property (iii) of a nice deletion set and Lemma 4.8 below imply that D is
an independent set in the matroid M¢(£), the ¢-elongation of the co-graphic matroid
Mg associated with G, where ¢ = |E(G)| — |[V(G)| +k — |D| + 1.

LEMMA 4.8. Let G be a graph and D C E(G). Then D is an independent set in
Me(0) where ¢ = |E(G)| — |V(G)| + k — |D| + 1 if and only if G — D has at most
— |D| + 1 connected components.

Proof. Let r be the number of connected components in G. Suppose D is an
independent set in M¢(¢). Then there exists S C E(G)\ D such that SUD is a basis
of M (¢). This implies that there exists S” C SUD such that S’ is a basis of Mg, and
hence G — S’ is a forest with r connected components and |S’| = E(G) — V(G) + r.
Since |[SUD|—|S'| = (k—|D|+1) —r and G — 5’ is a forest with exactly r connected
components, we have that G — (SU D) has exactly k — |D|+ 1 connected components.
This implies that G — D has at most k — |D| + 1 connected components.

Suppose G — D has at most k — |D| 4 1 connected components. Let S C E(G)
be a maximal subset such that G — (S U D) is a forest with exactly k¥ — |D| + 1
connected components. This implies that |SUD| = E(G)—V(G)+k—|D|+ 1. Since
G has r connected components, there exists S’ C (SU D) of size (k — |[D|+1) —r
such that G — ((SU D)\ ) is a forest with exactly r connected components. Since
[(SUD)\ S| =EG)—V(G)+rand G- ((SUD)\ S is a forest with exactly r
connected components, (S U D)\ S is a basis in Mg. This implies that SU D is a
basis in Mg (¢) and hence D is an independent set in Mg (£). 0

Thus by only considering those D which are independent sets in Mg (¢) we ensure
that property (iii) of the nice deletion set is satisfied.

Now consider the property (v) of a nice deletion set, i.e., there exists a proper
deficiency map ¢ : S(G—D, f) — S(G—D, f). Our objective is to get a set DUA such
that there is a proper deficiency map ¢ over S(G—D, f) such that E;, = A, along with
other properties as well. We have already defined equivalence classes for the partial
solutions in the previous section. Let D1 U Ay, DoU Ay € Q(T),, T, T) Ky, kb, 1, X,Y)

m? g’ ™7
be two partial solutions where D;, Dy C E(G) and Ay, As C E(G). Suppose D' C
E(G), A" C E(G), (D1 UD')J(A; U A") is a solution, and As N A" = @. Since
D1 U A; and Dy U Ay belong to the same equivalence class and A, N A’ is disjoint,
there is a proper deficiency map 9’ over S(G — (D2 UD’), f) such that Ey = A; UA'.
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To take care of the disjointness property between the current addition set and the
future addition set while doing the DP, we view the addition set A of a solution as
an independent set in a uniform matroid over the universe E(G). Let Upy k—i be
the uniform matroid with ground set E(G), where m’ = |E(G)|. From the definition
of Uy -k, any set A of size at most k — k’ is independent in U, y—. We have
already explained that we view the deletion set D as an independent set in Mg ({)
where ¢ = |E(G)| — |[V(G)| + k — k¥ + 1. Thus, to see the solution set D U A as
an independent set in a single matroid, we consider the direct sum of M¢(¢) and
U k—k; that is, let M = Mg (¢) ® Uy p—kr. In M, a set I is an independent set if
and only if I N E(G) is an independent set in Mg(¢) and I N E(G) is an independent
set in Uy, k. This ensures that any solution D U A is an independent set in M. By
viewing any solution of the problem as an independent set in the matroid M (which
is linear), we can use the representative families to prune DP table entries. However,
we still need to ensure that property (iv) of a nice deletion set is satisfied. In what
follows we explain how we achieve this.

Consider the property (iv) mentioned in the definition of a nice deletion set; that
is, for any connected component F in G — D, V(F)Ndef(G— D, f) # 0. The following
lemma helps us to satisfy property (iv) partially.

LEMMA 4.9. Let F be a connected component in the graph G[Red] and let D’ C
E(G). If at least one edge in D' is incident with a vertex in V(F'), then for any
connected component C in G — D’ such that V(C) NV (F) # 0, there is a vertex
v e V(C)Ndef(G— D', f).

Proof. Let uw € V(F) be a vertex such that an edge in D’ is incident with w.
Consider a connected component C' in G — D’ such that V(C) NV (F) # 0. We
need to show that V(C) Ndef(G — D', f) # 0. Suppose v € V(C). Since u € Red,
dg(u) < f(v). However, u is incident with an edge in D', and thus we have that
dg—p(u) < f(u). This implies that u € V(C)Ndef(G — D', f). Now we are in a case
where u ¢ V(C). Pick an arbitrary vertex w € V(C) N V(F). Since w,u € V(F),
there exists a path P from w to u using only vertices from Red. Since w and u are in
different connected components in G— D', D'NE(P) # (). Pick the first edge (v,v’) in
the path P which are also in D’. Note that there exists a path from w to v in G — D’
and v € V(C). Since v € Red and (v,v") € D', we have that v € V(C')Ndef(G—D’, f).
This completes the proof. ]

Now we explain how Lemma 4.9 is useful in satisfying property (iv) partially.
Let C be the set of connected components in G such that for each vertex v in the
component, dg(v) = f(v),

C ={C | C is a connected component in G AVv € V(C),dc(v) = f(v)}.

Let Dy and D5 be deletion sets corresponding to two partial solutions such that for all
C eC,DiNE(C) # (0 if and only if DoNE(C) # (). Suppose there is a set D' C E(G)
such that D; U D’ is a nice deletion set. Now we claim that any connected component
F in G — (D2 U D') containing only red vertices will have a deficient vertex. Let
veV(F)and v ¢ V(C). We also know that v € Red. Since v & V(C)(= Ugee V(C))
one of the following conditions hold:
1. There is a path from v to a vertex in Green in the graph G.

Since v € V(F) and F is a fully red connected component in G — (Da U D’),

there is a vertex w in V(F') such that Dy U D’ contains an edge incident with

w. Since w € Red as well, w € def (G — (D2 U D), f).
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2. Else, v is in a connected component C; of G such that V(C;) C Red and
there is a vertex u € V(C1) such that f(u) > dg(v).
If F = C1, then u is the required deficient vertex. If F' # (i, then by
Lemma 4.9, V(F)Ndef(G — (D2 U D’), f) # 0.
Let v € V(F) and v € V(C) where C € C. Since D; U D’ is a solution, either
DiNEC) #0or DNEC) #0. If D1 N E(C) # 0, then by our assumption,
Dy N E(C) # (. Thus by Lemma 4.9, V(F) Ndef(G — (D2 U D’), f) # 0.

Essentially due to Lemma 4.9, if we partition our partial solutions based on how
these partial solutions hit the edges from C and keep at least one from each equivalence
class, the property (iv) of a nice deletion set will be satisfied partially. But this only
allows us to take care of connected components containing only red vertices. Now
we explain how we can ensure property (iv) for the connected components containing
vertices from Green as well.

To achieve this we will prove that corresponding to every deletion set D of a
solution, there is a “witness” of O(k) sized subset of edges whose disjointness from D
will ensure property (iv) of nice deletion sets; that is, these witnesses are dependent
on solutions; the witness for solution D will be different from the witness for solution
D*. Even then, these witnesses allow us to satisfy property (iv). In order to avoid
this witness being picked in a deletion set D, that is to keep this witness nondeletable,
we use color coding in our algorithm on top of representative family based pruning of
table entries. Towards that we define a weight function w on E(G) as follows:

w((u, v)) = 0 if u,v € Red,
’ ] 1 otherwise.

For any subset S C E(G), w(S) = > .cgw(e). The next lemma is crucial for our
approach as this not only defines the witness but also gives an upper bound on its
size.

LEMMA 4.10. Let Green = {v1,v2,...,v,},n < 2k. Let D C E(G) such that for
any connected component F in G — D, V(F)Ndef(G — D, f) # 0. Then there exist
paths Py, ..., P, such that for all i, P; is a path in G — D from v; to a vertex in
def(G — D, f), and w(J, E(F;)) < 6k where | J; E(P;) is the set of edges in the paths
Pi,...P,.

Proof. We construct Pi,..., P, with the required property. Pick an arbitrary
vertex uy € def(G — D, f) such that vy and uy are in the same connected component
in G — D. Let P; be a smallest weight path according to weight function w, from vy
to up in G — D. Now we explain how to construct F;, given that we have already
constructed paths Py, ..., P,_1. Pick an arbitrary vertex u; € def(G — D, f) such that
v; and u; are in the same connected component in G — D. Let P be a smallest weight
path from v; to u; in G — D. If P is vertex disjoint from Py,..., P;_1, then we set
P, = P. Otherwise, let = be the first vertex in P such that z € V(P)U...UV(P;_1).
Let € P; where j < i. Let P = P'P” such that P’ ends in  and P” starts at .
Let P; = P]{PJ'»’ such that PJ( ends in z and PJ’»’ starts at z. Now we set P; = P’PJ’»’.
Note that P; is a path in G — D from v; to a vertex in def(G — D, f).

Now we claim that w({J/_, E(P;)) < 6k. Towards the proof, we need to count that
(UL, E(P;))nw*(1)] < 6k. We assign each vertex v in [ J]_, V(F;) to the smallest
indexed path P; such that v € V(P;); that is, v is assigned to P; if v € V(P;) and
v ¢ (Uf;l1 V(P;). Note that each vertex in |J]_, V(F;) is assigned to a unique path.
Consider the edge set A* C (|J_, E(P;)) Nw (1) as follows. An edge e = (u,v)
belongs to A* if w(e) = 1,e € E(P;), and vertices u and v are assigned to path P;
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for some j. Observe that each edge e € A* has at least one endpoint in Green. Since
each vertex is assigned to exactly one path, each vertex in a path has degree at most
2 and |Green| < 2k, we have that |A*| < 4k.

Now we show that there exist sets } = By C By C ... By, such that ((J_, E(P;))N
w~!(1) € A* U B; and |Bj| < j. We prove the statement using induction on j. For
j =1, we know that ((J_, E(P;)) Nnw~!(1) C A*. Thus, the statement is true. Now
suppose the statement is true for j —1. Consider any path P;. If the vertices in P; are
disjoint from UZ;II V(P;), then all the weight one edges in E(P;) are counted in A*.
So we can set B; = B;_; and the statement is true. Otherwise, by the construction of
Pj, we have that P; = P/P;" and there exists r < j such that P, = P/ P}". Let (u1, uz)
be the last edge in Pj. Note that all the weight one edges in E(P;’) are counted in
A* U Bj_1 and all the weight one edges in E(P]) \ {(u1,uz2)} are counted in A*. In
this case we set B; = B;j_1 if w((u1,u2) = 0) and B; = Bj_1 U {(u1,u2)} otherwise.
This implies that |((J/_, E(P;)) Nw~(1)| < 6k. This concludes the proof. 0

Recall that E, = E(G[Red]) and E; = E(G) \ E,. Note that in Lemma 4.10, the
weight of each edge in F; is 1 and the weight of each edge in F, is 0. By Lemma 4.10,
we have that if D is a nice deletion set, then there exists E' C E; of cardinality at
most 6k such that E’ witnesses that each connected component of G — D containing
at least one vertex from Green, will also contain a vertex from def(G — D, f). We call
such an edge set E’ as certificate of D. Now we explain how Lemma 4.10 helps us to
satisfy property (iv) of nice deletion sets for components containing at least one vertex
from Green. Let Green = {v1,...,v,} and Dy U D’ be a deletion set corresponding
to a solution. By Lemma 4.10 we know that there are paths Pi,..., P, such that
the total number of edges from E, among these paths is bounded by 6k, and each
path P; is from v; to a vertex in def(G — (D; U D’), f). Suppose we color the edges
in F, with black and orange such that the coloring guarantees that all the edges in
E,n (U], E(P;)) are colored black and all the edges in E, N (D U D') are colored
orange. Assume that we are going to find a nice deletion set which does not contain
black color edges. Let Dy be a deletion set corresponding to a partial solution. Also,
for a vertex v; € Green, there is a path from v; to a vertex in def(G — D1, f) in the
graph G — D; which does not contain any orange colored edge if and only if there is
path from v; to a vertex in def (G — Do, f) in the graph G — Dy which does not contain
any orange colored edge. Like in the case of red components, we can show that any
connected component in G — (D2 U D’) containing a vertex from Green will contain a
vertex from def(G — (Dy U D’), f). The formal proof of this statement will be given
in Lemma 4.12. Essentially, by Lemma 4.10 we get the following. Suppose we take
all partial solutions corresponding to a DP table entry (or a subset of it) and now
we partition these partial solutions based on which all green vertices have found their
deficient vertex currently (there are 2lGreen| gyich partitions), then it is enough to keep
a partial solution from each class. Furthermore, suppose A corresponds to partial
solutions with respect to one particular subset of Green and we have kept a set D7 in
A and deleted the rest of the partial solutions from A (say one of the partial solutions
we threw out was D). Then, if there is D’ such that Dy U D’ is a solution, then all
the connected components in G — (D7 U D’) containing at least one green vertex will
have a deficient vertex. Just a word of caution that in our actual algorithm, in fact,
we keep a subset of A of size 20(")n®1) 5o that we can also take care of all other
properties of a nice deletion set. Even though we explained that the property (iv)
can be achieved by imposing more structure to the equivalence class we defined in the
last section, we will not include these structures in the index of the DP table entries.
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Rather, for each table entry indexed by an equivalence class, we keep at least one
partial solutions for each refinement of this equivalence class based on which green
vertices have found their partner deficient vertex. This will ensure that property (iv)
is satisfied.

We have explained how we will ensure each of the individual properties of a nice
deletion set. Now we design a randomized FPT algorithm for the problem. Later,
we derandomize the algorithm. The algorithm is a DP algorithm in which we have
DP table entries indexed exactly in the same way as in the case of the XP algorithm.
But instead of keeping D[Ty,, Ty, Ty, ki, k5,1, X, Y], we store a small representative
family of DT}, Ty, Ty, ki, k3,4, X, Y] which is enough to maintain the correctness
of the algorithm. The algorithm uses both color coding and representative family
techniques. We have explained that we use color coding to separate the proposed
deletion set from its certificate mentioned in Lemma 4.10. We color each edge e € E,
black with probability 6/7 and orange with probability 1/7. Let Ej, be the set of
edges colored black and let F, be the set of edges colored orange. Let D be a deletion
set of size k' for the problem and let paths P, ..., P, be its witnesses mentioned in
Lemma 4.10. Then the number of edges in paths Py, ..., P,, which are from E,, is
bounded by 6k. We say that a random coloring is good if each edge in DN E, is colored
orange and each edge in E,N(|J]_, P;) is colored black. The random coloring of edges

in Ey is good, with probability (?—i)k Now our algorithm works with the edge colored
graph and output a nice deletion set D, with the property that DN E, C E,, if there
exists such a deletion set. We know that if the input instance is a YES instance, then
with probability at least (?—i)k our algorithm will output a solution. Thus, we can
increase the success probability to at least (1 — 1/e) by running the entire algorithm

(Z—Z)k times. From now on we assume that the edges in E, of the input graph are
colored with black or orange, and our objective is to find out a nice deletion set D
such that all edges in D N E, are colored orange. Note that the edges in FE, are
uncolored.

Recall that C is the set of connected components in G such that for each vertex

v in the component, dg(v) = f(v). Now we define a family J of functions as
J ={g:GreenUC — {0,1}}.

Now we explain how to reduce the size of D[Ty, Ty, ki, k3,4, X, Y] which is com-
puted using the recurrence relations (see (6), (7), and (8)). We say a partial solution
B € DTy, Ty, Ky, kb, i, X, Y] is properly colored if BN E, = . Since our objective is
to find out a nice deletion set disjoint from FEj, we delete all partial solutions which
contain an edge from Ey; that is, if B € D[Ty, T}, ky, k5,4, X, Y] and BN Ey # 0,
then we delete B from DI[T,, T}, ki, k5,4, X,Y]. From now on we assume that for each
B € D[T,, Ty, ki, k3,1, X, Y], BN Ep = (. Further pruning of the DP table entry
D[T,, Ty, ky, k3,4, X, Y] is discussed below.

DEFINITION 4.11. A subset R[T},, T, T, ky, ky,i, X, Y] C DIT,,, T,, T, ki, k5,1,
X, Y] is called a representative set of partial solutions for D[T},,T,, T}, k1, ks, i, X, Y],
denoted by

RITL,. T T/, k), Ky, i, X, Y] CE U DI T0, TL K K, i, X, Y]

—rep

if the following holds. If there exist two sets B,Z C (V(QG)) such that B belongs to
DIT},, T,, T}, ky, k5,4, X, Y], BNZ =0, BNE, =0, and (BUZ)N E(G) satisfies five
properties of a nice deletion set with the property that there exists a proper deficiency
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map ¢ with Ey = (BUZ)N E(G), then there exists BC (V(QG)) such that BN Z =0,
BNE, =0, B € R[T),,T,,T],k,ky,i,X,Y], and (B U Z) N E(G) satisfies five
properties of a nice deletion set with the property that there exists a proper deficiency

map " with By = (BUZ)NE(G).

For each valid tuple (7,,,T,, T}, k1, k5, i, X,Y) we compute a representative set
of partial solutions for D[T}, , Ty, T}, ki, k5,4, X,Y] in the increasing order of i and
store it instead of D[T},,T,, Ty, k1, k3,4, X,Y]. Now we explain how to compute it
and prove its correctness. First, we compute a subfamily S[7T},,T,, T}, ki, k5,1, X, Y]
of D[T},, Ty, Ty, Ky, k3, i, X, Y] using the recurrence relation—see (6), (7), and (8)—on
the DP table entries computed for value ¢ — 1 and deleting all partial solutions which
contain edges from Ej,. Now we partition S[T;,, Ty, T}, ki, k5,4, X, Y] according to the
refinement of each function in J; that is , S[1},, Ty, Ty, ky, k5,1, X, Y] = Ugej Ag,
where A, is defined as follows. For each g € J and SUR € S[T},,,T,, T/, ki, k5,1, X,Y]

gt
where S € E(G) and R € E(G), SUR € A, if the following happens:

(i) For any v € Green, g(v) = 1 if and only if there exists a path from v to a
vertex in def (G — S, f) in G[EpU(E,-\S)] (checking whether there is a witness
path that does not use edges in FE,).

(ii) For any C € C, g(C) =1 if and only if SN E(C) # 0.

Recall that any set SUR € S[T},,T,, T, ki, kb,i,X,Y] is an independent set of size

g>rnr

i in M. Now we compute .Zg g’ﬁ;; A, using Theorem 2.6. Then we set

D[T;,Z,T(;,Tr/,ki,k‘é,i’X’ Y] = U -/Iq
ISV

and store it instead of D[T},, Ty, T}, ki, k5,4, X, Y]. The next lemma proves the cor-
rectness of this step.

LEMMA 4.12. D[T0,, T1, T! K, kb, i, X, Y] Tkt DITL, T2, TL kY, Ky, i, X, Y]

m’ g? r —rep

Proof. We prove the lemma by induction on ¢. Suppose there exists B, Z C (V(QG))
such that B € D[T},,T,, T}, k1, k3,4, X,Y], BNZ =0, BNE, =0, (BUZ)N E(G)
satisfies the five properties of a nice deletion set and there exists a proper deficiency
map 9 over S(G — ((BUZ)NE(Q)), f) with the property that E, = (BUZ)NE(G).
By the recurrence relations given by Equations 6,7 and 8, there exists e € B and a
valid tuple (T, T/, T/ ki, kY, i — 1, X', Y’) such that

mr+gortr
B\ {e} € D[T,;g,TégT,{/,WQi —1,X,Y".

Let B’ = B\ {e} and Z' = ZU{e}. We know that (B'UZ')NE(G) = (BUZ)NE(G)
satisfies five properties of a nice deletion set and v is a proper deficiency map over
S(G— ((B'UZ')N E(G)), f) with the property that Ey = (B'U Z’) N E(G). Thus,
by induction hypothesis we have that there exists B - (V(QG)) such that

o B € DT, T, TV K, ki — 1, X", Y],

e BNZ =0, B NE, =0,

(B’ U Z') N E(G) satisfies five properties of a nice deletion set, and

there exists a proper deficiency map Y’ over S(G— ((E\’UZ’) NE(Q)), f) with
the property that £, = (B’ U Z’) N E(G).
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Since (B’ U Z') N E(G) is a nice deletion set, G — (B’ U {e}) N E(G)) has at most
k — k' + 1 connected components. The definitions of e, o and recurrence relation of
D[T! T, T, ki, kb, i, X,Y] imply that

moy L gt
—_—

o if e € E(G), then B’ U{e} € DTV, T, T/, K/ k)i —1,X’,Y'| e ¢ and

mstgortro
—_—

o ifec (G),then@U{e}eD[T“ T T kY kY i —1, X' Y oe.

Also by our assumption, if e € E(G), then e EgE(G) \ Ep. For ease of presentation, let
us call B=B'U {e}. Furthermore, let D = (BUZ)NE(G) and A = (BUZ)NE(G).
Now we have that
e Be ST, T,, T,k ks, i, X,Y] and
e ¢’ is a proper deficiency map over S(G — ((B U Z) N E(G)), f) such that
Ey = (BUZ)NEG).
Let g : Green UC — {0,1} be defined as follows:
1. For any v € Green, g(v) = 1 if and only if there exists a path from v to a
vertex in def (G — (B N E(Q)), f) in G[Ey U (B, \ B)].
2. For any C € C, g(C) =1 if and only if BN E(C) # 0.
From the definition of Ay, we have that B € A,. Since B U Z is an independent
set in the matroid M, by the definition of representative families, there exists BE €

~

Ay such that BNZ =0 and BU Z is an independent set in M. Note that B €

D[T,’n,Tg’,TZk:\’17 kb, i, X, Y] and Bn E, = (. To conclude the proof of the lemma,

the only thing that remains to show is that (B U Z) N E(G) satisfies all of the five
properties of a nice deletion set. The next claim does this job.

Cramm 11. (E U Z) N E(G) satisfies five properties of a nice deletion set, and
there exists a proper deficiency map ¥ over S(G — ((§ U Z)NE(G)), f) such that
E;=(BUZ)NE(G).

Proof. Let D = (BU Z)N E(G) and A = (BU Z) N E(G). We know that D
satisfies five properties of a nice deletion set, and there exists a proper deficiency map
¢’ over S(G—D, f) with the property that E, = A. We need to show that D satisfies
five properties of a nice deletion set and there exists a proper deficiency map ﬂ; over
S(G — D, f) with the property that Eq; = A.

Property (i). We know that B, B € D[T,, T/, T/, k. k},i, X,Y] because

gr-m

A, C A, CD[T,, T, T K Ky, i, X, Y].

m? g’ T
Hence, for all v € Green, dG—(EnE(G))<”) = dg—(BnE(c))(v). This implies that for all
v € Green, d,_p(v) = dg_p(v). Since for all v € Green, dg_p(v) < f(v), we have
that for all v € Green, d,,_5(v) < f(v). For any v € Red, d;,_p5 < f(v). Hence D
satisfies property (i) of a nice deletion set.

Property (ii). Since B, B € DI[1;,,T,, T, k1, k5,4, X, Y], we have that [S(G —
D, f)| = |S(G =D, f)| and |D| = |D| = k’. Thus D satisfies property (i) of a nice
deletion set.

Property (iii). We know that B U Z is an independent set in the matroid M,
and hence D is an independent set in Mq(¢), where £ = E(G) — V(G) +k — k' + 1.
Thus, by Lemma 4.8, G— D has at most k—k'+1 = k—|D|+1 connected components,
and so D satisfies property (iii) of a nice deletion set.

Property (iv). Now we consider property (iv) of a nice deletion set. We need
to show that for any connected component C in G — D, V(C) Ndef(G — D, ) #£0.
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Case 1. Suppose V(C) N Green # . Let v € V(C) N Green. Suppose g(v) = 1.
Since B € Ag, there exists a path P in G[(Ey U (E, \B)] from v to a vertex u in
def(G — (BN E(G)), f). This implies that u € def(G — D, f). If E(P ) C E(G — D),
then u € V(C). This implies that V(C)Ndef(G—D) # 0. Suppose E(P )¢ E(G— ﬁ)
This implies that some of the edges in F(P) are present in D. Since for all e € D
e € E, and for all ¢ € E; N E(P), € € Ej, we have that any edge e € E(P) N D
also belongs to E,. Let e; = (uj,v1) be the first edge in the path P, such that
e; € D. Note that u; € V(C) and de_p(ur) < f(ur), because u; € Red. Hence
V(C) Ndef(G — D) # 0.

Now we consider the case g(v) = 0. We know that there is a path P in G — D
from the vertex v to a vertex w such that u € def(G — D, f) and E(P) N E, C E,.
This implies that P is a path in G[E, U (E, \ D)]. Since g(v) = 0 and P is a
path in G[Ey U (E,. \ D)], we have that dg_(pne))(u) > f(u). If u € Green, then
de_p(u) = dg_p(u) < f(u). If u € Red, then there is e = (u,w) € Z N E(G).
This implies that d, p(u) < f(u) because dg(u) < f(u) and (u,w) € D. In ecither
case u € def(@ — D, f). If E(P) C E(G — D), then u € V(C). This implies that
V(C) N def(G — D) # 0. Suppose E(P) ¢ E(G - D). This implies that some of the
edges in E(P) are present in D. Sinceforalle € D, e € E, and for all ¢/ € E,NE(F;),
e’ € Ey, any edge e € E(P) N D also belongs to E,. Let e; = (z,y) be the first edge
in the path P, such that e; € D. Note that z € V(C) and d,_5(z) < f(z), because
2 € Red. Hence V(C) Ndef(G — D) # 0.

Case 2. Suppose V(C) C Red and there exists a connected component F' in C
such that V(F)NV(C) # 0. If g(F) = 1, then we know that Bn E(G) contains an
edge which is also present in E(F'), because Be Ag. Then, by Lemma 4.9 we have
that V(C) Ndef(G — D) # 0. If g(F) = 0, then there exists an edge e in Z N E(G)
such that e € E(F), because D satisfies properties of Lemma 4.4 and B € A,. This
implies that, by Lemma 4.9, we have that V(C) N def(G — D) # 0.

Case 3. Suppose V(C) C Red and for all connected component F in C, V(F) N
V(C) = (). Then there exists a path P from a vertex v in V(C) to a vertex u in Green
in graph G. Let e = (x,y) be the first edge in the path P such that e € D. Note
that such an edge e exists because V(C) C Red and # € Red. Since € Red and
(z,y) € D, we have that de,_p(x) < f(x). This implies that V(C) Ndef(G — D) # 0.

Property (v). Now consider property (v ) of a nice deletion set. We need to
show that there exists a proper deficiency map w over S(G — D) We know that ¢’ is
a proper deficiency map over S(G — D). Let

P=BNE(G), P=BNEG), Q=BNEG) and Q=BnNEQG).

We claim that for all v € V(G),dg_p,5(v) = da—piq(v). Since PUQ,PUQ €

DT}, T,, T} k. ks, 1, X, Y] C Q(T;,,T,, T}, k, k5,4, X,Y), there exist proper defi-
ciency maps 1 over (S(G — P, f) UTyUY)\(T7U X5 ;) and 1z over (S(G — P, f)U
T,UY)\ (I; U Xpy) such that Ey, = Q and Ey, = Q. This implies that for any
v € Red,
de_pro) = f(v) +Y(v) = T\ (v) = X (v) = dg-p+@(v).
For any v € Green, since dg_p(v) = d,_p(v) and 1,v are proper deficiency
maps over (S(G — P,f) UTyUY)\ (T, U Xp,), (S(G - P, f)uT,uY)\ (T} U
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Xp,y), respectively, we have that de—piq(v) = dy_p,5(v). Hence, for all v €

V(G).dg_p.50) = do—p+q(v).
Now we claim that for all v € V(G),d,_p, 72(v) = dg-p+a(v),

de_pei(®) = dg_pr o) — |Ea(v) N Z| + [Be(v) N 2]
= da-pio(v) - |E(v) N 2] + [Ea(v) N 2|

=dg_p1a(v).

We have that ¢’ is a proper deficiency map over S(G— D), f) such that Ey = A. This
implies that dg—p+a(v) = f(v) for all v € V(G). Since di,_p5, 7(v) = dg—p+a(v),
we have that d,_p, 7(v) = f(v) for all v € V(G). Let A = {eyi,es,...,e,}, where
r =k —|D|. Since for all v € V(G), d_p, 7(v) = f(v), we have that there are
exactly f(v) —dg—p(v) edges in A which are adjacent to v. Now we define a function
Y S(G—-D,f)— S(G—D,f) as follows. (u(i)) = v(j) if (u,v) = ey such that
there are exactly ¢ — 1 edges from {ey,...,es—1} are incident with u and there are
exactly j — 1 edges from {ey,...,ep_1} are incident with v. By Claim 1 of Lemma 4.4
we have that 1 is a proper deficiency map. Since we constructed v from A, Edj =

~

A.
The proof of the above claim completes the proof of the lemma.

So our algorithm computes S[T}.,, 1., T}, k1, kb, i, X, Y] using (6), (7), and (8) from

o a

m? g7 9
DP table entries computed for i — 1 and then computes D[T7,, 1y, T, Ky, kg, 0, X, Y] as

explained above. If there exists B € D[T,,, Tg,ﬁl;,kg7 k.0, 0] such that BNE(G) is a
nice deletion set, then the algorithm outputs YES. Otherwise, the algorithm outputs
No. The correctness of the algorithm follows from Lemmas 4.4 and 4.12.

Running time. Let |V(G)| = n and let E(G) = m. Then the rank of the matroid

—

M is bounded by m + k. Consider the construction of D[T},,T;, T}, k', kb, i, X, Y].

First, we constructed S[T},,T,, Ty, k1, k3,4, X, Y] using (6), (7), or (8) from DP table

entries D[T!, T, T" kY, kY, i — 1, X', Y']. Thus thesize of S[T,, 1., T/, ki, k5,1, X,Y]

my)»=gorTTro mr—groTr)
1S

T 1 n
O DT”’TN7TN7]€”’]€N7 '_17X/7Y/ . X
(T,’,;,T;’,T;I{l/?ﬁkg,xxw (T Ty T R e I (2))
We know that D[T},, T, T}, ki, ky,i— 1, X" Y'] = Ugejﬁ!ﬂ where A, is a (k —

(i — 1))-representative family computed using Theorem 2.6. Thus, by Theorem 2.6,
|.Zg| is bounded by (m + k:)k(ll_“l) The cardinality of Green U C is bounded by 2k,
because any solution should contain at least one edge incident with each green ver-
tex and one edge from each component in C. Hence |J| = 4*. Thus, the size of
ST}, Ty, Ty, Ky, ks, i, X, Y] is upper bounded by 4k (:1) (m+k)klogn = 4% (ifl)no(l).

Then, we have partitioned S[T),,T., T, Kk}, k5,4, X,Y] based on g € J; that is,

gr—r
S[Ty,, Ty, T Ky, kg, i, X, Y] = U ged A and then computed a k—i-representative family

ﬁg of Ay for each g € J. By Theorem 2.6, the running time of this computation is
upper bounded by
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Thus, the running time to compute D[T},, Ty, TTE% i, X, Y] is bounded by

w—1
4k K K nfM,
i—1 1

The cardinality of T}, UT, UT, is at most 2k; otherwise, we need more than k edges
in the solution. Thus, the running time of the algorithm, once we guessed k', k1, ko
and ®(v) for all v, is upper bounded by

k k k w—1
222k4k< ) ( ) RO — g(dt+w)k+o(k),0(1)
1—1/)\s
=1

Since the number of possible guesses for k', kq, ks, and ® is at most 4°k°M) the

total running time of the algorithm is 2(6+«)k¥,0()  Also note that we run the entire
&

THEOREM 4.13. There is a randomized algorithm for EECG running in time
(Z—Z)k2(6+“’)kno(1) with success probability to at least (1 —1/e).

algorithm ( )k time to improve the success probability to at least (1 — 1/e).

4.4. Derandomization. In this subsection we explain how to derandomize the
above algorithm. Our algorithm can be derandomized using n-p-g-lopsided-universal
family introduced in [8]. A family F of sets over a universe U of size n is an n-p-¢-
lopsided-universal family if for every A € (Z) and B € (U;A) there is an F' € F such
that A C F'and BN F = (). It turns out that by slightly changing the construction of
Naor, Schulman, and Srinivasan [19], one can prove the following lemma and it can

also be derived as a corollary of a result from [8].

LEMMA 4.14 (see [19, 8]). There is an algorithm that, given n, p, and q, con-
structs an n-p-q-lopsided-universal family F of size (p;q) - 20+9) L logn in time
O((p;q) -20(P9) . logn).

To derandomize our algorithm, instead of randomly coloring the edges in F,, we
use (|Ey4|, 7k, k)-lopsided-universal family 7. We run our algorithm |F| many times
as follows. For each F' € F, we color F' with orange and E, \ F' with black and
run our algorithm. The correctness of derandomization follows from the definition of
n-7k-k-lopsided-universal family.

Fact 1. By Stirling’s approzimation, (akk) < (am>(1- a)(a’l))k [23].

Thus, by using Lemma 4.14, we can derandomize our algorithm and we get the
following theorem where its running time follows from Fact 1.

THEOREM 4.15. There is a deterministic algorithm for EECG running in time
(%)k2(6+w)kn0(1)'

5. Hardness. In this section we prove hardness of EDGE EDITING TO CON-
NECTED f-DEGREE GRAPH WITH COSTS.

THEOREM 5.1. EDGE EDITING TO CONNECTED f-DEGREE GRAPH WITH COSTS
is W[1]-hard for trees when parameterized by k + d even if costs are restricted to 0 or

1.

Proof. We reduce the CLIQUE problem that is well known to be W[1]-complete [6].
In this problem we are given an undirected graph G and a positive integer k as an
input and the objective is to check whether G has a clique of size at least k. It is
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straightforward to observe that CLIQUE is W([1]-complete for the instances where k
is restricted to be odd. To see this, it is sufficient to notice that if G’ is the graph
obtained from a graph G by adding a vertex that is adjacent to every other vertex of
G, then G has a clique of size k if and only if G’ has a clique of size k + 1.

a;

Fig. 5.1. Construction of T. The edges of cost 0 are shown by thin lines, the edges of cost 1
are shown by thick lines, and the non-edges of cost 0 are shown by dashed lines. Notice that the
graph G is encoded by assigning the cost 0 to every non-edge of T corresponding to an edge of G.

Let (G, k) be an instance of CLIQUE and k > 3 is odd. Let V(G) = {vy,...,vu,}.
We construct a tree T' and define the function ¢ as follows (see Figure 5.1):
(i) Construct vertices vi,...,v, and set c((v;,v;)) = 0 if (v;,v;) € E(G) for

i, € [n].

(ii) For each i € [n], construct vertices a;, ,...,}_1, Ui, Y4 Y5, -+, Yj_o, and
21,25, 25 -5 2, and edges (ai, v;), (vi,27), ..., (vi; 2} _q), (21, 97), (25, 93),
(‘7%7 yé)? ce (552—2» yllc—2) and (yL 211)7 (y}%v Zé)? (ygv z%)? e (yllc—27 lec—Q)‘ We
set

c((ai,vi)) =1,
c((vi, 1)) = -+ = c((vi, 2} 1)) = 0,

c((z1,91)) = (23, 93)) = -+ = c((Th—2,Yp—2)) = 1, and
c((yiv Zi)) = C((yz’w Zg)) == C((ylka?ZIlcfZ)) =0.

(iti) For each i € [n], construct vertices uj,...,uj ; and wf,...,wj and edges
(ullvwi)a RN (uz—lvwi—l)’ (w(l)vwi)v (wévwé)v e (wiqvw;@)» and (ullauZQ)a
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(ud, ul), .oy (ul_o,ul ). We set
c((uj,wi)) = - = c((uj_y, wj_y)) = 1,
c((wh, wi)) = e((wy, wy)) = -+ - = c((wi_y, w})) =0,
c((ui, up)) = e((uy,uj)) = - = e((uj—p, uj—y)) = 0, and
c((wi, w3)) = e((wh, wy)) = -+ = c((Wh_g, wi_y)) = 0.
(iv) For each i € [n], set c((ul,2%)) = =c((ui_,,zi ) =
(v) Construct vertices s, ¢, and edges (r, s), (s,t), (t,w}), (w§, wd), (Wi, wd),...,
(wi ™t wy), (wi,ar) and (a1,az), (az,as), ..., (an_1,a,). We set
c((r,s)) = e((s. 1)) = e((t, wp)) = 1,
o((wg,w5)) = e((w, wg)) = ... = e((wy " wp)) = 1,
c((wg,a1)) =1, and
c((a1,a2)) = c((az,a3)) = ... = c((an-1,an)) = 1.
(v) Set ef(s,08)) = - = ef(s,uif) =0, el(ty0h)) = -+ = ef(t,w])) =0
(vil) For each i € [n], set c (r,y?)) = c(( L UL)) = = ¢((r,y},_5)) = 0 and
c((r,z1)) = e((r,23)) - - - = e((r, 24 _5)) = 0

(viii) For any (p,q) € (V(QT)) \ E(T), set ¢((p,q)) = 1 if ¢((p, q)) was not set to be
0 in (i)—(vii).
We define f(s) =k+2, f(t) =k+2, f(r)=14+k(k—1), and set f(p) = dr(p) forp €
V(G)\{s,t,r}. Finally, we set C = 0,d = 2+k(k—1), and k' = 5k* -2k +k(k—1)/2,
and obtain an instance (T, d, k', C, f, ¢) of EDGE EDITING TO CONNECTED f-DEGREE
GRAPH WITH CosTS. Clearly, T is a tree. We show that (T,d,k’,C, f,c) is a YEs-
instance of EDGE EDITING TO CONNECTED f-DEGREE GRAPH WITH CoOsSTs if and
only if G has a clique of size k.
For i e {1,...,n}, let

Di = {(w(z)a wi)a (wéawé)’ R (w;c—lﬁw;c)} U {(u117ul2)7 (u§’>7u§1)7 RS (u2—27u2—1)}
U {(1}1‘,3311), EER (’Ui"r;c—l)} U {(yia Z;)v (yil’)a Zé)? sy (yllc—Qa ZIZ—Q)}

and

Ai = {(Saw(z))v (tfw;c)} U {(wia w;)a (wgawi)a ) (w}‘c—%wlic—l)}
U {(levuzl)v ) (x’liﬂflvu;cfl)}

U {(Ta yi)v (7”, yé), ) (7'» y272)} U {(T’ ZD? (T’ Z§)7 ) (Tv 2272)}.

Note that D; C E(T), ¢(D;) = 0, |D;| = 2k — 1+ (k—1)/2, and 4; C (VD) \ B(D),
c(A;) =0, |Aj|=2k+(k—1)/2for i € {1,...,n}.

Suppose that G has a clique K = {v;,,..., v, }. Let A" = {(v;;,v;,)[1 < j <
h < k}. Because K is a clique in G, ¢(A’) = 0. Clearly, A’ C (V(QT)) \ E(T) and
|A"| = k(k—1)/2. Welet D = U§:1 D;, and A = A’U(U?Z1 Ay, ). Tt is straightforward
to verify that ¢(DU A) =0, |D|+ |A| =k, G’ =T — D + A is a connected graph,
and for every p € V(G'), dg(p) = f(p).

Assume now that (T,d, k', C, f,c) is a YES-instance of EDGE EDITING TO CON-
NECTED f-DEGREE GRAPH WITH Co0STS. Then there are sets D C FE(T) and
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A C (V(QT)) such that |D| + |A] < K, ¢(DUA) =0, G =T - D+ Ais a con-
nected graph, and for every p € V(G’), de/(p) = f(p). Because f(s) = k+ 2 and
dr(s) = 2, A contains at least k edges incident to s. Since ¢(A) = 0, we have that
there are swg', ..., swy" € A for some distinct 41,...,4, € {1,...,n}.

Consider (s,w{’) for some j € {1,...,k}. Because f(wg) = dp(w{), D has an
edge of cost 0 incident to w(. Hence, (wi,wy) € D. Now we consider w{ and
observe that there is an edge of cost 0 in A that is incident to wij and, therefore,
(wij , w;j ) € A. Repeating these arguments, we conclude that

R = {(wy,wy), (wy ,wy),...,(wy_,wy)} C D

and
S ={(s,wg ), (wy,wy)), ..., (W g, wy ), (wy, 1)} C A

Consider F' =T — R+ 5. Observe that for h € [251], F[{w;’ﬁil, w;’ﬁ, ué@lil, u;]h}]
is a component of F'. Since G’ is connected, A has an edge incident to a vertex of each
component of this type. We have that for h € [552], (23, |, ug), ;) € Aor (z3),,us)) €
A. As f(ug, ) = dr(ug,_,) and f(u;jh)lz dr(ug),), D has an edge incident to one

of these vertices and, thepefore, (u;ﬂl_l,ugjﬁ) € D and (x?ﬁ_l,u?ﬁ_l), (:c;Jh,u;’h) €A
Because f(zg), ;) = dr(z5, ), (x5),_1,vi,), (4),,vi,) € D. We obtain that

R = RU{(uf,uy), (ug ,uf), ..., (wl_yul_ )} U{(vi;, 1), ..., (vi;, 2 1)} €D

and o _ _
S =Su{(z?,uf),..., (&7 |, ul )} C A
Let I' =T — R'+ S’. Now we have that for h € [£51], the induced subgraph
F'{wg), 1, w3, gy, gy, Ty 1 Tohs Y1 Zo_1 }] 18 & component of F’. Because
G is connected, (r, y;l—_l) € Aor (r, z5 ) € A As f(y;h_l) = dr(yy,_,) and
fzgh ) =dr(z5, 1), (Yoh_1s 29, 1) € D and (r,y5), ), (r, 25, ) € A. We conclude
that D;; € D and A;; C A. Let

We have that R” C D and S” C A. Note that |R"|+|S"| = 5k* -2k = k' —k(k—1)/2.
Consider F"" =T—R"+5". For j € {1,...,k}, dpr(v;;) = dp(v;; ) —(k—1). It implies
that A’ = {(v;,,v;,)|1 <j < h <k} C Aand ¢(A') =0. Hence, K = {v;,,...,v;,} is
a clique in G. 0

6. Conclusion. In this paper we showed that editing to a connected graph sat-
isfying degree constraints given by a function f is FPT. In particular, we showed
that EDGE EDITING TO CONNECTED f-DEGREE GRAPH admits an algorithm with
running time 29" nCM  We complemented this result by showing that the weighted
version of the problem with costs 1 and 0 is W[1]-hard being parameterized by k and
the maximum value taken by f even when the input graph is a tree. Our algorithm
combined the ideas of color-coding and the representative family based approach to
obtain our FPT algorithm. We believe that this approach could act as a template
for solving other edge editing problems. Finally, we would like to point out that we
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used a nonstandard matroid, namely, ¢-elongation of co-graphic matroid to get our
desired algorithm. These matroid based methodology for designing parameterized
algorithm hold a lot of promise and it seems the area is still pretty much unexplored.
Finally, we conclude with the following interesting question: Does EDGE EDITING TO
CONNECTED f-DEGREE GRAPH admit a polynomial kernel?
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