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Parameterization above a guarantee is a successful paradigm in Parameterized Complexity. To the best of our
knowledge, all fixed-parameter tractable problems in this paradigm share an additive form defined as follows.
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We highlight a multiplicative form of parameterization above (or, rather, times) a guarantee: Given an in-
stance (I, k) of some (parameterized) problem IT with a guarantee g(I), decide whether I admits a solution
of size at least (or at most) k - g(I). In particular, we study the LoNG CyCLE problem with a multiplicative
parameterization above the girth g(I) of the input graph, which is the most natural guarantee for this prob-
lem, and provide a fixed-parameter algorithm. Apart from being of independent interest, this exemplifies
how parameterization above a multiplicative guarantee can arise naturally. We also show that, for any fixed
constant £ > 0, multiplicative parameterization above g(I)!*¢ of LonG CycLE yields para-NP-hardness, thus
our parameterization is tight in this sense. We complement our main result with the design (or refutation
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parameterized multiplicatively above girth.
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1 INTRODUCTION

The goal of parameterized complexity is to find ways of solving NP-hard problems more efficiently
than brute force: our aim is to restrict the combinatorial explosion to a parameter that is hopefully
much smaller than the input size. Formally, a parameterization of a problem is the assignment of
an integer k to each input instance, and we say that a parameterized problem is fixed-parameter
tractable (FPT) if there is an algorithm (called a fixed-parameter algorithm) that solves the prob-
lem in time f(k) - n°), where n is the size of the input and f is an arbitrary computable function
depending on the parameter k only. Further, we say that a parameterized problem admits a poly-
nomial kernel if there exists a polynomial-time algorithm that, given an instance of the problem,
outputs an equivalent instance of the problem whose size is bounded by a polynomial in k. There
is a long list of NP-hard problems that are in FPT under various parameterizations: finding a ver-
tex cover of size k, finding a cycle of length k, finding a maximum independent set in a graph of
treewidth at most k, and so on (see, e.g., [15, 18, 24]).

Choosing a suitable parameter plays an important role in the field of parameterized complexity.
Traditionally, the solution size has been the most sought after parameter. However, in various cir-
cumstances this is not a good parameter. To illustrate this, consider the following problems: Max
SAaT and Max Cut. Observe that there always exists a truth assignment that satisfies half of the
clauses, and there is always a max-cut containing at least half the edges. Thus, if we choose solu-
tion size as the parameter, then we get the following trivial algorithm: if k < m/2, then return yes;
else m < 2k, so now any brute-force algorithm is a fixed-parameter algorithm. Thus, if we want
to design a non-trivial fixed-parameter algorithm, then solution size is not a suitable parameter. In
particular, a general message here is as follows.

The natural parameterization of a maximization/minimization problem by the
solution size is not satisfactory if there is a lower bound for the solution size that
is sufficiently large.

Thus, for such cases, it is more natural to parameterize the problem by the difference between the
solution size and the bound. This perspective is known as “above guarantee” parameterization. This
approach was introduced by Mahajan and Raman [42] for the Max SAT and Max CuT problem.
This approach was successfully applied to various problems (see, e.g., [1, 13, 14, 19, 23, 31-33, 43]
for a few illustrative examples).

In some of the above examples (such as the lower bound of m/2 for Max Sat and Max Cur),
there is an explicit lower bound on the solution size, given in terms of the input size. However,
in many cases, we do not have explicit lower bounds. We substantiate this with the example of
the classic VERTEX COVER problem. In this problem, we are given a graph G and a positive in-
teger k, and the goal is to test whether there exists a set of vertices C of size at most k that
is a vertex cover (i.e., every edge has at least one endpoint in C). Clearly, the size of a maxi-
mum matching of G or the value of the linear programming relaxation of an integer linear pro-
gram for VERTEX COVER is a lower bound on the size of a vertex cover of G. Observe that these
lower bounds are graph-dependent and not a direct function of the input size. This is what we
mean by implicit lower bounds. Coming back to VERTEx COVER, we note that the aforementioned
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bounds have led to the study of the problem VERTEX COVER ABOVE LP (or VERTEX COVER ABOVE
MatcHING), which has played a central role in the development of the field of parameterized
complexity [15].

In this article, we take the philosophy of above guarantee parameterization a significant con-
ceptual step forward. In particular,

The goal of this article is to study another classical problem—namely, LoNG
CycLE—from the viewpoint of a new implicit parameterization, that is neither
standard nor an additive above guarantee parameterization, and which is natural
for that problem.

The LoNG PATH problem is to decide, given a directed or undirected n-vertex graph G and an
integer k, whether G contains a path on at least k vertices, that is, a self-avoiding walk with at
least k vertices. Similarly, the LoNG CyCLE problem is to decide whether G contains a cycle of length
at least k, that is, a closed self-avoiding walk with at least k vertices. These problems are natural
generalizations of the classical HAMILTONIAN PATH and HAMILTONIAN CYCLE problems and have
been actively studied. In particular, there is a plethora of results about parameterized complexity
of LonG PaTH and LonG CYCLE (see, e.g., [6, 7, 11, 12, 26, 29, 37, 39, 40, 47]) since the early work
of Monien [44]. Let us just mention here that the fastest known randomized algorithm for Long
ParH is due to Bjorklund et al. [6] and runs in time 1.657F - n9(1) | whereas the fastest known
deterministic algorithm is due to Tsur [46] and runs in time 2.554% - n9()_ For LoNG CyCLE, the
randomized algorithm with the currently best running time of 4% - () was given by Zehavi [49],
and the best deterministic algorithm was given by Fomin et al. [28] and runs in time 4.884% - n0().

For LonGg ParH, the investigation of above guarantee parameterizations was initiated by
Bezakova et al. [3]. Let s and t be two vertices of a graph G. Clearly, the length of any (s, t)-path
in G is lower-bounded by the distance (being the length of a shortest path), d(s, t), between these
vertices. Based on this straightforward observation, Bezakova et al. [3] introduced the LONGEST
DETOUR problem that asks, given a graph G, two vertices s, t, and a positive integer k, whether G
has an (s, t)-path with at least d(s, t) + k vertices. They proved that for undirected graphs, this
problem can be solved in time 20%) . n9()_That is, it is fixed-parameter tractable parameterized
by k. For the variant of the problem where the question is whether G has an (s, t)-path with
exactly d(s, t) + k vertices, a randomized algorithm with running time 2.746% - n°) and a deter-
ministic algorithm with running time 6.745% - n?1) were obtained. In a recent work, Fomin et
al. [25] studied the parameterization of LoNG PATH and LonG CYCLE above the degeneracy d of
the input graph G. Formally, a graph G has degeneracy at most d if every subgraph of G has a ver-
tex of degree at most d. A classic result by Erdés and Gallai [21] from 1959 states that any graph
of degeneracy d > 1 has a cycle (and hence, also a path) on at least d vertices. If the graph G is
not guaranteed to be 2-connected, then deciding whether G contains a cycle of length d + 2 is al-
ready NP-hard, and therefore parameterization above degeneracy does not make sense. However,
when we add the requirement that G is 2-connected, then deciding whether G contains a cycle of
length d + k parameterized by k can be done in time 20 . 90 and hence is fixed-parameter
tractable parameterized by k. A similar situation holds for LonG PATH where connectivity replaces
2-connectivity.

1.1 Multiplicative Above Guarantee Parameterization

To the best of our knowledge, all successful above guarantee parameterizations are additive.
Roughly speaking, this means that if we have a lower bound 7 on the optimal solution size, then
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we ask whether we can find a solution of size (at least or at most) 7 + k in time f(k) - n91. Our
main message of this article is the following.

The goal of this article is to introduce the notion of multiplicative above guaran-
tee parameterization. In multiplicative above guarantee parameterization, we ask
whether we can find a solution of size (at least or at most) - k in time g(k) - n%).
We illustrate our new definition by designing several fixed-parameter algorithms
parameterized multiplicatively above a guarantee.

We remark that Serna and Thilikos [45] stated a few problems in a way fitting parameterization
above a multiplicative guarantee. However, these were shown to be para-NP-hard [34, 35].

Recall that the girth of a graph G, denoted by y(G), is the length of the shortest cycle in G. First,
consider the problem where we are given a graph G and an integer k and the objective is to test
whether there is a cycle of length at least y (G) + k in G. If y(G) < 2k + 6, then clearly we can solve
the problem in time 29%). n9) by using, for example, the algorithm of Zehavi [48] (adapted to find
a cycle, rather than a path, of specific length). We now show that when 2k + 6 < y(G), the problem
is solvable in polynomial time. To this end, let (G, k) be a Yes-instance, and let C be a hypothetical
solution. That is, C is a cycle of length at least y (G) + k. Let g = y(G). Let u, v, w,x € V(C) be such
that when we traverse C in some order from u, we encounter v at distance L%J —1 from u, next we
encounter w at additional distance I_%J —1 from v, and lastly we encounter x at additional distance
k" = (g+k)— (ZL%J - 2) from w. Notice that k” € {k+2, k+3}. Since the girth of Gis gand k+3 < Z,
we have that shortest paths between u and v, v and w, and w and x are unique and they are part of
the cycle C. Therefore, we may compute the shortest paths between the pairs above, and later check
whether u is reachable from x after deleting these shortest paths. Going over every possible choice
of u,v,w,x € V(C), this leads to a polynomial time algorithm when 2k + 6 < y(G). This implies
that it can be decided in time 20%) . () whether a graph has a cycle with at least y (G) +k vertices.

The informal argument above shows that LoNG CycLE parameterized additively above girth is
not more “interesting” than just normal LonG CycLE, where the input lower bound on solution
size is the parameter. In a sense, it hints that the guarantee may be strengthened. In light of this,
we introduce a new above guarantee version of LoNG CycLE (and LoNG PaTH), termed LonG Cy-
cLE (LonG PATH, respectively) parameterized multiplicatively above girth, as follows. The input
consists of a graph G and an integer k, and the objective is to decide whether there is a cycle (path,
respectively) on at least k - y(G) vertices.

We note that the choice of girth as a guarantee for LoNnGg CYCLE is very natural. Indeed, being
the smallest length of a cycle in the graph and thereby the first guarantee that one could think of
for LonG CyCLE, and also being computable in polynomial time, makes girth the perfect choice.!
Moreover, graphs of large girth have been of interest since the pioneering result in probabilistic
graph theory of Erdés [20] in the late 1950s [20]. They find applications in practice and have been
extensively studied since then (see, e.g., [2, 4, 36]).

1.2 Our Contribution

We first prove our main result, which states that Long CycLE (and LoNG PATH) parameterized
multiplicatively above girth is in FPT. Specifically, we prove the following theorem.

!In fact, our initial goal was to study LoNG CYCLE parameterized additively above girth. After we discovered the simple
argument above, we were motivated to introduce a new, more appropriate, form of parameterization, which was the starting
point of our work.
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THEOREM 1.1. LoNG CYCLE (and LONG PATH) parameterized multiplicatively above girth is solv-
able in time 2°®“)n. However, LonG CyCLE (and LONG PaTH) parameterized multiplicatively above
girth does not admit a polynomial kernel unless NP € coNP/poly.

As a complementary result to the above theorem, we assert that our parameterization is tight
in the following sense.

THEOREM 1.2. For any fixed constant ¢ > 0, LonG CYCLE (and LoNG PATH) parameterized multi-
plicatively above g'*¢ is para-NP-hard, where g is the girth of the input graph.

Next, we further extend the scope of the applicability of our parameterization by showing that
also VERTEX COVER and CONNECTED VERTEX COVER parameterized multiplicatively above girth
are in FPT. Given a graph G and an integer k, the objectives of these problems are to decide
whether G has a vertex cover of size at most k - y(G), or a connected vertex cover (i.e., a ver-
tex cover that induces a connected subgraph) of size at most k - y (G), respectively. Here, [y(G)/2]
is a lower bound on the size of an optimal solution. Notably, for VERTEX CoVER we further derive
a polynomial kernel.

THEOREM 1.3. VERTEX COVER and CONNECTED VERTEX COVER parameterized multiplicatively
above girth are solvable in time 20K1°2%)n_ Moreover, VERTEX COVER parameterized multiplicatively
above girth admits a polynomial kernel, while CONNECTED VERTEX COVER parameterized multiplica-
tively above girth does not admit a polynomial kernel unless NP C coNP/poly.

Additionally, we show that MAax INTERNAL SPANNING TREE parameterized multiplicatively
above girth is in FPT. Given a graph G and an integer k, the objective of this problem is to de-
cide whether G has a spanning tree with at least k - y(G) internal vertices. Here, y(G) — 1 is a lower
bound on the size of an optimal solution.

THEOREM 1.4. MAX INTERNAL SPANNING TREE parameterized multiplicatively above girth is solv-
able in time 20(klogk)

Taking into consideration only graphs whose girth is at least 4, we show that INDEPENDENT SET
parameterized multiplicatively above girth is also in FPT. Given a graph G and an integer k, the
objective of this problem is to decide whether G has an independent set of size at least k - y(G).
Here, | y(G)/2] is alower bound on the size of an optimal solution. We remark that the requirement
of having girth at least 4 is mandatory, because on general graphs (and, in particular, on graphs of
girth 3), INDEPENDENT SET is W[1]-hard parameterized by the sought solution size [15].

THEOREM 1.5. INDEPENDENT SET on graphs of girth at least 4 parameterized multiplicatively above
girth is solvable in time 20" 1ogk)

Lastly, we observe that parameterization above girth (even additively) can often yield NP-
hardness when k is a fixed constant. Specifically, we give FEEDBACK VERTEX SET and CYCLE PACK-
ING as illustrative simple examples.

THEOREM 1.6. FEEDBACK VERTEX SET and CYCLE PACKING parameterized additively above girth
are para-NP-hard.

We remark that we further discuss our results, as well as questions left open, in Section 8.

2 PRELIMINARIES

For graph-theoretic terminology not explicitly defined here, we refer to the book of Diestel [16].
Throughout the article, we consider finite undirected graphs. For a graph G, let V(G) and E(G)
denote its vertex set and edge set, respectively. When G is clear from context, let n = |V(G)|
and m = |E(G)|. The maximum degree of a vertex in G is denoted by A(G). For a vertex v € V(G),
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let N (v) denote the neighborhood of v in G. Given a subset U C V(G), let G[U] be the subgraph
of G induced by U. The girth of G is the length of the shortest cycle in G,? and is denoted by y(G).
A vertex cover of G is a set of vertices in G whose removal from G yields an edgeless graph. The
vertex cover number of G is the smallest size of a vertex cover of G. A feedback vertex set of G is a
set of vertices in G whose removal from G yields a forest. The feedback vertex set number of G is
the smallest size of a feedback vertex set of G. For any ¢ € N, let C; denote the cycle on t vertices
and K; denote the complete graph on ¢ vertices.

A subdivision of an edge e = {u,v} € E(G) is its replacement by a new degree-2 vertex whose
neighbors are u and v. A subdivision of G is any graph that can be obtained by subdividing some
of the edges of G (where a single edge can be subdivided multiple times). Let Paths(G) be the set
of all (simple) paths in G. Given two (simple) paths P; and P, that share one or two endpoints and
are internally vertex-disjoint, let P; + P, denote the (simple) path or cycle (if both endpoints are
shared) obtained by concatenating P; and P,. The size of a cycle or path is its number of vertices,
and its length is its number of edges. A graph H is a topological minor of G if G contains a subgraph
that is isomorphic to some subdivision of H. More explicitly, this notion is defined as follows.

Definition 2.1 (Topological Minor). A graph H is a topological minor of a graph G if there exist
injective functions ¢ : V(H) — V(G) and ¢ : E(H) — Paths(G) such that for alle = {h, h’} € E(H),
the endpoints of ¢(e) are ¢(h) and @¢(h’), for all distinct e, e’ € E(H), the paths ¢(e) and ¢(e’) are
internally vertex-disjoint, and there do not exist a vertex v in the image of ¢ and an edge e € E(H)
such that v is an internal vertex on ¢(e).

The Cartesian product of two graphs is defined as follows.

Definition 2.2 (Cartesian Product of Graphs). The Cartesian product G X H of two graphs G and H
is the graph whose vertex set is the Cartesian product V(G) X V(H), where any two vertices (u, u”)
and (v, v’) are adjacent if and only if one of the following holds: (i) u = v and {u’, v’} € E(H); or
(ii) v’ = v" and {u, v} € E(G).

Treewidth is a measure of how “treelike” is a graph, formally defined as follows.

Definition 2.3 (Treewidth). A tree decomposition of a graph G is a pair (T, ) of atree T and f§ :
V(T) — 2V(©), such that

(1) for any edge {x,y} € E(G) there exists a node v € V(T) such that x,y € f(v), and
(2) for any vertex x € V(G), the subgraph of T induced by the set T, = {v € V(T) : x € f(v)} is
a non-empty tree.

The width of (T, f) is max,cv(r){|f(v)|} — 1. The treewidth of G is the minimum width over all tree
decompositions of G.

The treewidth of a graph can be efficiently approximated up to a constant factor as follows.

ProposITION 2.1 ([10]). There exists an algorithm that, given a graph G and an integer t, in
time 29()n either determines that the treewidth of G is larger than t, or outputs a tree decomposi-
tion of G of width at most 5t + 4.

The following relation between treewidth and feedback vertex set number is folklore.
ProrosiTION 2.2 ([15]). There exists an algorithm that, given a graph G with a feedback vertex

set U, in time O(|U|n) outputs a tree decomposition of G of width |U]|.

2If G does not contain any cycle, then its girth is defined as co.

ACM Transactions on Computation Theory, Vol. 13, No. 3, Article 18. Publication date: August 2021.



Multiplicative Parameterization Above a Guarantee 18:7

Parameterized Complexity. Let II be a decision problem. In the framework of Parameterized
Complexity, each instance of II is associated with a parameter k. Here, the goal is to confine the
combinatorial explosion in the running time of an algorithm for IT to depend only on k. Formally,
we say that IT is FPT if any instance (I, k) of II is solvable in time f(k) - |[I|°1), where f is an
arbitrary function of k. Nowadays, Parameterized Complexity supplies a rich toolkit to design
fixed-parameter algorithms [15]. Parameterized Complexity also provides methods to show that
a problem is unlikely to be in FPT. The main technique is the one of parameterized reductions
analogous to those employed in classical complexity. Here, the concept of W[1]-hardness replaces
the one of NP-hardness, and for reductions we need not only construct an equivalent instance
solvable by a fixed-parameter algorithm, but also ensure that the size of the parameter in the new
instance depends only on the size of the parameter in the original one. If there exists such a reduc-
tion transforming a problem known to be W[1]-hard to another problem II, then the problem IT is
W/[1]-hard as well. Central W[1]-hard-problems include, for example, deciding whether a nonde-
terministic single-tape Turing machine accepts within k steps, CLIQUE parameterized by solution
size, and INDEPENDENT SET parameterized by solution size. If there exists a fixed k such that IT is
NP-hard, then the problem is said to be para-NP-hard, and in particular, it is not in FPT unless
P=NP.

A companion notion to that of fixed-parameter tractability is the one of a polynomial kernel.
Formally, a parameterized problem II is said to admit a compression if there exists a not necessarily
parameterized problem I1” and a polynomial-time algorithm that given an instance (I, k) of II, out-
puts an equivalent® instance I’ of IT” such that |I’| < p(k) where p is some function that depends
only on k. If the function p is a polynomial, then the compression is said to be a polynomial com-
pression. In case I1" = II, we further say that IT admits a kernel or a polynomial kernel, depending
on whether or not p is a polynomial. For more information on Parameterized Complexity in gen-
eral and kernelization in particular, we refer the reader to recent books, such as those by Cygan et
al. [15], Downey and Fellows [18], and Fomin et al. [24].

3 FIXED-PARAMETER ALGORITHM FOR LONG CYCLE

In this section, we consider the parameterized complexity of Long CYCLE parameterized multiplica-
tively above girth, and prove Theorems 1.1 and 1.2. For our positive result, we require the following
definition and propositions. First, we give the definition of a graph called a ¢-prism, which has 2¢
vertices and 3t edges (see Figure 1).

Definition 3.1 (Prism). For any t € N, the t-prism is the Cartesian product C; X K.

The following proposition asserts that a graph of sufficiently large treewidth necessarily con-
tains a large prism as a topological minor.

ProposITION 3.1 ([5]). For any k € N, any graph G of treewidth at least 60k? contains a k-prism
as a topological minor.*

In case the treewidth of the graph is small, we will be able to solve the problem by making use
of the following proposition.

ProprOSITION 3.2 ([8]). There exists an algorithm that, given a graph G and a tree decomposition
of G of width t, in time 29" n outputs a cycle (if one exists) and a path in G of maximum sizes.

The main combinatorial lemma we need for our positive result is as follows. This lemma handles
the case where the treewidth of the graph is large.

3That is, (I, k) is a Yes-instance of IT if and only if I is a Yes-instance of IT’.
4 Although the result is mentioned in terms of minors, the proof given in Birmilé et al. [5] yields the result stated here.
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Fig. 1. A 4k-prism.

LEMMA 3.1. For any k € N, any graph G that contains the 4k-prism as a topological minor also
has a cycle on at least y (G) - k vertices.

Proor. Let H be the 4k-prism. Notice that the vertex set of H can be denoted by V(H) =
{ai,az, ..., a4k,b1,ba, ..., by} so that H[{aj,ay,...,a4}] and H[{b1,bs, ..., by}] are cycles
and {{a;,b;} : i € {1,2,...,4k}} C E(H) (see Figure 1). Let ¢: V(H) — V(G) and ¢: E(H) —

Paths(G) be some two functions that witness that H is a topological minor of G. Let Sy, . . ., Sa be
a set of 2k vertex-disjoint cycles of length 4 in H defined as follows: For each i € {0,1,...,2k —
1}, S; = H[{azi+1, a2i+2, b2iv2, b2iv1}] (see Figure 1). Additionally, we define two (not vertex-

disjoint) cycles C and C’ in H as follows: C = H[{ay, a3, by, b3, as, aa, . . ., agg—1, Aar, bar}] and C’ =
H[{a1, b], bz, dy, as, bg, ey b4k, A4k, al}] (see Figure 1).

Now, foreachi € {0,1,...,2k—1},let A; = o({azi+1, aziv2}) +@({azir2, b2i2}) +@({b2i12, boiv1}) +
©({b2i+1, azi+1}). This notation is well-defined as required to concatenate paths—specifically, here
we concatenated internally vertex-disjoint paths sharing exactly one endpoint except for the last
concatenation where both endpoints are shared (by the paths ¢({azi+1, azit2}) +@({azis2, b2iva}) +
O({bai+2, b2iv1}) and @({bai41, azis1})). Roughly speaking, A; is the cycle to which ¢ maps S;. Notice
that {A; }?fo‘ !is a collection of 2k vertex-disjoint cycles in G. Therefore, together they contain at
least 2y (G) - k edges.

Additionally, let B = ¢({a1,az2}) + ¢({az, b2}) + ({b2, b3}) + o({bs, a3} + -+ + p({aqk, bar }+
@({byk, a1 }). Again, this notation is well-defined as required to concatenate paths. Similarly, let B” =
p(la1, b1})+o({b1, b2})+o({bs, as})+e({az, as}+- - - +@({bak, ask }+@({ask, a1 }). Roughly speaking, B
and B’ are the cycles to which ¢ maps C and C’, respectively. Notice that E(H) = E(C) U E(C").
Thus, we deduce that Uf’j&l E(A;) € E(C) U E(C’). From this, we further deduce that at least one
among the cycles B and B’ must contain at least half the edges in Uf’:‘a VE(A;). Because we already
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showed that | U?fo_l E(A;)| = 2y(G) - k, this means that at least one among the cycles B and B’ has
length (and therefore also size) at least y(G) - k. O

By Proposition 3.1, any graph G of treewidth at least 60 - (4k)? = 960k? contains a 4k-prism as
a topological minor. Thus, we derive the following corollary to Lemma 3.1.

COROLLARY 3.1. Foranyk € N, any graph G of treewidth at least 960k? has a cycle on at least y (G)-
k wvertices.

We are now ready to prove our main theorem, restated below.

THEOREM 1.1. LoNG CyCLE (and LoNG PATH) parameterized multiplicatively above girth is solv-
able in time 2°")n. However, LonG CYCLE (and LONG PATH) parameterized multiplicatively above
girth does not admit a polynomial kernel unless NP C coNP/poly.

Proor. We first consider the fixed-parameter tractability of the problem. Given an in-
stance (G, k) of LonG CycLE (LOoNG PaTH), the algorithm is executed as follows. First, it calls the
algorithm in Proposition 2.1 with t = 960k? in time 20()n = 20" to either determine that the
treewidth of G is larger than t, or output a tree decomposition of G of width at most 5¢ + 4. In
the first case, it concludes that (G, k) is a Yes-instance of LonG CycLE (LONG PATH, respectively),
which is correct by Corollary 3.1. In the second case, it calls the algorithm in Proposition 3.2 to
obtain a cycle (path, respectively) of maximum size in G in time 20C**9n = 20, and con-
cludes that (G, k) is a Yes-instance of Long CycLE (LONG PATH, respectively) if and only if the size
of this cycle (path, respectively) is at least y (G) - k. This completes the proof of the first part of the
theorem.

For the second part of the theorem, we note that Long CycLe (LoNG PATH, respectively) is
known not to admit a polynomial kernel parameterized by the sought solution size unless NP C
coNP/poly [9, 15]. This is clearly also the case when parameterized by a parameter upper-bounded
by the sought solution size, and in particular when parameterized multiplicatively above girth. O

THEOREM 1.2. For any fixed constant ¢ > 0, LONG CYCLE (and LONG PATH) parameterized multi-
plicatively above g'*¢ is para-NP-hard, where g is the girth of the input graph.

Proor. Consider some fixed constant € > 0. Our proof is based on a reduction from the Hamir-
TONIAN CYCLE (HAMILTONIAN PATH, respectively) problem, which is known to be NP-hard [30], to
LonG Cycie (LONG PATH, respectively) parameterized multiplicatively above g'*¢. In the HamrL-
TONIAN CYCLE (HAMILTONIAN PATH, respectively) problem, we are given a graph G and the ob-
jective is to decide whether G contains a (simple) cycle (path, respectively) on n vertices. In what
follows, we only describe the proof for LonG CycrLE (since the proof for LoNG PATH is similar).

We now describe the reduction. To this end, let G be an instance of HAmIiLTONIAN CYCLE. Let b
be the smallest positive integer such that b(1 + ¢) € N. (Note that b depends only on ¢.) Let a =
b(1+¢)—1. Notice that b < a (since b - ¢ is a positive integer). Now, subdivide each edge in G n -1
times, and let G’ be the resulting graph. Let H be the disjoint union of G’ and C, where C is a cycle
of length n”. Finally, set k = 1, and let (H, k) be the output instance of LoNG CYCLE parameterized
multiplicatively above g'*¢. Notice that here, g is the girth of H, i.e., g = y (H).

Notice that for any £ € N, for any cycle of size ¢ in G, there is a corresponding cycle of size £ - n®
in G’, and vice versa. This implies that any cycle in G’ has size at least 3n. Thus, as b < a, thereisa
unique shortest cycle in H, which is C. Therefore, y (H) = n’. Then, any cycle (path, respectively) C’
on at least (y(H))""k = nb(0+9 = n'*a vertices in H is fully contained in G’. From this, we
conclude that for any cycle of size n in G, there is a corresponding cycle of size (y (H))'*¢k in H, and
vice versa. This yields the correctness of the reduction. In particular, a fixed-parameter algorithm
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for LoNG CYCLE parameterized multiplicatively above g'*¢ would solve (H, k) in polynomial time
(because k = 1), and thereby yield a polynomial-time algorithm for HamILTONIAN CYCLE. ]

4 FIXED-PARAMETER ALGORITHMS FOR (CONNECTED) VERTEX COVER

In this section, we consider the parameterized complexity of (CONNECTED) VERTEX COVER param-
eterized multiplicatively above girth, and prove Theorem 1.3. The following proposition asserts
that every graph contains either a small feedback vertex set or a large number of vertex-disjoint
cycles (with a logarithmic gap), which can also be computed efficiently.

ProprosITION 4.1 ([22, 41]). For some fixed constant ¢ € N, there exists an algorithm that, given
anyr € N and a graph G, in time r°Dn outputs either r vertex-disjoint cycles in G or a feedback
vertex set of G of size at most crlogr.

In what follows, we use c to refer to the constant in this proposition. In case the treewidth of the
graph is small, we will be able to solve the problem by making use of the following proposition.

ProrosITION 4.2 ([15, 27]). There exist algorithms for VERTEX COVER and CONNECTED VERTEX
CoVER that run in time 2°n, where t is the treewidth of the input graph.®

Further, in case the feedback vertex set number is small, we will make use of the following
proposition for kernelization purposes.

PROPOSITION 4.3 ([38]). The VERTEX COVER problem admits a polynomial kernel parameterized
by the feedback vertex set number f of the input graph with O(f*) vertices.

The main combinatorial lemma required for our algorithms handles the case where the feedback
vertex set number (and hence also treewidth) of the graph is high.

LEMMA 4.1. For any r € N, any graph G that contains r vertex-disjoint cycles has vertex cover

y(G)
t=

number at leas r.

Proor. Let C be a collection of r vertex-disjoint cycles of G. Consider any vertex cover U of G.
Then, U must contain at least half the vertices of each cycle in C in order to contain an end-
point of every edge of that cycle. Since each cycle in C contains at least y(G) vertices, the lemma
follows. ]

We are now ready to prove our main theorem.

THEOREM 1.3. VERTEX COVER and CONNECTED VERTEX COVER parameterized multiplicatively
above girth are solvable in time 2°(k1°8K) . Moreover, VERTEX COVER parameterized multiplicatively
above girth admits a polynomial kernel, while CONNECTED VERTEX COVER parameterized multiplica-
tively above girth does not admit a polynomial kernel unless NP € coNP/poly.

Proor. We first consider the fixed-parameter tractability of the problems. Given an in-
stance (G, k) of (CONNECTED) VERTEX COVER, the algorithm is executed as follows. First, the al-
gorithm calls the algorithm in Proposition 4.1 with r = 2k + 1 in time r®®Mn = k9Wn to obtain
either a feedback vertex set of G of size at most crlogr or r > 2k vertex-disjoint cycles in G. In
the second case, by Lemma 4.1 G has vertex cover number strictly larger than @ -2k =y(G) - k.
Thus, for both VErRTEX COVER and CONNECTED VERTEX COVER the algorithm correctly determines
that the answer is No. In the first case, the algorithm calls the algorithm in Proposition 2.2 in
time O (k log k - n) to obtain a tree decomposition of G of width at most crlog r = O(k log k). Then,
it calls the algorithm in Proposition 4.2 in time 29 1°6K)p; to obtain a (connected) vertex cover of G

SSuch an algorithm for CONNECTED VERTEX COVER is not given explicitly, but it is easily seen to follow from the approach
of dynamic programming over tree decompositions using representative sets of Fomin et al. [27].
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of minimum size, and concludes that (G, k) is a Yes-instance of (CONNECTED) VERTEX COVER if and
only if the output (connected) vertex cover has size at most y(G) - k. This completes the proof of
the first part of the theorem.

For the second part of the theorem, first consider VERTEX COVER parameterized multiplicatively
above girth. Then, we proceed similarly to the fixed-parameter algorithm above. More precisely,
given an instance (G, k) of VERTEX COVER, the algorithm is executed as follows. First, the algorithm
calls the algorithm in Proposition 4.1 with r = 2k + 1 in time r%Wn = k9Wp to obtain either a
feedback vertex set of G of size at most crlogr or r > 2k vertex-disjoint cycles in G. In the second
case, the algorithm correctly determines that the answer is No. In the first case, the algorithm
calls the polynomial-time algorithm in Proposition 4.3 to obtain an equivalent instance of VERTEX
Cover with O((crlogr)?) = O((klogk)?) vertices and in particular of size polynomial in k.°

Lastly, we note that CONNECTED VERTEX COVER is known not to admit a polynomial kernel
parameterized by the sought-out solution size unless NP € coNP/poly [15, 17]. This is clearly also
the case when parameterized by a parameter upper-bounded by the sought solution size, and in
particular when parameterized multiplicatively above girth. O

5 FIXED-PARAMETER ALGORITHM FOR MAX INTERNAL SPANNING TREE

In this section, we consider the parameterized complexity of MAX INTERNAL SPANNING TREE pa-
rameterized multiplicatively above girth, and prove Theorem 1.4.

In case the treewidth of the graph is small, we will be able to solve the problem by making use
of the following proposition.

PROPOSITION 5.1 ([15, 27]). There exists an algorithm for MAX INTERNAL SPANNING TREE that
runs in time 29 n, where t is the treewidth of the input graph.”

As before, the main combinatorial lemmas required for our algorithm handle the case where the
feedback vertex set number (and hence also treewidth) of the graph is high.

LEMMA 5.1. For any r € N, any connected graph G that contains r vertex-disjoint cycles has a
spanning tree with at least (y(G) — 1) - r — 1 internal vertices.

PRrooF. Let C be a collection of r vertex-disjoint cycles of G. Let H be the graph obtained from G
by replacing each cycle C € C by a single new vertex vc (that is made adjacent to all vertices
previously adjacent to at least one vertex in C). Let T be some spanning tree of H (whose existence
follows from the supposition that G, and hence also H, is connected), and root it arbitrarily.

Now, we traverse T in preorder, and when we encounter a new vertex of the form v¢, we perform
the following operations. Let p be the parent of vc in T (if it is not the root), and let u be some
vertex in C that is adjacent to p (if v¢ is the root, let u be any vertex in C). Then, replace vc in T
by a path P from u to one of its neighbors, x, in C so that this path P contains exactly all the edges
of C except one (between u and the chosen neighbor x). Here, make u be the child of p in T, and
every child w of v¢ is handled as follows: if w € V(G), then let y be some vertex in V(P) such
that {y, w} € E(G), and otherwise (if w ¢ V(G)), then let y be some vertex in V(P) such that there
exists a vertex in the cycle represented by w that is a neighbor of y; then, add the edge {y, w} to T
(this replaces the edge {v¢, w}), and consider y to be the parent of w.®

6Similarly, the question of the kernelization complexity of MAX INTERNAL SPANNING TREE parameterized multiplicatively
above girth boils down to the question of the kernelization complexity of MAX INTERNAL SPANNING TREE parameterized
by the feedback vertex set number of the input graph, which is not known.

7 As before, such an algorithm for MAax INTERNAL SPANNING TREE is not given explicitly, but it is easily seen to follow from
the approach of Fomin et al. [27].

8Intuitively, the subtree of w is “hung” from a vertex of the path P such that w (or some vertex in the cycle represented
by w, if w is a new vertex) is adjacent to it in G.
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Notice that at the end of this process, we obtain a spanning tree of G with the following property.
For each cycle C € C, all vertices except possibly one are internal vertices, with the exception of
possibly one cycle (if there was a cycle represented by the root of T) where all vertices except
possibly two are internal vertices. Thus, this spanning tree has at least (y(G) — 1) - r — 1 internal
vertices. |

We are now ready to prove our main theorem.

THEOREM 1.4. MAX INTERNAL SPANNING TREE parameterized multiplicatively above girth is solv-
able in time 20(Klog k)

Proor. Given an instance (G, k) of MAX INTERNAL SPANNING TREE, the algorithm is executed as
follows. Without loss of generality, we suppose that G is connected in the case of MAX INTERNAL
SPANNING TREE, else we clearly have a No-instance of this problem. First, the algorithm calls the
algorithm in Proposition 4.1 with r = 2k + 1 in time 79®n = k9Wn to obtain either a feedback
vertex set of G of size at most crlogr or r > 2k vertex-disjoint cycles in G. In the second case,
by Lemma 5.1 G has a spanning tree with at least (y(G) — 1) - 2k — 1 > y(G) - k internal vertices
(where the last inequality follows from the facts that y(G) > 3 and k € N). Thus, the algorithm
correctly determines that the answer is Yes. In the first case, the algorithm calls the algorithm in
Proposition 2.2 in time O(k log k - n) to obtain a tree decomposition of G of width at most cr logr =
O(klogk). Then, it calls the algorithm in Proposition 5.1 in time 29(*1°8%)p, to obtain a spanning
tree of G of maximum number of internal vertices, and concludes that (G, k) is a Yes-instance of
Max INTERNAL SPANNING TREE if and only if the output spanning tree has at least y (G) - k internal
vertices. O

6 FIXED-PARAMETER ALGORITHM FOR INDEPENDENT SET ON GRAPHS OF
GIRTH AT LEAST 4

In this section, we consider the parameterized complexity of INDEPENDENT SET on graphs of girth
at least 4 parameterized multiplicatively above girth, and prove Theorem 1.5.

In case the treewidth of the graph is small, we will be able to solve the problem by making use
of the following proposition.

PROPOSITION 6.1 ([15]). There exists an algorithm for INDEPENDENT SET that runs in time 2°()n,
where t is the treewidth of the input graph.

Unlike before, here we distinguish between the case where A(G’) is “large” and the case where
it is “small,” where G’ is the subgraph obtained from G by iteratively removing vertices of degree 1.
Only in the latter case, we will consider its treewidth. For the first case, we will make use of the
following lemma.

LEMMA 6.1. Any graph G of minimum degree 2 contains an independent set of size at
least%A(G).

Proor. Let v be a vertex of degree A(G) in G. For every u € Ng(v), construct a path P, as
follows: initialize P, to be the path consisting only of v and u; then, if the endpoint of P, that is
not v has a neighbor that does not belong to P, extend P, using such a neighbor (if there is more
than one choice for the neighbor, then choose one arbitrarily). For every u € Ng(v), because the
minimum degree of G is 2, the path P, has at least y(G) vertices. Now, let P;, denote the subpath
of P, that consists of the |y(G)/2] vertices that are closest to v (including v). Notice that for all
distinct u, w € Ng(v), we have that (i) V(P;,) N V(P;,) = {v} and (ii) there do not exist x € V(P})
and y € V(P],) that are adjacent—indeed, if any of these two conditions was false, then the union
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of P} and P;, would have contained a cycle of length at most |V (P))|+|V (P.,)|-1 = 2|y (G)/2] -1 <
v (G), which is a contradiction.

Let S € V(G) be defined as follows. For every u € Ng(v), insert into S every vertex in V(P;)
whose distance from v in P}, is even (so, we insert the second, fourth, sixth, etc., vertices on P,
when the first vertex is supposed to be v). Thus, by condition (i) above, |S| > %A(G).
Moreover, by condition (ii) and because every path P/, u € Ng(v), is an induced path (else we
obtain a cycle of length smaller than y(G)), we have that S is an independent set. O

For the second case and where the feedback vertex set number (and hence also treewidth) is
large, we will make use of the following lemma.

LEMMA 6.2. For anyr € N, any graph G that contains r vertex-disjoint cycles has an independent
i y(G)r
set of size at least ISR
Proor. Because G contains r vertex-disjoint cycles, we have that |[V(G)| > y(G)-r. Observe that

every vertex in G can be adjacent to at most A(G) other vertices. So, G must contain an independent
V(G)| y(G)-r O
AG)+1 = A(G)+1"

set of size at least

We are now ready to prove our main theorem.

THEOREM 1.5. INDEPENDENT SET on graphs of girth at least 4 parameterized multiplicatively above
girth is solvable in time 20(k*logk)

PRroOF. Given an instance (G, k) of INDEPENDENT SET on graphs of girth at least 4, the algorithm
is executed as follows. Let G’ be the subgraph of G obtained by iteratively removing vertices of
degree at most 1 from G. Observe that y(G) = y(G’). We distinguish between two cases based
on A(G’). First, suppose that A(G”) > 16k. Then, by Lemma 6.1, G’ (and hence also G) contains an
independent set of size at least MA(G') > Y(GTH - 16k = 4y(G)k — 12k > y(G)k. Here, the
last inequality followed because y(G) > 4. So, the algorithm correctly determines that the answer
is Yes.

Second, suppose that A(G") < 16k. Then, the algorithm calls the algorithm in Proposition 4.1
with r = (16k + 1)k in time r9Mn = k9Wp to obtain either a feedback vertex set of G of size
at most crlogr or r vertex-disjoint cycles in G. First, consider the second (sub)case. Then, G’
has the same r vertex-disjoint cycles. So, by Lemma 6.2 G has an independent set of size at
least K((g))fl > y(G)1-6(11C6+k1+1)k = y(G) - k. Thus, the algorithm correctly determines that the answer is
Yes. Now, consider the second (sub)case. Here, the algorithm calls the algorithm in Proposition 2.2
in time O(k? log k - n) to obtain a tree decomposition of G of width at most cr? logr = O(k? log k).

Then, it calls the algorithm in Proposition 6.1 in time 2°*"1°¢X)  t obtain an independent set of G
of maximum size, and concludes that (G, k) is a Yes-instance of INDEPENDENT SET if and only if
the output set has size at least y(G) - k. O

7 HARDNESS FOR FEEDBACK VERTEX SET AND CYCLE PACKING

Lastly, we prove the correctness of Theorem 1.6.

THEOREM 1.6. FEEDBACK VERTEX SET and CYCLE PACKING parameterized additively above girth
are para-NP-hard.

Proor. We only prove the lemma for FEEDBACK VERTEX SET since the proof for CYCLE PACKING
follows from symmetric arguments. For this purpose, we give a reduction from FEEDBACK VERTEX
SET itself, which is an NP-hard problem [30]. Toward this, let (G, k) be an instance of FEEBDACK
VERTEX SET. Then, obtain H from G by subdividing each edge of G k times, and adding a new
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cycle of size k. Clearly, G has a feedback vertex set of size at most k if and only if H has a feedback
vertex set of size at most k + 1 (the extra 1 is required to hit the new cycle). Moreover, the girth of H
is exactly k. Thus, an algorithm for FEEDBACK VERTEX SET parameterized additively above girth
should solve (H, 1) in polynomial time (since the parameter is 1), thereby determining whether
the feedback vertex set number of H is at most k, and consequently solving (G, k). ]

8 CONCLUSION AND OPEN PROBLEMS

In this article, we highlighted the notion and usefulness of parameterization multiplicatively above
a guarantee, demonstrated using girth as the guarantee. As we have argued, girth is (arguably) the
most natural guarantee for the LoNG CyCLE problem, and indeed this problem was our starting
point. After proving that LonG CyCLE problem (as well as LoNG PATH) parameterized multiplica-
tively above a girth is in FPT, we turned to consider other problems under this parameterization,
motivated by the extensive body of work existing on graphs of large girth. It turned out that pa-
rameterization multiplicatively above girth is quite fruitful—we were able to show that VERTEX
CoVER, CONNECTED VERTEX COVER, MAX INTERNAL SPANNING TREE and INDEPENDENT SET on
graphs of girth at least 4 are in FPT with this parameterization. All of our proofs followed the
same win-win approach (having either small treewidth or a specific topological minor), yet the
details in its application varied. Additionally, we obtained a polynomial kernel for VERTEX COVER
parameterized multiplicatively above a girth.
We conclude this article with directions for further research and open questions.

— The main venue for research that we would like to highlight is the exploration of other
guarantees that make sense for multiplicative parameterization.

— Can the time complexities (and kernel size) presented in this article be substantially im-
proved? In particular, for which of the problems considered in this article can we design
a fixed-parameter algorithm of time complexity 29 . n, and for which can we refute the
existence of such an algorithm (say, under the Exponential Time Hypothesis)?

— We have shown that for FEEDBACK VERTEX SET and CYCLE PACKING parameterization (even
additively) above girth is futile. However, for these problems, girth is not a guarantee. Are
there problems where girth is a guarantee, yet parameterization (additively or multiplica-
tively) above it is futile?

— For problems on directed graphs, parameterization multiplicatively above girth (which is
now the length of a shortest directed cycle) may also make sense. For example, what is the
parameterized complexity of DIRECTED LoNG CYCLE under this parameterization?
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