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1 INTRODUCTION

One of the successful concepts in parameterized complexity is the “distance from triviality” [20].
Roughly speaking, a parameter can measure the “distance” of the given instance from an instance
that is solvable efficiently and then exploit such a distance algorithmically. In graph problems, a
standard measure of distance from triviality is the vertex deletion distance to some specific graph
property P. That is, the minimum number of vertices whose deletion results in a graph in £. An
interesting alternative to vertex deletion distance, called elimination distance was introduced by
Bulian and Dawar [5] in their study of the parameterized complexity of the graph isomorphism
problem. The elimination distance of a graph G to graph property ? is

0, ifGe®P,
edp(G) = {1+ mingey(g) edp(G — v), if G ¢ £ and G is connected,

max{edp(C) | C is a component of G}, otherwise.

Arguably, elimination distance can be seen as a non-deterministic version of vertex deletion dis-
tance, where the source of non-determinism is connectivity: Each vertex removal creates con-
nected components and the elimination should be applied to each one of them as an independent
vertex deletion scenario. In the most simple case where # is the property of being edgeless, ver-
tex deletion distance to $ generates vertex cover, while the elimination distance to # generates
tree-depth [28].

In their follow-up work, Bulian and Dawar [6] proved that deciding whether a given n-vertex
graph has elimination distance at most k to any minor-closed property of graphs can be done by
an algorithm running in time f(k) - n( (that is an FPT-algorithm), and thus is fixed-parameter
tractable parameterized by k. In the same paper, Bulian and Dawar [6] asked whether computing
the elimination distance to graphs of bounded degree is fixed-parameter tractable.

The problem. The question of Bulian and Dawar is the departure point of our study. Every graph
property characterized by a finite set of forbidden induced subgraphs (and thus the bounded degree
property as well) is first-order logic definable (FOL-definable), i.e., there is an FOL formula ¢
where P = {G | G |= ¢}. It is well-known that MopeL CHECKING for an FOL formula ¢, that
is deciding whether G |= ¢, can be done in time n?(?!_ It is also easy to design a backtracking
algorithm following the definition of the elimination distance that, in time nOk) . 0D decides
whether the elimination distance to a property expressible by an FOL formula ¢ is at most k. Thus,
for every FOL formula ¢, the problem asking, given as input a graph G and a non-negative integer
k, whether the elimination distance from G to #, = {G | G |= ¢} is k is in the parameterized
complexity class XP (when parameterized by k). This brings us to the following question: What is
the parameterized complexity of computing the elimination distance to FOL-definable properties?

Notice that the above general question could also be made for higher order logic-definable prop-
erties. In this direction, one may observe that there are formulas ¢ in existential second-order
logic (ESOL) for which MopEL CHECKING for ¢ is already intractable: Such ESOL-definable prob-
lems are HAMILTONIAN CYCLE or 3-COLORING that are NP-complete. This means that for the cor-
responding ESOL formulas ¢ the problem of checking whether edp, (G) < k, parameterized by
k, is para-NP-complete. Motivated by this, we delimit our study to the framework of first-order
logic where our parameterized problem is in XP for every FOL-formula. This permits us to set
up the problem that we consider in this article, that is to completely determine the prefix classes
of FOL that demark the parametric-tractability borders of elimination distance to FOL-definable
properties (that is, FPT versus W-hardness).
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The above question has been inspired by the study of Gottlob, Kolaitis, Schwentick in [19] who
provided an analogous dichotomy result (P versus NP-complete) for ESOL-formulas, in several
graph-theoretic contexts. They identified the set & of prefix classes of ESOL such that, if ¢ € §,
then MobpEL CHECKING for ¢ is polynomially solvable, while every prefix class not in § contains
some ESOL formula ¢ where MoDEL CHECKING for ¢ is NP-complete.

Our results. We identify sufficient and necessary conditions on the structure of prefixes of first-
order logic formulas demarcating tractability borders for computing the elimination distance.

Our main algorithmic contribution is the proof that computing the elimination distance to any
graph property defined by a formula from X; is fixed-parameter tractable. We formally define
prefix classes II; and X; in the next section. For the purpose of this introduction, it is sufficient to
know that every formula in ¢ € 35 can be written in the form

@ =y Axy -+ - Axp Yy Yy -+ - Vys Jzydzp -+ - Az, ¢,

where i/ is a quantifier-free FOL-formula and r, s, t are non-negative integers.

Every graph property characterized by a finite set of forbidden subgraphs can be expressed
by ¢ € 3. Actually, for this particular purpose, we can consider even more restricted formulas
¢ € II; C 33 with only V¥ quantifications over variables. The property that the diameter of a graph
is at most two cannot be expressed by using forbidden subgraphs but can easily be written as an
FOL formula from IT, € ¥3: VuVodw[(u = v) V(u ~ v) V ((u ~ w) A (v ~ w))]. Another interesting
example of a property expressible in 25 is the property of containing a universal vertex, and, more
generally, having an r-dominating set of size at most d for constants r and d. Having a twin-pair,
that is, a pair of vertices with equal neighborhoods, is also a property expressible in X5.

THEOREM 1 (INFORMAL). For every ¢ € X3, n-vertex graph G, and k > 0, deciding whether the
elimination distance from G to property P, is at most k, can be done in time f (k) - n9UeD for some
function f of k only.

Our second theorem shows that the assumptions on the prefix of the formula are necessary. Let
I15 be the class of first-order logic formulas of the form

@ =Vx1Vxg - Vx, Jy Ay - Jys Vz4Vzo -+ Vz: ¢,
where 1/ is an FOL-formula without quantifiers and s, t, ¢ are non-negative integers. We show that

THEOREM 2 (INFORMAL). There is ¢ € I3 such that deciding whether the elimination distance to
P, is at most k, is W[2]-hard parameterized by k.

Variants of elimination distance. The main reason why we give informal statements of our the-
orems in the introduction is due to the following issue: The definition of elimination distance is
tailored to the graph properties £ with the condition that G € % if and only if C € P for every
component C of G. Graph properties defined by FOL do not necessarily satisfy such a condition.
This leads to ambiguities. As an example, consider graph property P = {G | G |= VxVy x = y}.
Thus, G € P if and only if G is a single-vertex graph. Let G be an edgeless graph with n > 2
vertices. Since G ¢ P it would be a natural assumption that the elimination distance from G to P
is positive. However, it is not: Every connected component of G is in # and, therefore,

edp (G) = max{edy(C) | C is a component of G} = 0.

To avoid such ambiguities, we refine the definition of the elimination distance.

Since we consider graph properties , = {G | G |= ¢} for formulas ¢, we define the distances
with respect to formulas. Notice that the notion of elimination distance combines “connectivity”
and “inclusion” in a graph class. Depending on which of these two properties we want to prioritize,
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17:4 F. V. Fomin et al.

we give different definitions. Let ¢ be an FOL formula. The first definition prioritizes connectivity
and the second prioritizes the graph property.

Definition 1 (Elimination Distances ed,)"" and ed,*”). For a graph G, we set

©) = {0, if G = ¢ or G = (0,0),

edCOnI‘I
1+ mingev(g) edfp"”"(G —v), otherwise,

4

if G is connected. We set
ed;,""(G) = max{ed,”""(C) | C is a component of G}
when G is not connected.

0, ifG = ¢orG=(0,0),
edE,rOP(G) = {1+ mingey(g) edZmp(G -0), if G [ ¢ and G is connected,

max{1, max{edZmp(C) | Cis a component of G}}, otherwise.

We underline that, by our definition, ed,”""(G) = edZmP(G) = 0if G = (0,0) for any for-
mula ¢. If ¢ is such that G € P, if and only if C € ¥, for every component C of G, then
edp,(G) = ed,""(G) = edZmp(G). However, in general ed;)""(G) and edzmp(G) may differ sig-
nificantly. Consider ¢ = Judv —(u = v) A =(u ~ v) that defines the property that a graph has
two nonadjacent vertices. Let G be the disjoint union of the complete n-vertex graph K, and an
isolated vertex. Then G |= ¢ and, therefore, edE,mp(G) = 0. However, G is not connected and it is
easy to see that ed,""(K,) = n.

To analyze ed;,™"(G) and ed’,*”(G), we use equivalent definitions of these parameters via sets
of vertices X C V(G) of bounded “depth.” We define this notion in Section 3 but informally the
depth of X is the tree-depth of the torso of X (the torso of X is the graph obtained from G[X] by
making every two vertices u, v € X adjacent if there is a connected component C of G — X whose
neighborhood contains both u and v). This leads to another type of elimination distance ed?;pth (G),
which is defined as the minimum tree-depth of the torso of a modulator X C V(G) such that
G—X |= ¢. The distances to graph properties, where the distance is measured as minimum “width”
parameter of a modulator, recently got attention (see, e.g., [14, 22]) in Parameterized Complexity
in the context of hybrid structural parameterizations.

Given the above, a more precise statement of Theorems 1 and 2 is that they hold for the dis-
tances edfp"””, edzmp, and eddePth

o - Precise statements of both theorems and their proofs are given
in Sections 4 and 5.

Related work. Results of this work fit into two popular trends in logic and parameterized com-
plexity. A significant amount of research in descriptive complexity is devoted to the study of pre-
fix classes of certain logics. We refer to the book of Borger, Griadel, and Gurevich [4], as well as
the aforementioned work of Gottlob, Kolaitis, and Schwentick [19] for further references. The
study of graph modification problems is a well-established trend in parameterized complexity.
The books cited in [10, 13, 15, 29] provide a comprehensive overview of the area. In particu-
lar, Fomin, Golovach, and Thilikos [16] studied parameterized complexity of computing vertex
deletion distance and edge editing to graph properties defined by first-order logic formulas; [16,
Theorem 1] establishes fixed-parameter tractability for vertex removal to a graph property %,
for ¢ € X3 and shows that the problem is W[2]-hard for some ¢ € II;. While our Theorem 1
reaches the same tractability border for the elimination distance, the proof is significantly more
complicated.
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The general question on the parameterized complexity of elimination distance to graph proper-
ties was stated by Bulian and Dawar [5, 6]. Properties that have been considered so far are minor-
free graph classes [6], cluster graphs [1, 2], bounded degree graphs [5, 24], and H-free graphs [1].
Moreover, Hols et al. [21] studied the existence of polynomial kernels for the VERTEX COVER prob-
lem parameterized by the size of a deletion set to graphs of bounded elimination distance to cer-
tain graph classes. Lindermayr, Siebertz, and Vigny [24] proved that computing the elimination
distance to graphs of bounded degree is fixed-parameter tractable when the input does not contain
Ks as a minor. While preparing our article, we have learned about the very recent work of Agrawal
et al. [1]. Agrawal et al. established fixed-parameter tractability of computing an elimination dis-
tance to any graph property characterized by a finite set of graphs as forbidden induced subgraphs.
Since graphs of bounded vertex degree can be characterized by a finite set of forbidden induced
subgraphs, the work of Agrawal et al. answers the question of Bulian and Dawar [6] about the
elimination distance to graphs of bounded degree.

Comparing with the result of Agrawal et al. [1], our Theorem 1 is more general. First, it pro-
vides the tractability of the elimination ordering to a strictly larger family of graph properties.
Every graph property described by a finite set of forbidden induced subgraphs is also definable by
a formula from X3. However, properties like having a universal vertex or bounded diameter, which
are expressible in X3, cannot be described by forbidden subgraphs. Second, Theorem 1 holds for
three variants of the elimination distance: edfponn, edfpmp, and ediepth. With this terminology, the
result of Agrawal et al. is only about computing ed;;’™". When it comes to the proof techniques,
both Theorem 1 and the result of Agrawal et al. use recursive understanding, which seems to be a
very natural technique for approaching problems about elimination distances. However, the details
are quite different. To deal with various types of elimination distances and FOL formulas in a uni-
form way, we need different combinatorial characterizations of the distances via sets of bounded
elimination depths. Furthermore, while solving our problems on unbreakable graphs is done by
recursive branching algorithms, similarly to Agrawal et al., we do it in a different way that exploits
the random separation technique to deal with our more general FOL framework. Moreover, the
analysis of components of the graph obtained by the deletion of an elimination set for computing
edj,epth(G), and especially, edfomp(G), is a great deal more challenging. In particular, this is the rea-
son why we apply the random separation technique contrary to the more straightforward tools
used by Agrawal et al.

Overview of the approach. The first two variants of the elimination distance that we examine
are defined recursively using the containment in the graph class #, as the base case. We start
by providing equivalent formulations that are more suitable from the algorithmic perspective. For
this, we introduce the notion of elimination set of depth at most d that is a set X € V(G) that can
be bijectively mapped to a rooted tree T of depth d expressing selection of elimination vertices
in recursive calls. We next prove that ed;)""(G) < k if and only if G has an elimination set X of
depth at most k — 1 such that C |= ¢ for every component C of G — X. Similar, however more
technical, equivalent formulations is given for edz,rop. All alternative definitions and the proofs of
their equivalences to the recursive ones are gathered in Section 3.

The new definitions allow to certify a solution by a set X of bounded elimination depth. How-
ever, the size of X could be unbounded. Moreover, there could be many connected components of
G — X and the sizes of these components could be immense. We use the recursive understanding
technique, introduced by Chitnis et al. in [8], to reduce the solution of the initial problem to a much
more structured problem. In the reduced problem, we can safely assume that each yes-instance is
certified by an elimination set X whose size, as well as the size of the union of all but one of the
components of G — X, is also bounded by a function of k.
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17:6 F. V. Fomin et al.

More precisely, by making use of recursive understanding, we can consider only instances
that are (p(k), k)-unbreakable for some suitably chosen function p. Roughly speaking, a graph
is (p(k), k)-unbreakable when it has no separator of size at most k that partitions the graph in
two parts of size at least p(k) + 1 each. The application of recursive understanding uses the meta-
algorithmic result of Lokshtanov et al. [26] and the fact that all variants of the elimination dis-
tance to $,, are expressible in monadic-second order logic (MSOL) when ¢ is a formula in FOL
(Lemma 5).

The (p(k), k)-unbreakability permits us to assume that |X| < p(k) + k. Moreover, exactly one
connected component Cx of G—X is big, that is, of size at least p(k) +1, and the size of G-V (Cx) is
bounded by some function of k (see Lemma 6). Given that Cx is the big component corresponding
to a solution X, we also consider the set Sx of the neighbors of the vertices of Cx in G and we set
Ux = V(G)\(V(Cx) U Sx). We show that |Sx| < k and |Ux| < p(k).

Our next step is to use the random separation technique, introduced by Cai, Chan, and Chan in
[8]. We construct in FPT-time a family F of at most f(k) - log n partitions (R, B) of V(G) to “red”
and “blue” vertices such that for every elimination set X corresponding to a potential solution,
contains some (R, B) where Ux C R and Sx C B. In our algorithm, we go over all these blue-red
partitions and, for each one of them, we check whether there exists an elimination set X (called
colorful elimination set) where all vertices in Sx are blue and all vertices in Uy are red.

The correct “guess” of the above red-blue partition permits us to design a recursive procedure
that solves the latter problem, i.e., finds a colorful elimination set X. This procedure is different
for each of the three versions of the problem and its variants are presented in Section 4.2. The key
task here is to identify the big component Cx. It runs in FPT-time and its correctness is based on
the prefix structure of the formula ¢.

Organization of the article. In Section 2, we provide the basic definitions of the concepts that we
use in this article: complexity classes graphs and formulas. In Section 3, we prove some properties
and relations between the elimination ordering variants that we consider. We also provide alter-
native definitions and we prove their equivalencies with the original ones. The main algorithmic
result is in Section 4 where we explain how we apply the recursive understanding technique, the
random separation technique, and we present the branching procedure for the “colorful version”
of each variant. Section 5 gives the lower bound of the article. This uses a parameterized reduction
from the SET COVER problem. Finally, in Section 6, we provide some discussion on the kerneliza-
tion complexity of our problems as well as some directions on further research on elimination
distance problems.

2 PRELIMINARIES

Sets. We use N to denote the set of all non-negative numbers. We denote by a = {(ay,...,a,) a
sequence of elements of a set A and call a an r-tuple of simply a tuple. Note that the elements of a
are not necessarily distinct. We denote by ab = {ay, ..., a,, by, ..., bs) the concatenation of tuples
a=<{ay,...,aryandb=<(by...,bs).

Parameterized Complexity. We refer to the recent books of Cygan et al. [10] and Downey and
Fellows [13] for a detailed introduction to the field. Formally, a parameterized problem is a language
L € 3" X N, where X* is a set of strings over a finite alphabet X. This means that an input of a
parameterized problem is a pair (x, k), where x is a string over X and k € N is a parameter. A
parameterized problem is fixed-parameter tractable (FPT) if it can be solved in time f (k)-|x|°()
for some computable function f. Also, we say that a parameterized problem belongs to the class
XP if it can be solved in time |x|/®) for some computable function f. The complexity class FPT
contains all fixed-parameter tractable problems. Parameterized complexity theory also provides
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tools to disprove the existence of an FPT-algorithm for a problem under plausible complexity-
theoretic assumptions. The standard way is to show that the problem is W[1] or W[2]-hard using
a parameterized reduction from a known W[1] or W[2]-hard problem; we refer to [10, 13] for the
formal definitions of the classes W[1] and W[2] and parameterized reductions.

Graphs. We consider only undirected simple graphs and use the standard graph theoretic ter-
minology (see, e.g., [12]). Throughout the article, we use n to denote |V(G)| if it does not create
confusion. For a set of vertices S € V(G), we denote by G[S] the subgraph of G induced by the ver-
tices from S. We also define G—S = G[V(G)\S]; we write G—v instead of G —{v} for a single vertex
set. For a vertex v, Ng(v) denotes the open neighborhood of v, that is, the set of vertices adjacent
to v, and Ng[v] = {v} U Ng(v) is the closed neighborhood. For S € V(G), Ng(S) = (Uyes N (v))\S
and Ng[S] = Uyes N[v]. For a vertex v, dg(v) = |[Ng(v)| denotes the degree of v. For a path P
with end-vertices u and v, we say that P is a (u, v)-path; the vertices of V(P)\{u, v} are internal. A
graph G is connected if for every two vertices u and v, G contains a path whose end-vertices are
u and v. For a positive integer k, G is k-connected if |V(G)| > k and G — S is connected for every
S € V(G) of size at most k — 1. A connected component (or simply a component) is an inclusion
maximal induced connected subgraph of G. For two distinct vertices u and v of a graph G, a set
S € V(G) is a (u, v)-separator if G — S has no (u, v)-path.

A rooted tree is a tree T with a selected node r (we use the term “node” instead of “vertex” for
such a tree) called a root. The selection of r defines the standard parent-child relation on V(T).
Nodes without children are called leaves and we use L(T) to denote the set of leaves of T; note that
aroot is aleaf if [V (T')| = 1. The depth depth(v) of a node v is the distance between r and v, and
the depth (or height) depth(T) of T is the maximum depth of a node. The nodes of the (r, v)-path
are called ancestors of v. We use A1 (v) to denote the set of ancestors of v in T. Note that v is
its own ancestor; we say that an ancestor is proper if it is distinct from v. Two nodes u and v of
T are comparable if either v is an ancestor of u or u is an ancestor of v. Otherwise, u and v are
incomparable. A node w of T is the lowest common ancestor of nodes u and v if w is the ancestor
of maximum depth of both u and v. Note that the lowest common ancestor is unique and if u
and v are incomparable then the lowest common ancestor is distinct from u and v. A node v is a
descendant of u if u is an ancestor of v. By Dr(u), we denote the set of descendants of u in T. As
with ancestors, a node is its own descendant and we say that a descendant v of u is proper if u # v.
For a node v, the subtree induced by the descendants of v is the subtree rooted in v.

Logic. In this article, we deal with first-order and monadic second-order logic formulas on graphs.

The syntax of the first-order logic (FOL) formulas on graphs includes the logical connectives
V, A, -, variables for vertices, the quantifiers V, 3 that are applied to these variables, the predicate
u ~ v, where u and v are vertex variables and the interpretation is that u and v are adjacent,
and the equality of variables representing vertices. It is also convenient to assume that we have
the logical connectives — and <. An FOL formula ¢ is in prenex normal form if it is written as
¢ = Qux1Qax7 - - - Qpx; y where each Q; € {V, 3} is a quantifier, x; is a variable, and y is a quantifier-
free part that may depend on the variables x1, ..., x;. Then Q;x1Qox5 - - - Q;x; is referred to as the
prefix of ¢. From now on, when we write “FOL formula,” we mean an FOL formula on graphs that
is in prenex normal form. We assume that there is no nested requantification of a variable, that is,
X1, . .., X are distinct. Also, we assume that a formula has no free, that is, non-quantified variables
unless we explicitly say that free variables are permitted. For an FOL formula ¢ and a graph G, we
write G |= ¢ to denote that ¢ evaluates to true on G.

We use the arithmetic hierarchy (also known as Kleene-Mostowski hierarchy) for the classifi-
cation of formulas in the first-order arithmetic language (see, e.g., [30]). For this, we define prefix

ACM Transactions on Computational Logic, Vol. 23, No. 3, Article 17. Publication date: April 2022.



17:8 F. V. Fomin et al.

classes according to alternations of quantifiers, that is, switchings from V¥ to 3 or vice versa in the
prefix string of the formula. Here, we allow a formula to have free variables. Let 3, = II, be the
classes of FOL-formulas without quantifiers. For a positive integer £, the class 3, contains formulas
that may be written in the form

@ = AxyAxy - Axs Y,

where ¥ is a II,_;-formula, s is some integer, and x, ..., x; are free variables of 1. Respectively,
I, consists of formulas
@ =Vx1¥xy - - Vx5 ¢,

where i is a X,_;-formula and x, . . ., x5 are free variables of {. Note that for ¢’ > ¢, 3, UIl, C
2 N1, that is, every 2 or I1, formula is both a 3, and I, -formula.

For technical reasons, we extend FOL formulas on graphs to structures of a special type. We say
that a pair (G, v), where v = (vy,...,v,) is an r-tuple of vertices of G, is an r-structure. Let ¢ be
an FOL formula without free variables and let x = (xi, ..., x,) be an r-tuple of distinct variables
of ¢. We denote by ¢[x] the formula obtained from ¢ by the deletion of the quantification over
X1, . .., Xy, that is, these variables become the free variables of ¢[x]. For an r-structure (G, v) with
v = (vy,...,v;yand @[x], we write (G, v) |= ¢[x] to denote that ¢[x] evaluates to true on G if x; is
assigned v; for i € {1,...,r}. If r = 0, that is, v and x are empty, then (G, V) |= ¢[x] is equivalent
to G |= .

As a subroutine in our algorithms, we have to evaluate FOL formulas on graph, that is, solve
the MODEL CHECKING problem. Let ¢ be an FOL formula. The task of MoDEL CHECKING is, given
a graph G, decide whether G |= ¢. It was shown by Vardi [31] that MopeL CHECKING is PSPACE-
complete. The problem is also hard from the parameterized complexity viewpoint when parame-
terized by the size of the formula. It was proved by Frick and Grohe in [18] that the problem is
AW/[x]-complete for this parametrization (see, e.g., the book [15] for the definition of the class).
Moreover, it can be noted that the problem is already W[1]-hard for formulas having only exis-
tential quantifiers, that is, for ¢ € X;, by observing that the existence of an independent set of
size k can be easily expressed by such a formula and INDEPENDENT SET is well-known to be W[1]-
complete [13]. This implies that we cannot expect an FPT algorithm for the problem. However,
it is easy to see that MODEL CHECKING is in XP when parameterized by the number of variables,
because the problem for a formula with s variables can be solved in O(n®) time by the exhaustive
search (the currently best algorithm is given by Williams in [32]). This explains the exponential
dependence of the polynomials in running times in our algorithm on the number of variables. For
referencing, we state the following observation:

OBSERVATION 1. MoDEL CHECKING for an FOL formula ¢ can be solved in n®(¢D time.

In monadic second-oder logic (MSOL), we additionally can quantify over sets of vertices and
edges. Formally, we can use variables for sets of vertices and edges and have the predicate x € X,
where x is a vertex (an edge, respectively) variable and X a vertex set (an edge set, respectively)
variable, denoting that x is an element of X. As with FOL formulas, we write G |= ¢ to denote that
an MSOL formula ¢ evaluates true on G. We refer to the book of Courcelle and Engelfriet [9] for
the details of MSOL on graphs.

3 PROPERTIES OF ELIMINATION DISTANCE
In this section, we derive the properties of the elimination distances, ed;,Onn and edzmp, that will

be used in the proof of the main theorem. We also define ediepth.

OBSERVATION 2. For every FOL formula ¢ and every graph G, ed,** (G) < ed,"(G) + 1.
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Proor. The proof is by induction on the value of ed,”™"(G).

Suppose that ed”""(G) = 0 for a graph G. If G is connected, then G |= ¢ and ed)”(G) = 0.
Hence, the inequality holds. If G is disconnected, then C |= ¢ for every component C of G.If G |= ¢,
then edzmp(G) =0.If G |~ ¢, then edfomp(G) = max{1, max{eerOp(C) | Cis a component of G}} =
1. In both cases, edZmp(G) <ed,"(G) + 1.

Assume that ed”""(G) > 0 and edZmp(G’) < ed,"(G') + 1 for all G’ with ed”"(G) <
edfpOnn (G). The claim is trivial if edZmp(G) = 0. Suppose that eerOp(G) > 0. We have two cases.
Case 1. G is connected. By definition, there is u € V(G) such that ed;,™(G) = 1 + ed)""(G — u).
Because edz,mp(G) > 0,

ed) " (G) =1+ min_ ed?P(G —v) < 1+ed)*(G - u).

Then, by induction,
edzmp(G) <1+ edzmp(G —u) <2+ edfp°""(G —u)=1+ edfp"“"(G).

Case 2. G is disconnected. Let Cy,...,Cs be the components of G. By definition, edfp"”“(G)

max;<;<s ed,"" (C;). In particular, we have that ed,”""(C;) < ed)""(G) for every i € {1,...,s}.
Notice that by the already proved claim for connected graphs in Case 1, edj, * (C;) < ed,™"(Ci)+1
for every i € {1,...,s}. Because edfPO"”(G) >0, G £ ¢. Then
prop ~\ _ prop ~. conn (.
ed, ' (G) = max {1, max ed, (Cl)} < max {1, 1n£1iasxs(ed¢ (Cy) + 1)}
= max ed,"(C;) + 1 =ed,""(G) + 1,
1<i<s
as required. This completes the proof. O

The example of ¢ = VxVy x = y and an edgeless graph G with at least two vertices shows that
the inequality in Observation 2 is tight. However, recall that the difference between ed;™(G) and
edg,"Jp (G) can be arbitrarily large, as demonstrated by the example given in the introduction with
¢ = Judv =(u = v) A =(u ~ v) defining the property that a graph has two nonadjacent vertices.

For algorithmic purposes, it is convenient for us to define ed;,™"(G) and edzmp(G) via deletions
of sets of vertices of G with a special structure. Similar approaches were exploited by Agrawal
et al. [1] and Bulian and Dawar [5, 6] but we do it in a different way, because we consider two
variants of elimination distances.

Let G be a graph and let d > 0 be an integer. We say that a set of vertices X € V(G) is an
elimination set of depth at most d if there is a rooted tree T of depth at most d and a bijective
mapping «: V(T) — X such that for every two distinct incomparable nodes x and y of T, (A7 (v))
is an (a(x), a(y))-separator in G, where v is the lowest common ancestor of x and y (recall that
Ar(v) denotes the set of ancestors of v). We also say that the pair (T, @) is a representation of X
(or represents X). The depth of X C V(G), denoted depth(X), is the minimum d such that X is an
elimination set of depth at most d. We assume that the empty set is an elimination set of depth —1.

We call a representation (T, a) of an elimination set X € V(G) nice if for every nonleaf node
v € V(T) and its child x, the vertices of «(Dr(x)) are in the same component of G — Ar(v). The
following property is useful for us:

LEMMA 1. LetG be a connected graph and letd > 0 be an integer. Then a nonempty X C V(G) is an
elimination set of depth at most d if and only if X has a nice representation (T, &) with depth(T) < d.
Moreover, if (T, @) is a representation of X, then there is a nice representation (T’, &) of X withV(T’) =
V(T) such that (i) a(L(T)) € a(L(T’)) and (ii) for each v € X, depthy(a~'(v)) > depthy, (@' (v)).
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Proor. Clearly, if X C V(G) has a nice representation (T, «) with depth(T) < d, then X is an
elimination set of depth at most d. For the opposite direction, it is sufficient to show the second
claim. Let (T, a) be a representation of X and depth(T) < d. We show the existence of (T’, @)
satisfying (i) and (ii) by induction on d.

The claim is trivial if [X| = 1 as T’ = T in this case. Assume that |X| > 2 and d > 1. Denote
by r the root of T and let u = a(r). Consider the components Cy, ...,Cs of G — u containing at
least one vertex of X. For every i € {1,...,s},let X; = V(C;) N X and U; = a~!(X;). For every
i €{1,...,s}, we construct the tree T; with the set of vertices U; U {r} as follows: For every x € U;
such that x # r, we find a proper ancestor y € U; with respect to T of maximum depth and make y
the parent of x, and if x has no ancestors in U;, then we make r the parent of x. Because the choice
of the parent is unique, T; has no cycles, and because we assign the parent to every node distinct
from r, we conclude that T; is a tree. Denote by T the union of Ty, . . ., T; and set r be the root of T.
Because every node of T distinct from r got a parent from the set of its proper ancestors in T, (i)
a(L(T)) € a(L(T)) and (ii) for each v € X, depthy (¢~ (v)) > depths(a~!(v)).

We prove that (T, a) represents X. Consider incomparable nodes x and y of T and denote by
v their lowest common ancestor. We have to show that a(A7(v)) is an (a(x), «(y))-separator in
G. This is trivial if a(x) and «(y) are in distinct components of G — u. Assume that a(x) and
a(y) are in the same component C; for some i € {1,...,s}, that is, x,y € U;. Note that by the
construction of T, x and y are incomparable in T. Let v’ be their lowest common ancestor in T.
Clearly, v is an ancestor of v in T. By the construction of T, Ar(0) NV(C;) = Ar(v') N V(Cy).
Because Ar(v) separates a(x) and a(y), we have that Ar(v) N V(C;) is an (a(x), a(y))-separator.
Therefore, a(A7(v)) is also an (a(x), «(y))-separator. This proves that (T, @) represents X.

Consider i € {1,...,s}. Observe that r has a unique child in U; in T. Otherwise, if x and y are
distinct children of r, then we have that x and y have no ancestors in U; with respect to T. Let v
be the lowest common ancestor of x and y in T. Note that v # x, y and a(Ar(v)) does not separate
a(x) and a(y) contradicting that (T, «) represents X. Hence, r has the unique child r; in U;. Let T;
be the subtree of T rooted in r;. We set a;(x) = a(x) for x € U;. Because (T, a) represents X, it is
straightforward to verify that (T}, a;) represents X in the graph C;. Because depth(T;) < d—1, we
can apply the inductive assumption. We obtain that there is a nice representation (T/, ;) of X; in
C; with V(T]) = V(T;) such that (i) a(L(T;)) C a(L (T})) and (ii) for each v € X, depthy, (a;'(v) >
depthy, (a;!(v)). Notice that by the second condition, T/ is rooted in r;.

We clonstruct the trees Tl.’ foralli € {1,...,s} and then construct T’ from their union by mak-
ing ry,...,rs the children of r. Clearly, depth(T’) < d and (T’, ) is a nice representation of X
satisfying conditions (i) and (ii) of the lemma. O

It is also useful to characterize the depths of an elimination set in a disconnected graph.
LEMMA 2. Let G be a graph with components Cy, ...,Cs and let X C V(G) such that X # 0. Then
depth(X) = lmj? max{depth(X;), max{depth(X;) |1 < j <s, j# i} +1}, (1)
<i<s

where X; = X NV(C;) fori e {1,...,s}.

Proor. Recall that depth(0) = —1 by definition. This allows us to assume without loss of gen-
erality that X; # 0 for all i € {1,...,s}. Otherwise, we can delete each component C; such that
X; = 0 without violating the value of depth(X) and the right part of (1).

To show that

depth(X) < 1r£1i£1 max{depth(X;), max{depth(X;) [ 1 < j<s, j#i}+1},
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assume that the minimum value of the right part of (1) is achieved for i € {1,...,s}. For every
j€1{1,...,s}, let (T}, ;) be a representation of X in C;, where T; is rooted in r; and depth(T;) =
depth(Xj). We construct the tree T with the root r = r; from Ti,...,Ts by making each r; for
j€{1,...,s}\{i} a child of r. Clearly, depth(T) = max{depth(T;), max{depth(T;) [1<j <s, j#
i} + 1} = max{depth(X;), max{depth(X;) | 1 < j <'s, j # i} + 1}. We define a: V(T) — X by
setting a(x) = a;(x) whenever x € X; for some i € {1,...,s}. It is straightforward to verify that
(T, @) represents X.
To show the opposite inequality

depth(X) > lr?ig max{depth(X;), max{depth(X;) [1 < j <s, j#i}+1},

let (T, a) be a representation of X, where T is rooted in r and depth(T) = depth(X). By symmetry,
we assume without loss of generality that r € V(C). For every j € {1,...,s}, let U; = a7 (X;).

The rest of the proof is done similarly to the proof of Lemma 1. For every j € {1,...,s}, we
construct the tree T; with the set of vertices U; U {r} as follows: For every x € U, such that
x # r, we find a proper ancestor y € U; of x with respect to T of maximum depth and make y the
parent of x, and if x has no ancestors in U;, then we make r the parent of x. Because the choice
of the parent is unique, T; has no cycles, and because we assign the parent to every node distinct
from r, we conclude that T; is a tree. Denote by T’ the union of Ty, ..., Ts and set r be the root.
Because every node of T’ distinct from r got a parent from the set of its proper ancestors in T,
depth(T’) < depth(T) = depth(X).

We claim that (T’, @) represents X. To show this, let x and y be incomparable nodes of T’ and
let v be their lowest common ancestor. We show that a (A7 (v)) is an (a(x), ¢(y))-separator in G.
This is trivial if @(x) and a(y) are in distinct components of G. Assume that a(x) and «(y) are in
the same component C; for some j € {1,...,s}, that is, x,y € U;. Notice that by the construction
of ', Ar(v) NCj = Ar(v") N Cj, where v is the lowest common ancestor of x and y in T. Because
Ar(v’) separates a(x) and a(y), we have that Ar(v’) N C; is an (a(x), a(y))-separator. Therefore,
a(Ar(v)) is an (a(x), a(y))-separator as well, as required.

Let j € {2,...,s}. Observe that r has a unique child in U; in T’. Otherwise, if x and y are
distinct children of r, then we have that x and y have no ancestors in U;. Let v be the lowest
common ancestor of x and y in T. Note that v # x,y and a(Ar(v)) does not separate a(x) and
a(y) contradicting that (T, ) represents X. Hence, r has the unique child r; in U;. Let Tj' be the
subtree of T’ rooted in r;. Define a;(x) = a(x) for x € Uj;. Since (T’, ) represents X, we obtain
that (Tj’, a;) represents X;. Then depth(X;) < depth(Tj') < depth(T) — 1 = depth(X) — 1.

It is straightforward to verify that (T3, «;) represents X;, where a;(x) = a(x) for x € U;. This
means that depth(X;) < depth(T;) < depth(X). Because depth(X;) + 1 < depth(X) for j €
{2,...,s},

depth(X) > max{depth(X;),depth(Xz) + 1,...,depth(X;) + 1}
> 1121? max{depth(X;), max{depth(X;) |1 <j<s, j#i}+1}.
SISS

This completes the proof. O

It is sufficient for our purposes to characterize ed;,™"(G) for connected graphs and we do it in
the following lemma:

LEMMA 3. Let ¢ be an FOL formula and let G be a connected graph. Let also d > 0 be an integer.
Then ed ;" (G) < d if and only if G contains an elimination set X of depth at most d — 1 such that
C |= ¢ for every component C of G — X.
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Proor. First, we show that if edfp"”"(G) < d, then G has an elimination set X of depth at most
d — 1 such that C |= ¢ for every component C of G — X. The proof is by induction on d. The claim
is trivial if ed,”""(G) = 0 as depth(0) = —1 by definition. Let d > ed,”""(G) > 1.

Because G is connected and ed;""(G) > 0, thereis v € V(G) such thated;,™"(G) = 1+ed)"" (G-
v). We construct a node r of T and set it be the root. If C |= ¢ for every component C of G — v, then
the construction of X and T is completed and we define a(r) = v. Otherwise, let Cy, . .., Cs be the
components of G—v such that C; [£ ¢ fori € {1,...,s}. Clearly, edfp°“”(C,~) <d-1forie{1,...,s}.
Leti € {1,...,s}. By induction, there is an elimination set X; C V(C;) of depth at most d — 2 such
that H |= ¢ for every component H of C; — X;. Then there is a corresponding representation (7;, @;)
of X; in C;. Let r; be the root of T;. We define X = {v} U | Ji_, X;, and construct T from Ty, ..., Ts
by making ry, ..., rs the children of r. Finally, we define

v, ifx=r,
a(x) = .
ai(x), ifx e V(C;) forsomei € {1,...,s}.

It is straightforward to verify that X is an elimination set of depth at most d — 1 with respect to
(T, @).

For the opposite direction, we assume that X is an elimination set of minimum depth such that
C |= ¢ for every component C of G — X. We assume that the depth of X is d — 1 and prove that
ed,,""G < d. The proof is by induction on d.

The claim is trivial if d = 0, that is, if X = 0. Suppose that d = 1, that is, the depth of an
elimination set X is zero and, therefore, X = {u} for some u € V(G). We have that C |= ¢ for
every component C of G —u. This means that ed;”""(C) = 0 for every component C and, therefore,
ed,;""(G — u) = 0. Then because ed,)""(G) > 0, ed,”""(G) = 1 + minyey(c)ed," (G — v) =
l+ed)"™(G-u)=1<d.

Suppose that d > 2 and the claim holds for the lesser values of d. Because G is connected, by
Lemma 1, there is a nice representation (T, &) of X with depth(T) = d—1. Let r be the root of T and
u = a(r). Because ed,""(G) > 0,ed,”""(G) = 1+ minyey(g) ed;, " (G-v) < 1+ed,""(G—u) and
it is sufficient to show that ed;”"" (G —u) < d — 1. For this, we have to prove that ed;,""(C) < d -2
for every component C of G — u.

If V(C) N X = 0 for a component C, then C is a component of G — X and we have that C |= ¢.
Then ed,”""(C) = 0 < d — 2. Consider the components Ci, . . ., Cs of G —u such that V(C;) N X # 0.

Because (T, a) is nice, r has s children xy, ..., xs such that for every i € {1,...,s}, a(V(T;)) C
V(C;), where T; is the subtree of T rooted in x;. Let a;: V(T;) — V(C;) be the restriction of
aon V(T;) fori € {1,...,s}. Consider i € {1,...,s}. We have that (T}, «;) is a representation of

X; = XNV(C;). Notice that for each component C of C; — X, C |= ¢. Clearly, depth(T;) < depth(T).
This implies that we can use the inductive assumption and conclude that ed;)™(C;) < d - 1.
Therefore, ed;;™ (G — u) < d — 1 and this concludes the proof. O

To characterize edzmp(G), we need additional definitions.

Let G be a connected graph and let X € V(G) be an elimination set represented by (T, ). We
say that anode x € V(T) is an anchor of a component C of G—X if x is the node of maximum depth
in T such that a(x) € Ng(V(C)). We also say that C is anchored in x. Notice that the definition of
an elimination set immediately implies the following property:

OBSERVATION 3. Let G be a connected graph and let X C V(G) be an elimination set represented
by (T, ). Then for every component C of G — X, Ng(V(C)) € a(Ar(x)), where x is an anchor of C.

In particular, Observation 3 implies that an anchor of each component of G — X is unique. For
anode x € V(T), we denote by P, the set of components of G — X anchored in x, and G, denotes
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the subgraph of G induced by the vertices of the graphs of P, that is, G, is the union of the
components of G — X anchored in x. Clearly, P and G, may be empty. Note that the anchors of
the components of G — X depend on the choice of a representation. Therefore, we use the above
notation only when (7T, @) is fixed and clear from the context.

LEmMA 4. Let ¢ be an FOL formula and let G be a connected graph with edz,mp(G) > 0. Let alsod
be a positive integer. Then edZmp(G) < d if and only if G contains an elimination set X of depth at
most d — 1 with a representation (T, o) such that the following is fulfilled:

(i) for every nonleaf node x € V(T), C |= ¢ for every C € Py,
(ii) for every leaf x of T with depth (x) < d — 2, either G |= ¢ or C |= ¢ for every C € Py,
(iii) for every leaf x of T with depth,(x) =d — 1, G« = ¢.

Proor. The lemma is proved similarly to Lemma 3. We begin by showing that if edzrop (G) <d,
then G has an elimination set X of depth at most d — 1 with a representation (T, «) such that
conditions (i)—(iii) are fulfilled. For this, we inductively construct X and (T, a) with depth(T) <
d — 1 using the definition of edfomp(G).

Since G is connected and edzmp (G) > 0, thereis v € V(G) such that edzmp (G) = 1+ed""(G-v).
We construct a node r of T and set it be the root. If either G—v |= ¢ or C |= ¢ for every component
C of G — v, then the construction of X and T is completed and we define a(r) = v. Note that
edZmp(G) = 1 in the first case and edZmP(G) = 2 in the second. This implies that (i)-(iii) are
fulfilled. Assume from now on that this is not the case.

Denote by Cy, . .., Cs the components of G — v such that C; [ ¢ fori € {1,...,s}. By definition,
eerOp(Ci) <d-1fori e {1,...,s}. Notice that for each component C of G — v distinct from
Ci,...,Cs, C |= ¢. Then, we can assume inductively that for every i € {1,...,s}, there is an
elimination set X; € V(C;) of depth at most d — 2 with respect to C; with a representation (T;, @;)
such that conditions (i)-(iii) are fulfilled (for d := d — 1). Let r; be the root of T; for i € {1,...,s}.
We define X = {v} U |J;_; X;, and construct T from Ty, .. ., Ty by making ry, . .., rs the children of

r. Then, we set
v, ifx=r,
a(x) = {

ai(x), ifx e V(C;)for somei€ {1,...,s}.

Using the inductive assumptions that (i)-(iii) are fulfilled for X; with (T;, ;) foreveryi € {1,...,s}
and the observation that $, consists of the components of G — v distinct from Cy, . . ., Cs, we show
that (i)—(iii) are fulfilled for X and the representation (T, «).

For x = r, (i) holds, because C |= ¢ for every C € P, by the construction of T. If x # r is a nonleaf
vertex of T, then x is a nonleaf vertex of T; for some i € {1,...,s}. By the inductive assumption,
C = ¢ for every component of G; — X; anchored in x with respect to T;. By the construction of
T, every C € Py is a component of G; — X; anchored in x implying that (i) is fulfilled. To see (ii),
let x be a leaf of T with depth;(x) < d — 2. Then x is a leaf of T; for some i € {1,...,s} and
depthr, (x) < d — 3. By induction, either (G;)x |= ¢ or C |= ¢ for every component C of G; — X;
anchored in x with respect to T;. Note that (G;)x = G, and every C € Py is a component of
G; — X; anchored in x with respect to T;. Therefore, (ii) holds. For (iii), the arguments are almost
the same. If x is a leaf of T with depth(x) < d — 1, then x is a leaf of T; for some i € {1,...,s} and
depthr, (x) < d — 2. By the assumption, (G;)x [ ¢ with respect to T;. Since (G;)x = Gy, we have
that (iii) holds.

To show the implication in the opposite direction, assume that X is an elimination set of depth
at most d — 1 with a representation (T, ) satisfying (i)-(iii). By the second claim of Lemma 1, we
can assume that T is nice. We show that edzrop (G) < d by induction on depth(T).
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Suppose that depth(T) = 0, that is, the depth of an elimination set X is zero and, therefore,
X = {u} for some u € V(G).If d = 1, then G, |= ¢ and edZmp(G) = 1. If d > 2, then either
Gy | ¢ or C |= ¢ for every component C of G — u. In both cases, edzmID (G) < 2 by the definition
of edzmp(G).

Assume that depth(T) > 1. In particular, d > 2. Since G is connected and edZmp(G) > 0,
edzmp(G) = 1+ minyey(g) edz,mp(G -v) £ 1+ edz,mp(G — u) and it is sufficient to show that
eerOp(G —u)<d-1.IfG—-u = ¢, then eerOp(G) =1 < d. Assume from now on that G — u |~ ¢.
Then, by the definition of ed,”""(G), it is sufficient to show that edZmp(C) < d — 2 for every
component C of G — u.

IfV(C)NX = 0 for a component C of G—u, then C € , and C |= ¢. Then ed';mp(C) =0<d-2.
Consider the components Cy,...,Cs of G — u such that V(C;) N X # 0. Because (T, «) is nice,
r has s children xi, ..., x;s such that for every i € {1,...,s}, «(V(T;)) C V(C;), where T; is the
subtree of T rooted in x;. Let a;: V(T;) — V(C;) be the restriction of « on V(T;) for i € {1,...,s}.
Consider i € {1,...,s}. We have that (T}, @;) is a representation of X; = X N V(C;) satisfying
(i)—(iii). Notice that depth(T;) < depth(T). Then by the inductive assumption edf:,rOP (C) <d-1.
Therefore, edzmp(G —u) < d -1 and this concludes the proof. O

Lemmas 3 and 4 demonstrate that ed;”""(G) and eeroP(G), respectively, can be defined via the
deletion of an elimination set. We also use these results to define a third variant of the elimination
distance.

Definition 2 (Elimination Distance eddq,epth). Let ¢ be an FOL formula. For a graph G, edieIDth (G)
is the minimum d such that G has an elimination set X C V(G) of depth d — 1 such that G- X |= ¢.

Notice that if the trees in the considered representations of elimination sets are constrained to
be paths, then we obtain the classical deletion distance, that is, the minimum size of a set X C V(G)
such that G — X |= ¢. Thus, edd(pepth is a direct generalization of this classical distance, where the
measure of the distance is not the size of X but the depth of X. We defined the depth of a set
X C V(G) using a representation. However, there is an equivalent definition that uses the notion
of tree-depth (see, e.g., [28] for the definition); in fact, the tree-depth of G equals edy (G), where
P is the class of empty graphs. Let G be a graph and let X C V(G). Recall that the torso of X
is the graph H obtained from G[X] by making every two vertices u,v € X adjacent if three is
a component C of G — X such that u,v € Ng(V(C)). Then the following property can be seen
from [5, 6] and also can be easily shown by the definitions of tree-depth and the depth of an
elimination set.

OBSERVATION 4. For a set X C V(G) and an integer k, depth(X) < k — 1 if and only if the
tree-depth of the torso of X is at most k.

Thus, ediepth is minimum k such that there is X € V(G) whose torso has the tree-depth at most
kand G- X = o.

Observe that ediepth(G) is incomparable with ed,”""(G) and ederP(G). To see this, consider
first o = VxVy [(x = y) V (x ~ y))] defining the property that a graph is complete. Consider the
graph G,, constructed from two disjoint copies H; and H; of K, for n > 1 by adding a vertex w and
making it adjacent to every vertex of H; and H,. Notice that to obtain a complete graph from G, we
have to delete either the vertices of H; or H,. Because these graphs are complete, ediePth (Gp) =n.
However, the deletion of w results in the graph whose components are complete graphs. Hence,
ed;;""(G,) = 1 and it can be seen that edZ,roP(Gn) = 2. For the opposite direction, consider

@ =YxVy¥zAuTo [(x ~y) A(y ~2)) = ((x =2) V(x ~2))] A=(u=0v) A =(u ~v)].
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Fig. 1. Conditions for components Cy,...,Cs of G- X;d = 3.

This formula defines the property that a graph does not contain an induced path on three vertices
and has at least two nonadjacent vertices, that is, a graph is disjoint union of at least two complete
graphs. Let G, be the graph obtained from two copies H; and H; of K, by joining a vertex w; of
H; with a vertex wy of H, by a path wywywswy. Since G, — {w,, w3} |= ¢ and for every w € V(G,),
G, —w £ ¢, we have that ediepth (Gn) = 2. We claim that ed;""(G,), edZmp(Gn) > n. The claim

is trivial for n = 1. Assume that n > 2 and consider w € V(G,). If w ¢ {wy,...,wy}, then
ed,"(Gp — w) > ed)""(Gn-1) = n — 1. Similarly, edzmp(Gn - w) > eerOp(Gn_l) >n-11f
w € {wy,...,wy}, then neither (G, — w) |= ¢ nor C |= ¢ for every component C of G,, — w. Notice

that G,, — w has a component that is a complete graph with either n — 1 or n vertices. For this
component C, we have that ed;”""(C) = edfamp(C) > n—1. We conclude that ed,”"" (G, —w) > n—1
and edzmp(Gn —w) > n—1for every choice w € V(G,). Therefore, ed;”""(Gy), edf:,mp(Gn) > n (in
fact, ed)""(Gy) = edz,mp(Gn) =n).

Summarizing, now we have three definitions of eliminations distances via elimination sets. We
use Figure 1 to illustrate the differences for the requirements for G — X for a given elimination

set X. For edfPO””, it should hold that C; = ¢ for every i € {1,...,6}. For edzr()p, we require that

() C1 F o, (ii) G5 = pand G |= ¢ or G, |= ¢ and (ii) Gx = ¢ and G, |= ¢. For ediemh, H = o,

where H = G — X is the union of C; . . ., Cq.
Given an FOL formula ¢, we define the following three variants of the ELIMINATION DISTANCE
problems for x € {conn, prop, depth}:
ELIMINATION DISTANCE—-(%) TO ¢ parameterized by k

Input: A graph G and a nonnegative integer k.
Task: Decide whether ed} (G) < k.

These problems are closely connected to the DELETION TO ¢ problem for a formula ¢ that asks,
given a graph G and a nonnegative integer k, whether there is a set S of size at most k such that
G - S |= ¢. In particular, Observation 3 implies the following:

OBSERVATION 5. DELETION TO ¢ and ELIMINATION DISTANCE—(% ) TO ¢ for* € {conn, prop, depth}
are equivalent on instances (G, k), where G is a (k + 1)-connected graph.

4 AN FPT ALGORITHM FOR X3-FORMULAS

In this section, we show the main algorithmic result, Theorem 1, that ELIMINATION DISTANCE—(%)
TO ¢ is FPT for formulas from X3. Now, we state this theorem formally.
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THEOREM 1. For every FOL formula ¢ € 3, ELIMINATION DISTANCE—(%) TO ¢ can be solved in
f(k) - n9UeD time for each x € {conn, prop, depth}.

We prove the theorem using the recursive understanding technique introduced by Chitnis
et al. [8]. It was recently demonstrated by Agrawal et al. [1] that this approach is useful for elimina-
tion problems. As we are interested in the quality result, we apply the meta theorem of Lokshtanov
et al. [26] (see the arXiv version [27] for more details). This considerably simplifies the arguments,
but makes the proof nonconstructive. Moreover, we only show the existence of nonuniform FPT
algorithms. However, we conjecture that it may be possible (however, very technical) to show the
theorem in a constructive way by giving uniform algorithm by either using the original approach
of Chitnis et al. [8] or the dynamic programming scheme proposed by Cygan et al. [11].

The remaining part of the section contains the proof of Theorem 1. In Section 4.1, we introduce
the notation and provide auxiliary results needed to apply the recursive understanding technique,
and in Section 4.2, we prove that the ELIMINATION DI1sTANCE—(%) TO ¢ is FPT for the key case when
the input graphs cannot be partitioned in big parts by separators of bounded size.

4.1 Recursive Understanding

Let G be a graph. A pair (A, B), where A,B C V(G) and AU B = V(G), is called a separation of G
if there is no edge uv with u € A\B and v € B\A. In other words, A N B is a (u, v)-separator for
every u € A\B and v € B\A. The order of (A, B) is |AN B|.

Let p, g be positive integers. A graph G is said to be (p, q)-unbreakable if for every separation
(A, B) of G of order at most g, either |[A\B| < p or |[B\A| < p, that is, G has no separator of size at
most g that partitions the graph into two parts of size at least p + 1 each.

We state the restricted variant of the meta theorem of Lokshtanov et al. [26]. Lokshtanov et al.
proved the theorem for structures and counting monadic second-order logic. For us, it is sufficient
to state the theorem for graphs and MSOL.

THEOREM 3 ([26, THEOREM 1]). Let ¢y be an MSOL formula. For all q € N, there exists p € N such
that if there exists an algorithm that solves MODEL CHECKING for  on (p, q)-unbreakable graphs in
O(n?) time for some d > 4, then MoDEL CHECKING for i/ can be solved on general graphs in O(n?)
time.

It is crucial that the considered problems may be expressed in MSOL. The fact that the property
that ed;”""(G) < k can be expressed in MSOL was already used by Lindermayr et al. [25]. We

provide a short unifying proof for ed;;""(G) < k and edzmp(G) < k in our terms. For edielOth (G) <
k, the arguments are different.

LEMMA 5. For every FOL formula ¢, every % € {conn, prop, depth}, and every integer k > 0, there
is an MSOL formula " such that for each graph G, G |= /' if and only ifed;(G) <k

Proor. We use capital letters to denote vertex set variables and small letters are used for vertex
variables. To simplify notation, we introduce some auxiliary formulas. Notice that we can express
that Z = X N'Y in MSOL and we write X NY for such an expression. Similarly, we write X — Y to
express that Z = X\Y, and we write X — y for X\{y}. Also X is used for the complement of X. It
is well-known that the connectivity property can be expressed in MSOL, because of the following
observation: A set X C V(G) induces a connected subgraph of G if and only if for every partition
(U, W) of X, there is an edge uw € E(G) such that u € U and w € W. Then, we can observe that
for every X C V(G), G[X] is a component of G if and only if X induces a connected subgraph
but for every v € V(G)\X, G[X U {v}] is not a connected graph. This allows us to use the MSOL
formula comp(X) with a free variable X expressing the property that X induces a component.
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Clearly, every FOL formula is an MSOL formula. In particular, this means that we can construct
Y Yy p
the MSOL formula ¢(X) for a free variable X expressing the property that the subgraph induced
@ p g property grap
by X models ¢.
First, we show the lemma for x € {conn, prop} using the definitions. For this, we inductively
construct ¥/;°"" and tﬁpmp.
It is easy to see that for k = 0, ¥;°"" = VX comp(X) — ¢(X).
Now let k > 1 and assume that ¢;*" is constructed. Then, we can define the MSOL formula
C"“” X) for a free variable X expressing the property that the subgraph induced by X models
p g property grap Yy
t//“’"” Then it is straightforward to verify that

o™ = Y2V (YX comp(X) — (Ax(x € X) A 2TH(X — x))).
Next, we construct lﬁkmp for k > 0. It is straightforward to see that gbpmp =¢and
PP = g v (VX comp(X) = (95" (X) v (3x (x € X) AP (X - x))).
Then for k > 2,
PP = g v (VX comp(X) = (Ix (x € X) A Y P(X - X)),

where tﬁ]fiolp (X) for a free variable X expresses the property that the subgraph induced by X models
prop
k-1°

Finally, we prove the claim for i/, " . Here, the proof is more complicated and uses Lemmas 1
and 2. We express the property that X is an elimination set of set at most d.

By Lemma 1, if G is a connected graph and d > 0, then depth(X) < d if and only if X has a
nice representation of depth at most d. For a free variable X and an integer d > —1, we define the
formula &;(X) expressing that X has a nice representation (T, &) of depth at most d. For d = —1,
£4(X) = (X =0),and ford = 0, £;(X) = (|X| = 1) by the definition (clearly, the property |X| =1
can be expressed in MSOL). Assume that d > 1 and &;_;(X) is already constructed. Additionally,
we assume that we are given the formula &;_;(X, Y) that expresses the property that X has a nice
representation of depth at most d — 1 in the subgraph induced by Y. For this, we observe that
£4-1(X,Y) can be constructed from &;_1(X) in a straightforward way. Also, we use comp(Y, x)
to denote the formula expressing that Y induces a component of the subgraph obtained by the
deletion of x. Then

E4(X) = E1(X) V (x (x € X) A (YY (comp(Y,x) A (X NY # 0) > Eg1(X N Y, Y))).
To see this, it is sufficient to observe that dx (x € X) A (VY (comp(Y,x) A (X NY # 0)) —
E1-1(X NY,Y)) expresses that G has a vertex x € X such that for the root r of T, x = a(r), and in
each component C of G — x containing some vertices of X, there is a subtree of T of depth at most
d — 1 that can be used to represent V(C) N X in C.

Now, we construct the formula &, that expresses that X is an elimination set of depth at most d
using Lemma 2. It is easy to see that 5 = (X =0) and §d (X) = (IX] =1). Assume thatd > 1,
§d 1(X) is already constructed, and we have a formula §d 1(X, Y) expressing that the depth of X
is at most d — 1 in the subgraph induced by Y. Then by Lemma 2,

Ea(X) = Ea1 (X)
V@AY comp(Y) A E4(X NY,Y) A (YZ (comp(Z) A (Z £ Y)) = Eq(X N Z,2))).

depth

depth

Using g;d ford > -1, we can write ¢, for k > 0 as follows:

depth o T
er = 3X G A p(X).

This completes the proof. O
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Theorem 3 and Lemma 5 allow us to reduce the proof of Theorem 1 to solving ELIMINATION
DISTANCE—-(%) TO ¢ for x € {conn, prop, depth} on unbreakable graphs. For this, we show that any
elimination set in an unbreakable graph has bounded size.

LEMMA 6. Let G be a (p, q)-unbreakable graph for positive integers p and q with |V(G)| >
(Bp + 2q)(p + 1). Let also X C V(G) be an elimination set of depth at mostd < q — 1. Then
IX| < p + q. Furthermore, there is a unique component C of G — X with at least p + 1 vertices
and [V(G)\Ng[V(O)]| < p.

Proor. Let (T, @) be a representation of X with depth(T) < d. Denote by r the root of T.

First, we show the weaker bound |X| < 3p + 2q.

For the sake of contradiction, assume that |X| > 3p + 2q + 1. Because T is a tree, it has a node x
such that every component of T — x has at most %|V(T)| nodes. Let S = Ar(x) and S” = a(Ar(x)).
Since depth(T) < d < q—1, S| = |S'| < q. By the definition of a representation, for every
two distinct components C and C’ of T — S, and every x € a(V(C)) and y € a(V(C’)), S’ is an
(x, y)-separator in G.

We now claim that every component C of T —S has at most p nodes. Suppose to the contrary that
there is a component C of T — S with at least p + 1 nodes. Consider the components Cy, . .., Cs of
G -5’ such that V(C;) Na(V(C)) # 0. Define A = SUJ;_, V(C;). Note that [A\S| > [V(C)| = p+1.
Let Y = V(T)\(S U V(C)). By the choice of x, |[V(C)| < %IV(T)I. Then |Y| > %IV(T)I -q >
(%p +q+ %) -q = %p + % > p + 1. Observe that for every node y € Y, a(y) ¢ V(C;) for
ie€fl,...,s}. Then a(Y) € V(G)\A and |[V(G)\A| > p + 1. For B = (V(G)\A) U §’, we have that
(A, B) is a separation of G with S’ = A N B. In particular, (A, B) is a separation of order at most
q.- However, [A\B| > p + 1 and |B\A|. This contradicts the unbreakability condition and the claim
follows.

Denote by Cy, . . ., Cs the components of T — S. Consider a set of indices I C {1,...,s} such that
| Uier V(Ci)| = p + 1 and for every proper I’ C I, | ;er V(C;)| < p. Such a set I exists, because
| UiZ; V(Ci)| = [V(T)| = q = 3p + g + 1. Since each component has at most p nodes, we have that
| Uier V(Ci)| < 2p. Then, because [V(T)\S| > 3p + 1, | Uieqr,...spa V(G 2 p + 1.

Consider the components CJ,...,C; of G — 5’ that contain at least one vertex of a(V(C;)) for
some i € I. Define A = S’U(J!_, V(C}). Note that |A\S"| > p+ 1, because | ;c; V(C;i)| = p+1. Let
B = (V(G)\A) US". Since Ujeqy,... spu @(V(Ci)) € B\S, B\S| > p + 1. Then, we obtain that (A, B)
is a separation of G of order at most g with [A\B| > p + 1 and |B\A| > p + 1; a contradiction. This
concludes the proof of our claim that |X| < 3p + 2q.

Now, we improve the obtained upper bound. Because |X| < 3p+2q and |V(G)| > (3p+2q)(p+1),
[V(G)\X| > (3p + 2q)p. Observe that for the set of leaves L(T), we have that |L(T)| < 3p + 2q. By
Observation 3, it holds that for every component C of G—X, Ng(V(C)) C Ar(x) for some x € L(T).
By the pigeonhole principle, we conclude that there is x € L(T) such that for the components
Ci,...,Cs of G — X with Ng(V(C;)) € Ar(x) fori € {1,...,s}, it holds that | Jj_, V(C;))| = p+ 1.
Let S = a(Ar(x)). Note that |S| < d + 1 < g. Consider A = SU |J;_; V(C;) and B = (V(G)\A) USS.
We obtain that (A, B) is a separation of G of order at most ¢ and |A\B| > p + 1. Since G is (p, q)-
unbreakable, we have that |B| < p + q. Notice that X C B. Thus, [X| < p +gq.

To show the second claim, note that [L(T)| > p + q. In the same way as above, there is x € L(T)
such that for the components Ci, . ..,Cs of G — X with Ng(V(C;)) € Ar(x) fori € {1,...,s}, it
holds that | [ J;_, V(C;)| > p + 1. We show that thereis i € {1,...,s} such that |V(C;)| > p + 1. For
the sake of contradiction, assume that |V(C;)| < p+ 1foralli € {1,...,s}. Then there is a set of
indicesI C {1,...,s}suchthat || J;c; V(C;)| = p+1and for every proper I’ C I, | U;er V(Ci)| < p.
Because each component has at most p vertices, | J;e; V(C;)| < 2p. Consider A = SU J;_, V(Cy),
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where S = a(Ar(x)) and B = (V(G)\A) US. Note that |[B\S| > |V(G)| —2p—q = p+ 1. Then (A, B)
is a separation of G of order at most q with |A\B| > p + 1 and |B\A| > p + 1; a contradiction with
the condition that G is (p, g)-unbreakable. This implies that there is a component C of G — X with
[V(C)| = p+1

Because G is a (p, g)-unbreakable graph and [Ng(V(C))| < g, we have that |V(G)\Ng[V(O)]| <
p. To see it, it is sufficient to consider the separation (A,B) of G with A = Ng[V(C)] and
B = V(G)\V(C). Clearly, |B\A| < p and, therefore, |V(G)\Ng[V(C)]| < p. This also implies the
uniqueness of a component of G — S with at least p + 1, because for every other component C’, we
have that V(C”) € B\A. This concludes the proof. O

Using the notation in Lemma 6, we say that a component C of G — X with at least p + 1 vertices
is big and the other components are small.

We can use backtracking to verify, given a set X, whether depth(X) < d. For this, we combine
Lemmas 1 and 2 with backtracking and obtain the following straightforward lemma:

LEMMA 7. Given a graph G, a set of vertices X € V(G), and an integer d > —1, it can be decided
in |X|9@ . n90 time whether depth(X) < d.

We have to solve ELIMINATION DISTANCE—(%) TO ¢ for x € {conn, prop} on instances where the
number of vertices of G is bounded by a polynomial of k. In this case, it is sufficient to have an XP
algorithm. It is straightforward to see that such an algorithm can be constructed by backtracking
following the definitions of ed;,™" and ed), .

LEmMA 8. Let ¢ be an FOL formula. Then ELIMINATION DISTANCE—(%) TO ¢ can be solved in
nOk+12D) time for * € {conn, prop}.

We also need the following technical lemma that will allow us to consider inclusion-minimal
elimination sets.

LEMMA 9. Let G be a connected graph and let X be a nonempty elimination set with a nice represen-
tation (T, ). Let also C be a component of G—X anchored in x* € V(T). Suppose that S € Ng(V(C))
and C’ is a component of G — S with V(C) € V(C’). Then there is an elimination set X" C X with a
nice representation (I’, ") such that V(T’) € V(T) and the following is fulfilled:

(@) S € X" and (Ng(V(C)\S) N X" =0,

(b) for every component H of G — X', either V(H) C V(C’) or H is a component of G — X,

(c) for every nodey € V(T’), depth,(y) < depth;(y),

(d) if a component H of G — X’ distinct from C’ is anchored in a leaf z of T, then H is anchored in
zinT' andz is a leaf of T’,

(e) ifx™ is aleaf of T and x* € S, then C’ is anchored in x* in T'.

Proor. Let R = Ng(V(C)). The claim is trivial if S = 0, because C’ = G and we can take X’ = ().
We assume that this is not the case. The proofis by induction on |R\S|. The claim is straightforward
if R = S as we can take X’ = X and consider the same representation (T, @). The crucial case is the
case |R\S| = 1. Let u be the unique vertex of R\S. We consider two possibilities for u. Let v = a(r),
where r is the root of T.

Case 1.u = v. Let W = V(C’). Notice that a vertex w € V(G) is in W if and only if either w € V(C)
orw ¢ SUV(C) and G — S has a (u, w)-path. Define X’ = X\W. Clearly, (a) holds for this X".
Observe that for a component H of G — X, we have that V(H) € W if Ng(V(H)) contains a vertex
of W and V(H) N W = 0 otherwise. In particular, this implies (b).

Next, we construct 77 and a’. We set V(T’) = a '(X’) and define a’(x) = a(x) for every
x € V(T’). Because S # 0, there is a descendant r’ of r of minimum depth such that «(r’) € S. For
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every w € X’ distinct from a(r’), we consider x = a~!(w) and find a proper ancestor y of x in T
of maximum depth such that a(y) € X’. Then, we define y be the parent of x.

We argue that T’ is a tree rooted in r’. We have to show that for every w € X’ distinct from
a(r’), we have an ancestor y of x = @~ !(w) in T such that a(y) € X’. For the sake of contradiction,
assume that there is w € X’ such that for every proper ancestors y of x = ¢ }(w) in T, a(y) € X'.
Clearly, x is not a descendant of r’ in T. In particular, r’ and x are incomparable. Let z be the
lowest proper ancestor of r’ and y in T. We have that a(A7(z)) is an (a(r’), w)-separator of G and,
moreover, S has no vertices in the component G — a(Ar(z)) containing «(x). Since (T, @) is nice,
this component has an («(z), w)-path. Because a(z) ¢ S, G — S has a (u, «(z))-path. We conclude
that G — S has a (u, w)-path and w ¢ X’; a contradiction. This proves that T’ is a tree rooted in r’.

We prove that (T, @) represents X'. Towards a contradiction, assume that this is not the case,
that is, there are distinct incomparable x,y € V(T’) whose lowest common ancestor z # x,y
and «'(x) and @’(y) are in the same component of G — A7/ (z). By the definition of T’, z has a
descendant z” in T such that z’ # x,y is the lowest common ancestor of x and y in T. Clearly,
either x ¢ Ng(V(C)) ory ¢ Ng(V(C)). By symmetry, assume that y ¢ Ng(V(C)). Because (T, ) is
a representation of X, a(Ar(z’)) is an (a(x), a(y))-separator. This means that every (a’(x), a’(y))-
path in G contains a vertex of (a(x), @(y)). In particular, this implies that there is a vertex z”" €
A7 (2z’) such that G has an (a(z”"), @’(y))-path P in G such that the internal vertices of the path are
in the component G — a(Ar(z’)) containing a’(y). Because y ¢ Ng(V(C)), we have that P avoids
the vertices of S. Since z’ ¢ X', G — S has a (u, a(z”’))-path P’. Concatenating P’ and P, we obtain
that G— S has a (u, a(y’))-path. However this contradicts that a’(y) € X’. This proves that (T’, a”)
represents X’.

By the construction of T, it is easy to see that T” is nice, because T is nice. Also the construction
of T’ immediately implies (c)-(e). This concludes the analysis of the first case.

Case 2. u # v. We show the claim by induction ond = depth(T). Notice that depth(T) > 1, because
X\{v} # 0.LetCy,. .., Cs be the components of G—v such that X; = XNV (C;) # 0fori € {1,...,s}.
Because T is nice, T has children ry, ..., rs such that for every i € {1,...,s}, the subtree T; of T
rooted in r; together with ;(x) = a(x) for x € V(T;) represent X; in C;. By Observation 3, we
can assume without loss of generality that V(C) € V(C;) and Ng(V(C)) € V(C1) U {v}. Because
depth(T;) < depth(T), we can apply the inductive assumption and construct an elimination set
X[ C X; with a nice representation (T}, ;) satisfying (a)-(e). Then, we construct X’ = X/UJ;_; X;.
Then, we construct T’ from T} and Ty, . . ., Ty by making r{ and ry, .. ., rs the children of r, where
r; is the root of T]. We set

') ai(x), ifx e X; forsomeie€{2,...,s},
a'(x) =
aj(x), ifxeX].

It is straightforward to verify that X" and (T, a’) satisty (a)-(e).

This concludes the proof for the base case |[R\S| = 1. To show the claim for |[R\S| > 1, consider a
vertex w € R\S and apply the claim for S” = S U {w} using the inductive assumption. We have that
there is an elimination set X’ € X with a nice representation (T, a’) such that V(T’) € V(T) and
(a)—(e) are fulfilled with respect to S”. Then, we apply the claim for X" and (T’, «”) with respect to
the component C” and S. Clearly, we obtain an elimination set X"’ C X’ C X with a nice represen-
tation (T”’, @’") such that V(T”") € V(T’) C V(T) satisfying (a)—(e). This completes the proof. O

In our algorithms, we use the random separation technique introduced by Cai, Chan, and Chan
in [7]. To avoid dealing with randomized algorithms, we use the following lemma stated by
Chitnis et al. in [8]:
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LEMMA 10 ([8]). Given a set U of size n and integers 0 < a,b < n, one can construct in time
20(min{a,bllog(a+b)) . nlogn a family F of at most 20minla.bllog(a+b)) oo n subsets of U such that
the following holds: For any sets A,B C U, ANB =0, |A| < a, |B| < b, there exists a set R € ¥ with
ACRandBNR=0.

4.2 Algorithm for Unbreakable Graphs

In this subsection, we give FPT-algorithms for ELIMINATION DISTANCE—(x) TO ¢ for every
* € {conn, prop, depth} for FOL formulas ¢ € 33 on unbreakable graphs. Throughout the sub-
section, we assume without loss of generality that

¢ =dxy - I, Yyy -+ -Vygdzy - - -z,

where y is quantifier-free and r, s, t are positive integers, because we always can write an FOL for-
mula from X5 in this form by adding dummy variables if necessary. We also write x = (x1,...,x;),
V=1, Ysy,and z = (zy, .. ., 2¢).

Notice that ed;;™"(G) = 0 if and only if for every component C of G, C |= ¢. Also ed),”(G) =0
(edf‘aePth (G) = 0, respectively) if and only if G |= ¢. This implies that ELIMINATION DISTANCE—(%)
TO ¢ for x € {conn, prop, depth} can be solved in time n®1?) if k = 0 by Observation 1, that
is, Theorem 1 trivially holds for k = 0. Hence, throughout this subsection, we assume that the
parameter k in the considered instances is positive.

By Theorem 3 and Lemma 5, to prove Theorem 1, it is sufficient to demonstrate an FPT algorithm
for the considered problems on (p(k), k)-unbreakable graphs for a computable function p: N — N.
Slightly abusing notation, we write p instead of p(k).

The algorithms for ELIMINATION DISTANCE—(*) TO ¢ for * € {conn, prop, depth} exploit the
same ideas and have similar structures. However, there are differences that make it hard to give a
unified description. In particular, for ELIMINATION DISTANCE—(prop) TO ¢, we have to deal with the
properties of elimination sets and their representations given in Lemma 4, and this makes various
details of our algorithm for this problem different from the algorithm for ELIMINATION DISTANCE—
(conn) To ¢. Furthermore, our algorithm for ELIMINATION D1STANCE-(depth) TO ¢ is sufficiently
different form the other two, because in this case, we aim for quite different properties of the graph
obtained by deleting an elimination set and this rules out a common description. Hence, we first
give the details of the algorithm for ELiIMINATION DISTANCE—(conn) TO ¢ and then more briefly
explain our algorithm for ELIMINATION DISTANCE—(prop) To ¢. Further, we present our algorithm
for ELIMINATION D1sTANCE—(depth) To ¢. Then, we derive Theorem 1 from Lemmas 12, 15, and 17
in which we summarize the properties of the algorithms for the considered problems.

Algorithm for ELIMINATION DISTANCE—(conn) TO ¢. Let (G, k) be an instance of ELIMINATION
DisTANCE—(conn) To ¢, where G is a (p, k)-unbreakable graph. We assume without loss of general-
ity that G is connected. Otherwise, because ed,”"" (G) = max{ed;;""(C) | C a component of G}, we
can solve the problem for each component separately. If |V (G)| < (3p+2k)(p+1), then we solve the
problem in (p+k)©*+1?) time by Lemma 8. From now on, we assume that |V (G)| > (3p+2k)(p+1).

By Lemma 3, (G, k) is a yes-instance of ELIMINATION DisTaNCE—(conn) To ¢ if and only if G
contains an elimination set X of depth at most k — 1 such that C |= ¢ for every component C of
G — X. Our algorithm finds such a set X, called a solution, if it exists. We verify in nOU¢D time
whether X = ( has the required property and return yes if this holds. Assume that this is not the
case, that is, we have to find a nonempty solution.

Suppose that (G, k) is a yes-instance and let X be a solution with a representation (T, ). By
Lemma 6, | X| < p+k and there is a unique big component C of G—X with at least p+1 vertices, the
other components are small, and |V (G)\Ng[V(C)]| < p. By Observation 3, Ng(V(C)) € a(Ar(x)),
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Fig. 2. A visualization of the set X, the component C, the sets S, and U, and the way the red and blue colors
are distributed among them.

where x is an anchor of C. In particular, this means that [Ng(V(C))| < k. We use these properties
to identify C. This is done by combining the random separation technique [7] with a recursive
branching algorithm.

We use random separation to highlight the hypothetical sets S = Ng(V(C)) and U =
V(G)\Ng[V(C)] (if they exist). To avoid randomized algorithms, we directly use the derandom-
ization tool from Lemma 10. By this lemma, we can construct in 20®in{p:-k}10g(p+K)) .  ]og n time a
family F of at most 20Mn{p.k}log(@+k) . 1og 5 subsets of V(G) such that there is R € F such that
U € Rand SN R = 0. In our algorithm, we go over all sets R € ¥ and for each set R, we check
whether there is a solution X such that U € R and S N R = 0 for the sets S and U corresponding
to X (recall that S = Ng(V(C)) and U = V(G)\Ng[V(C)], where C is the unique big component of
G—X with at least p+1 vertices). Clearly, (G, k) is a yes-instance of ELIMINATION DISTANCE—(conn)
TO ¢ if and only if there is R € ¥ and a solution X with the required property.

From now on, we assume that R € ¥ is given. We set B = V(G)\R. We say that the vertices of
R are red and the vertices of B are blue. We also call the components of G[R] red components of G
and we use the same convention for induced subgraphs of G. A solution X is colorful if the vertices
of U are red and the vertices of S are blue (see Figure 2). The crucial property of colorful solutions
is that

if a red vertex v is in U, then the set of vertices of the red component H containing v
is a subset of U.

If G—X has a big component C and C |= ¢, then there isan r-tuple v = vy, ..., v,) of vertices of C
such that (C, v) |= ¢[x] (recall that ¢[x] is the formula with the free variables xi, . . ., x, obtained

from ¢ by the removal of the quantification over xy,...,x,, and (C,v) |= ¢[x] means that ¢[x]
evaluates true on G when x; is assigned v; for all i € {1,...,r}). Using brute force, we consider all
r-tuples v = (v, ..., v,) of vertices of G, and for each v, we explain how to check whether there is

a colorful solution X with the big component C such thatv; € V(C) foralli € {1, ..., r}. Note that
at most n” r-tuples v can be listed in n9U1 time. The algorithm returns yes if we find a colorful
solution for some choice of v, and it concludes that there is no colorful solution for the considered
selection of R otherwise.

From now on, we assume that v = (vy,...,v,) is fixed. Because these vertices should be in C,
we temporarily (i.e., only for the current choice of v) recolor them red to simplify further notation.
We apply a recursive branching algorithm to find C and S.

We exploit the property that because ¢ € X3, the formula contains exactly one alternation from
the existential quantifiers to universal. By definition, we have that (C,v) |= ¢[x] if and only if
for every s-tuple u = (uy, ..., us)y of vertices of C, (C,vu) |= ¢[xy]. Suppose that (C,v) [~ ¢[x].
Then there is an s-tuple u = (uy, ..., us) of vertices such that (C,vu) [ ¢[xy]. Notice now that,
because ¢ € X3, we have that for any induced subgraph C’ of C such that v; € V(C’) for every
i€fl,...,r},if (C',v) = ¢[x], then there is j € {1,...,s} such that u; ¢ V(C’). This implies that
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if (C,vu) [~ ¢[xy], then there is j € {1,...,s} such that either u; € S and should be deleted or u;
is in a component of G — S distinct from C and this component should be deleted together with its
neighborhood. Note that u; is blue in the first case, and u; is red in the second. Moreover, in the
second case, we should delete the red component containing u; together with its blue neighbor-
hood. We branch on all possible deletions of v;’s, using the following subroutine FINDC(C, S, h),
where we initially set C := G, S := 0, and h := k:

Subroutine FINDC(C, S, h).

o If (C,v) |= ¢[x] and h > 0, then return C, S, and stop.
o If (C,v) | ¢[x] and h < 0, then stop.
o If h > 1 and there is an s-tuple u = (uy, ..., us) of vertices of C such that (C,vu) = ¢[xy],
then do the following for every j € {1,...,s}.
- If u; € B and there is a component C’ of C — u; such that v; € V(C’) foralli € {1,...,r},
then call FINDC(C’, S U {u;},h — 1).
- If u; € R and there is a red component H of C with the set of vertices W and S’ = N¢(W)
such that (a) u; € W, (b) |S’| < h, and (c) there is a component C’ of C — Nc[W] with
v; € V(C) foralli € {1,...,r}, then call FINDC(C’,SUS’, h — |S’]).

We show the following lemma:

LEmMA 11. If X is an inclusion-minimal colorful solution to (G, k) with the big component C such
thatv; € V(C) foralli € {1,...,s} and (C,V) |= @[x], then there is a leaf of the search tree produced
by FINDC(G, 0, k) for which the subroutine outputs C and S = Ng(V(C)).

Proor. To prove the lemma, we show the following claim: If the subroutine FINDC is called for
(C,S, h) such that (a) V(C) € V(C), (b) S = Ng(V(C)), (c) S € S, and (d) h = k — |S], then either
the subroutine outputs C and S or it recursively calls FINpC(C’, S, h’), where (@) V(C) c V(C),
(b') S = No(V(C")), (¢)) ' € S, and (d') h’ = k — |S'].

Notice that h = k — |§| > 0, because |S| < k. Hence, if (é, V) |= ¢[x], then FINDC(é, S, fz) outputs
C and S in the first step, and the claim holds. Assume that (C,v) = @[x]. Because the subroutine is
called only for connected induced subgraphs of G, we have that Scs and, therefore, h > 0. This
implies that the subroutine does not stop in the second step. Then it proceeds to the third step and
finds an s-tuple u = (uy, . . ., us) of vertices of C such that (C, vu) £ ¢[xy]. Because (C,v) |= ¢[x],
thereisa j € {1,...,s} such that u; ¢ V(C). We consider the following two cases.

Case 1. u; € S. Notice that because X is a colorful solution, u; is blue in this case. Observe also that
C- u;j has a component C’ such that V(C) C V(C’). Then the subroutine calls FINDC(C’, S/, i’),
where §’ =S U {u;} and h" = h — 1. It is easy to see that (a’)-(d’) are fulfilled for C’, S and I’

Case 2. u; € U. As X is colorful, u; is red in this case. Let H be the red component of C containing
ujand let W = V(H). Because X is a colorful solution, we have that W C U and Nz(W) C S. Then
G—Ng[W]has acomponent C’ such that V(C) C V(C’). Then the subroutine calls FiNpC(C’, S, fl’),
where §’ = SU Ng(W) and W =h- IN&(W)|. We obtain that (a”)—(d’) are fulfilled for C’, 8, and
k. This concludes the case analysis and the proof of the claim.

Observe that conditions (a)—(d) of the claim are fulfilled if C = G, S = 0, and h = k. Then the
inductive application of the claim proves that there is a leaf of the search tree for which it outputs
C and S such that (a) V(C) € V(C), (b) S = N(V(C)), and (¢) S C S. Recall that X is an inclusion-
minimal colorful solution. Then Lemma 9 immediately implies that C = C and S = S and this
concludes the proof. O
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Note that the number of branches of every node of the search tree produced by FINDC(G, 0, k)
is at most s and the depth of the search tree is at most k. This implies that the search tree has
at most s¥ leaves. By Lemma 11, if (G, k) has an inclusion-minimal colorful solution X, then the
subroutine outputs the corresponding big component C containing v, ..., v, and S. We consider
all pairs (C, S) produced by FINDC(G, 0, k) and for each of these pairs, we verify whether there is a
colorful solution corresponding to it. If we find such a solution, then we return yes (or return the
solution), and we return no if we fail to find a colorful solution for each C and S. In the last case,
we conclude that we have no colorful solution and discard the current choice of R € F.

Assume that C and S are given. Recall that v; € V(C) fori € {1,...,r}, S = Ng(V(C)), and
(G,v) |= ¢[x]. First, we check whether C is a big component of G—S by verifying whether |V(C)| >
p + 1. Clearly, if [V(C)| < p, then C cannot be a big component of G — X for a solution X and
we discard the considered choice of C and S. Assume that this is not the case, that is, |V(C)| >
p + 1. Then because G is a (p, k)-unbreakable graph, we have that |[V(G)\Ng[V(C)]| < p. We
use brute force and consider every subset Y C V(G)\Ng[V(C)] and then verify whether (i) X =
S U Y is an elimination set of depth at most k — 1 and (ii) for every component C’ # C of G — X,
C’ |= ¢. Note that checking (i) can be done by Lemma 7 in (k + p)O(k) -n%W time and (ii) can
be verified in n?U¢1) time by Observation 1. If we find X = S U Y satisfying (i) and (ii), then we
conclude that X is a solution and return yes. Otherwise, if we fail to find such a set, then we return
no.

This concludes the description of the algorithm for ELIMINATION DISTANCE—(conn) TO ¢ and its
correctness proof. We summarize in the following lemma:

LEMMA 12. ELIMINATION DISTANCE—(conn) TO ¢ on (p, k)-unbreakable graphs for ¢ € X3 can be
solved in 20+ log(p+k)) . Ol time.

Proor. Since the correctness of the algorithm was already established, it remains to evalu-
ate the total running time. Recall that if |[V(G)| < (3p + 2k)(p + 1), then the problem is solved
in (p + k)O*+12D time. Otherwise, we construct F of size at most 20min{p.k}oe(p+k) . Jog n in
20min{p,k}log(p+K)) . p]ogn time. Then for every R € ¥, we try to find a colorful solution. For
this, we first guess v. Clearly, we have nOUel possibilities for the choice of v. Then, we run the
subroutine FINDC(C, S, h). Note that the search tree produced by the subroutine has at most ||~
leaves and each call (without recursive calls) requires n?(?) time. Then the running time of the
subroutine is |¢|* - n9(¢) We consider the pairs (C, S) produced by the subroutine, and for each C
and S, we verify whether we have a corresponding colorful solution X. The brute force selection
of X can be done in 2°®) time. Then checking whether X is a solution requires (k + p)?®*) . n?®.
Then, we conclude that the total running time is 20((P+K)log(p+k)) . ,O(I¢1), ]

Algorithm for ELIMINATION DiSTANCE—(prop) To ¢. Let (G, k) be an instance of ELIMINATION
DisTaANCE—(prop) TO ¢, where G is a (p, k)-unbreakable graph. We check whether G |= ¢ and imme-
diately return yes if this is fulfilled. Assume that this is not the case and that edE,rOp(G) > 1. Then,
we can assume without loss of generality that G is connected. Otherwise, because edzmp(G) =
max{1, max{edZmp(C) | C a component of G}}, we can solve the problem for each component sep-
arately. In the same way as with ELIMINATION DISTANCE—(conn) To ¢, we solve the problem in
(p+ k)Ok+lel) time by Lemma 8 if |V(G)| < (3p + 2k)(p + 1). Therefore, from now on, we may
assume that |V(G)| > (3p + 2k)(p + 1).

Let (T, @) be a representation of an elimination set X. Recall that P, denotes the set of compo-
nents of G — X anchored in x, where x is a node of T. Also G, denotes the subgraph of G induced
by the vertices of the graphs of Py, that is, Gy is the union of the components of G — X anchored
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in x. By Lemma 4, (G, k) is a yes-instance of ELIMINATION DisTANCE—(prop) To ¢ if and only if G
contains an elimination set X of depth at most k — 1 with a representation (T, @) such that

(i) for every nonleaf node x € V(T), C |= ¢ for every C € P,
(ii) for every leaf x of T with depth;(x) < k — 2, either G |= ¢ or C |= ¢ for every C € Py, and
(iii) for every leaf x of T with depth;(x) =k -1, G, |= ¢.

We call such a set X a solution. We observe that, given a set X, we can decide whether X is a
solution.

LEMMA 13. Let X C V(G) be nonempty. It can be decided in |X|* - n9U1¢) time whether X has a
representation (T, ) satisfying (i)—(iii).

Proor. Because G is connected and k > 1, it is sufficient to verify the existence of a nice rep-
resentation. We do it by a recursive algorithm that for a given x € X finds a nice representation
(T, ) such that a(r) = x, where r is the root of T. More precisely, given a graph G, a nonempty
X C V(H),avertex x € X, and a positive integer k, the algorithm finds a nice representation (T, )
of X satistying (i)-(iii) such that a(r) = x if such a representation exists.

Suppose that |X| = 1, that is, X = {x}. If G — x |= ¢, then the algorithm returns a single-vertex
tree rooted in r with a(r) = x. If G — x |£ ¢ and k > 2, then we check whether C |= ¢ for every
component C — x. If this holds, then again, the algorithm returns a single-vertex tree rooted in r
with a(r) = x. In all other cases, the algorithm returns no.

Suppose from now on that [X| > 2. If k = 1, then we immediately return no and stop. Also, if
there is a component C of G — x such that V(C) N X = 0 and C |~ ¢, then the algorithm returns no
and stops. Assume that these are not cases. Let Cy, ..., Cs be the components of G — x such that
X;=XNV(C) #0.

For every i € {1,...,s}, we call the algorithm recursively for C;, X;, every y € X;, and k — 1. If
there is i € {1,...,s} such that the algorithm failed to produce a representation for every choice
of y € X;j, then the algorithm returns no and stops. Otherwise, the algorithm finds for every
i €{1,...,s}avertex x; € X; and a nice representation (T}, a;) of X; in C; satisfying (i)—(iii) (with
respect to the new parameters) such that the root r; is mapped to x; by @;. We construct T from
Ty, ..., Ts by creating a root r and making it the parent of r4, ..., rs. Then

a(z) = {x, ifz=r,

a;(z), ifz e V(T;)forsomei € {1,...,s}.

This completes the description of the algorithm. It is straightforward to verify its correctness
using the definition of a nice representation of an elimination set. To decide whether X has a rep-
resentation (T, ) satisfying (i)—(iii), we run the algorithm for all x € X. Clearly, a representation
exists if and only if the algorithm produces a representation for some choice of x. Since in each
call of the algorithm, we make at most |X| recursive calls and the depth of the recursion is at most
k, the total running time is |X |k . nOUeD, |

Suppose that (G, k) is a yes-instance and let X be a solution with a nice representation (T, ). By
Lemma 6, | X| < p+k and there is a unique big component C of G—X with at least p+1 vertices, the
other components are small, and |V/(G)\Ng[V(C)]| < p. By Observation 3, Ng(V(C)) € a(Ar(x)),
where x is an anchor of C. In particular, this means that [Ng(V(C))| < k. As with the algorithm for
ELIMINATION DISTANCE—(conn) TO ¢, our aim is to identify C. We consider two possibilities for C.

First, we try to find C assuming that one of the following holds: either (a) the anchor of C is
not a leaf of T or (b) the anchor x is leaf but depth(x) < k — 1 and C’ |= ¢ for every C’ € Py,
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or (c) Gx = C. In this case, the algorithm is essentially identical to the algorithm for ELIMINATION
DisTANCE-(conn) TO ¢. We use Lemma 10 to highlight S and U = V(G)\Ng[V(C)]. Then, we
guess v in C and call the subroutine FINDC(G, 0, k) to enumerate all candidate big components C
and S = Ng(V(S)). The difference occurs only in the last step of the algorithm, where we find
a solution X. We use brute force and consider every subset Y € V(G)\Ng[V(C)] and then verify
whether X = SUY is an elimination set of depth at most k — 1 satisfying (i)—(iii) using Lemma 13. If
we find a required X, then we conclude that X is a solution and return yes. Otherwise, if we fail to
find such a set for every candidate C, then we return no for the considered set R and discard it. The
correctness is proved and the running time is analyzed in exactly the same way as for ELIMINATION
DISTANCE—-(conn) TO ¢.

Next, if we failed to find a solution so far, then we consider the remaining possibility that the
anchor x of C is a leaf of T and Gy |= ¢, where Gy is a disconnected graph. Our algorithm for
this case uses the same approach as the algorithm for ELIMINATION DISTANCE—(conn) TO ¢ but the
arguments are more involved, as we aim to identify C together with the other components of Gy.
In other words, we find Gy.

Let S = Ng(V(Gy)). Note that S C a(Ar(x)) and, therefore, |S| < k. Observe that Ng(V(C)) C S.
Let also U = V(G)\(V(C) US). Because C is a big component and G is (p, k)-unbreakable, |U| < p.

Similarly to the algorithm for ELIMINATION DISTANCE-(conn) TO ¢, we use Lemma 10 to high-
light hypothetical S and U. By this lemma, we can construct in 20in{.k}og(®+k)) . 1og n time a
family 7 of at most 20Min{p.k}log(+k)) . 1og n subsets of V(G) such that there is R € F such that
U C Rand SN R = 0. In our algorithm, we go over all sets R C F and for each set R, we check
whether there is a solution X such that U € R and S N R = 0 for the sets S and U corresponding
to X. Clearly, (G, k) is a yes-instance of ELIMINATION DISTANCE—(prop) TO ¢ if and only if there is
R C ¥ and a solution X with the required property.

From now on, we assume that R C ¥ is given. We set B = V(G)\R. In the same way as before,
we say that the vertices of R are red and the vertices of B are blue. The components of G[R]
are called red components of G and the same convention is used for induced subgraphs of G. A
solution X is called colorful if the vertivces of U are red and the vertices of S are blue. We aim to
find a colorful solution.

Assume that a colorful solution X exists. Suppose that w = a(x) for the leaf x of T that is the
anchor of G,. Notice that w € B. Then for every component C’ of G, distinct from C, we have that
C’ is a red component and z € Ng(V(C’)). We also observe that by the assumption for R, if C’ is a
red component of G such that w € Ng(V(H)), then either V(C’) € V(C) or C’ is a component of
G, distinct from C. Using these observations, we consider all possible choices of w in B, and decide
whether there is a colorful solution X such that for the required Gy, the leaf x of T is mapped to
w. We say that X is a colorful solution attached to w.

From now on, we assume that w is given. Let W = | J V(H), where the union is taken over all red
components H of G such that w € Ng(V(H)). Notice that if there is a colorful solution X attached
to w for the considered choice of w, then W C V(Gy) for the corresponding graph Gy.

Since we require that G, |= ¢, then there is an r-tuple v = (vy, ..., v,) of vertices of Gy such
that (G, V) = ¢[x]. Using brute force, we consider all r-tuples v = (vy,...,v,) of vertices of G
distinct from w, and for each v, we check whether there is a colorful solution X with G, such
that v; € V(Gy) forall i € {1,...,r}. Note that at most n” r-tuples v can be listed in n9U¢D time.
The algorithm returns yes if we find a colorful solution attached to w for some choice of v, and it
concludes that there is no colorful solution for the considered selection of R otherwise.

From this point, we assume that v = (vy, ..., v,) is fixed. Because these vertices should be in Gy,
we temporarily (i.e., only for the current choice of v) recolor them red to simplify further notation
and recompute W if necessary. We apply a recursive branching algorithm to find F = G, and
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S. Similarly to the subroutine FINDC, we construct the subroutine FINDF(F, S, h), where initially
F=G-w,S={w},andh =k - 1.

Subroutine FINDF(F, S, h).

o If (F,v) |= ¢[x] and h > 0, then return F, S, and stop.
o If (F,v) [ ¢[x] and h < 0, then stop.
e If h > 1 and there is an s-tuple u = (uy, ..., us) of vertices of F such that (F,vu) £ ¢[xy],

then do the following for every j € {1,...,s}:

- If u; € B and there is an induced subgraph F’ of F that is the disjoint union of the com-
ponents of F — u; containing vertices of W and vertices v; for i € {1,...,r}, then call
FINDF(F’,S U {u;},h - 1).

- If u; € R and there is a red component H of C with the set of vertices Z and " = Np[Z]
such that (@) u; € Z, (b)) ZNW =0andv; ¢ Zforalli € {1,...,r},(c) |S’| < h, and
(d) there is an induced subgraph F’ of F that is a disjoint union of the components of
F — Np[W] containing vertices of W and vertices v; for some i € {1,...,r}, then call
FINDF(F’,SUS’,h — |S’]).

In the same way as with Lemma 11, we show the following:

LEmMA 14. If X is an inclusion-minimal colorful solution attached to w for (G, k) such that (a) X
has a representation (T, a) with a(x) = w, (b)) W C V(Gy), (c)v; € V(Gy) foralli € {1,...,s} and
(Gx, V) | @[x], then there is a leaf of the search tree produced by FINDC(G, {w}, k — 1) for which the
subroutine outputs F and S = Ng(V(F)).

Since the number of branches of every node of the search tree produced by FINDF(G, {w}, k — 1)
is at most s and the depth of the search tree is at most k, the search tree has at most rk leaves.
By Lemma 14, if (G, k) has an inclusion-minimal colorful solution X attached to w with respect
to some representation (T, &) of X, then the subroutine outputs the corresponding graph F = G,
containing vy, . .., v, and S. We consider all pairs (F, S) produced by FINDF(G, {w}, k — 1) and for
each of these pairs, we verify whether there is a colorful solution corresponding to it. If we find
such a solution, then we return yes (or return the solution), and we return no if we fail to find a
colorful solution for each F and S. In the last case, we conclude that we have no colorful solution
and discard the current choice of R € 7.

Assume that F and S are given. Recall that v; € V(C) fori € {1,...,r}, S = Ng(V(C)), and
(G,v) |= ¢[x]. First, we check whether F has a big components of G — S by verifying whether F
has a component with at least p + 1 vertices. If we have no such a component, then we discard
the considered choice of F and S. Assume that this is not the case. Then because G is a (p, k)-
unbreakable graph, we have that [V(F)\Ng[V(F)]| < p. We use brute force and consider every
subset Y C V(G)\Ng[V(F)] and then verify whether X = S U Y is a solution using Lemma 13. If
we find a solution, then we return yes. Otherwise, if we fail to find Y with the required properties,
then we return no.

This concludes the description of the algorithm for ELiMINATION DISTANCE—(conn) TO ¢ and
its correctness proof. We summarize in the following lemma that is proved in the same way as
Lemma 12:

LEMMA 15. ELIMINATION DISTANCE—(prop) TO ¢ on (p, k)-unbreakable graphs for ¢ € 35 can be
solved in 20((p+R)log(p+k)) . nOUel) time,

Algorithm for ELIMINATION DISTANCE—(depth) TO ¢. Our final task is to construct an algorithm
for ELIMINATION DisTaANCE—(depth) TO ¢. Let (G, k) be an instance of ELIMINATION DISTANCE—
(depth) To @, where G is a (p, k)-unbreakable graph. If G |= ¢, then we return yes. Assume that

this is not the case and edd;pth(G) > 1.
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Suppose that G is disconnected. Denote by Cy, . . ., Cs the components of G. Because G is a (p, k)-
unbreakable graph, at most one component can have more p vertices. Then, we can assume that
[V(Ci)| < pforeveryi € {2,...,s}. For each i € {2,...,s}, we solve ELIMINATION DISTANCE-
(depth) To ¢ for (C;, k — 1) and (C;, k) in 2P ~p0(k+|<"|) time using brute force. Leti € {2,...,s}. For
each set X C V(C;), we check whether depth(X) < k—2 (depth(X) < k—1, respectively) applying
Lemma 7, and if this holds, then we verify whether G—X |= ¢. This can be done in 22 - pO) . pO(leD)

time. If we find that either there is i € {2,...,s} such that eddePth(Ci) > k + 1 or there are two

¢
distinct i,j € {2,...,s} such that ediepth(Ci) = edfoeIDth (Cj) = k, then we return no by Lemma 2.

If there is a unique i € {2,...,s} with ediepth(Ci) = k and ediepth(Cj) <k-1forje{2...,s}
distinct from i, (G, k) is a yes-instance if and only if (Cy, k — 1) is a yes-instance by Lemma 2. If
edf‘l,epth (Ci) < k—1foreveryi € {2,...,s}, then by the same lemma, (G, k) is a yes-instance if and
only if (Cy, k) is a yes-instance. Thus, we are able to reduce solving the problem on G to solving it
on C;. This implies that we can assume without loss of generality that G is connected.

If[V(G)| < (3p+2k)(p+1), then we again can solve the problem using brute force in 23*2K)(p+1).
(Bp +2k)(p + 1))9%+19D time in the same way as above. Then, we assume that [V(G)| > (3p +
2k)(p + 1).

Given a subset X C V(G), we can verify in | X|2®) . n(1) whether depth(X) < k—1by Lemma 7
and then can check whether G — X |= ¢ using Observation 1. Based on this, we aim to find X that
we call a solution in the same way as for the previously considered problems.

For ELIMINATION DISTANCE—(conn) TO ¢, we used the random separation technique to highlight
a big component of G — X (or rather its complement), and for ELIMINATION DISTANCE—(prop) TO
¢, besides a big component, we had to highlight some specific small components composing G
together with the big component. Now, we are highlighting the small components, X and the
neighborhood Ng (V(C)) € X of the big component.

Suppose that (G, k) is a yes-instance with a solution X. By Lemma 6, |X| < p + k and
[V(G)\Ng[V(C)]l < p, where C is a big component of G — X. By Lemma 10, we can construct
the family 7 of subsets of V(G) of size at most 20((P+K)og(P+k)) . [og py in 20((P+K)log(p+h)) .y 1og n
time such that if (G, k) has a solution X, then ¥ has a set R such that V(H) C R for every small
component and RNX = 0. Then for every R € ¥, we aim to find a solution X such that the vertices
of the small components of G — X are in Rand X N R = 0.

From this point, we assume that R is given. Consider U = V(G)\R. If C is a big compo-
nent of a (hypothetical) solution X satisfying the above conditions, then Ng(V(C)) € U and
ING(V(C))| < k. Recall that [ X\Ng(V(C))| < |V(G)\Ng[V(C)]l < p. Since |U| < n, applying
Lemma 10 for U, we construct the family ¥’ of subsets of U of size at most 20(min{p, k}log(p+k)) -logn
in 20(min{p, k}log(p+k)) . 1og n time such that 7 has a set Y with the property that X\Ng(V(C)) C Y
and Ng(V(C)) N'Y = 0. We consider all Y € ¥’ and try find a solution X such that

(i) the vertices of the small components of G — X are in R,
(ii) for the big component C of G — X, X\Ng(V(C)) C Y,
(iii) for the big component C of G — X, Ng(V(C)) € B, where B = V(G)\(RUY).

If a solution X satisfies (i)—(iii), then we say that X is colorful.

We say that the vertices of R are red, the vertices of Y are yellow, and the vertices of B are
blue. The components of G[R] are called red and the components of G[RU Y] are called red-yellow
components of G, and we use the same term for the induced subgraphs of G.

Assume that X is a colorful solution. Notice that if H is a red component of G, then either H is
a small component of G — X with Ng(V(H)) € X or V(H) € V(C), where C is the big component.
Also, we have that if H is a red-yellow component of G, then either V(H) C V(C) or every red
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component of V(H) is a small component of G — X. These are the crucial properties of colorful
solutions exploited by our algorithm.

Because G — X |= ¢ for a solution X, there should exist an r-tuple v = (vy, ..., v,) of vertices of
G—X such that (G- X, v) |= ¢[x]. In the same way as for the previous problem, we use brute force
to list all r-tuples v = (v, ..., v,) of vertices of G. Then for each v, we check whether there is a

colorful solution X such that v; ¢ X foralli € {1,...,r}and (G — X, v) |= ¢[x]. There are at most
n’ r-tuples v can be listed n2(?)) time. Our algorithm returns yes if we find a colorful solution for
some choice of v, and it concludes that there is no colorful solution for the considered selection of
R otherwise.

From now on, we assume that v = (vy,...,v,) is fixed. Again, we observe that these vertices
should not belong to X and we recolor them red for the considered choice of R. We use a recursive
branching algorithm to find X. The algorithm exploits the subroutine FINDX(Z, h), where initially
Z=0andh=p+k.

Subroutine FINDX(Z, h).

(1) SetF =G - Z.

(2) If (F,v) |= ¢[x], depth(Z) < k—1,and h > 0, then return Z, and stop executing the algorithm.

(3) If (F,v) = ¢[x] and h < 0, then stop executing the subroutine.

(4) If h > 1 and there is an s-tuple u = (uy, ..., us) of vertices of F such that (F, vu) [ ¢[xy],
then do the following:
e Ifu; € Rforevery j € {1,...,s}, then stop executing the subroutine.
e Otherwise, for every j € {1,...,s} such that u; € Y U B, call FINDX(Z U {u;}, h — 1).

(5) If depth(Z) > k, then for every x € Z such that there is a red-yellow component H of F with
the properties (i) |[Nr(V (H))| < k, (i) |[V(H)| < p, (iii) x € V(H), and (iv) Nr[V(H)] N (BU
Y) # 0, setS := Np[V(H)] N (BUY) and call FINDX(Z U S, h — |S]).

Notice that if the subroutine outputs Z, then we stop the algorithm and report that we found a
solution. If we stop in other steps, then we only stop the execution of the subroutine for the current
call. The crucial property of the subroutine is proved in the following lemma. Since FINDX(Z, h)
substantially differs from FINDC(C, S, h) and FINDF(F, S, h), we provide the proof.

LEmMA 16. If (G, k) has a colorful inclusion-minimal solution X with v; € V(G)\X foralli €
{1,...,s} such that (G — X, V) |= ¢[x], then FINDX(0, p + k) returns X.

Proor. The lemma is proved similarly to Lemma 11. Let ¢t = p + k. We show that the algorithm
maintains the following property: If the subroutine FINDX is called for (Z, h) such that (a) Z € X
and (b) h = t — |Z|, then either the subroutine outputs Z = X or it recursively calls FINDX(Z’, "),
where (a’) Z’ C X and (b") ' =t —|Z'|.

In the first step, the algorithms sets F = G — Z. If (F,v) |= ¢[x], depth(Z) < k-1, h > 0,
and (F,v) = ¢[x], then Z is a colorful solution and the algorithm returns return Z. Since X is
inclusion-minimal, we have that X = Z. Thus, the claim holds. Assume that this is not the case.
Since Z C X, we have that h > 1, that is, the subroutine does not stop in step 3. Clearly, we have
that (F, v) |£ ¢[x] and/or depth(Z) > k.

Suppose that (F,v) [= ¢[x]. Then there is an s-tuple u = (uy, . .., us) of vertices of F such that
(F,vu) [£ ¢[xy]. This means that the subroutine executes step 4. As (G—X,v) |= ¢[x] and Z C X,
thereis j € {1,...,s} such that u; € X\X. Because X is a colorful solution, u; € B. Therefore, the
subroutine calls FINDX(Z’, h’) for Z" = Y\{u;} and h’ = h — 1. It is easy to see that (a’) and (b") are
fulfilled.

Assume that (F,v) |= ¢[x]. Then depth(Z) > k. Because depth(X) < k — 1, X has a representa-
tion (T, «) with depth(T) < k — 1. Because depth(T) < k — 1 and depth(Z) > k, there are vertices
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x,y € Z such that the nodes x’ = a™'(x) and y’ = &' (y) have the lowest common ancestor z in
T such that z # x, y and it holds that a(Ar(s))\Z # 0 and a(Ar(z)) is an (x, y)-separator in G. In
particular, x and y cannot be both in Ng[V(C)]. By symmetry, we can assume that x ¢ N[V (C)].
This means that there is a red-yellow component H of F such that properties (i)-(iv) of step 5 are
fulfilled. Because X is a colorful solution, we have that S = Ng[V(H)] N (BU Y) C X. Thus, (a’)
and (b’) are fulfilled for Z’ = Z U S and ' = h — |S|. As the subroutine calls FINDX(Z’, k"), we
conclude that the claim if fulfilled.

Recall that we call FINDX(0, p + k) and note that conditions (a) and (b) are trivially fulfilled for
Z = ( and h = t. Observe also that in each recursive call of the subroutine the parameter h strictly
decreases. Thus, we conclude that we output X is some recursive call of FINDX(Z, h). O

Lemma 16 concludes the description of the algorithm and its correctness proof. We summarize
and evaluate the running time in the following lemma.

LEMMA 17. ELIMINATION DISTANCE—(depth) TO ¢ on (p, k)-unbreakable graphs for ¢ € 35 can be
solved in 20+ (ogp+k)+p)) . 00D time.

Proor. If [V(G)| < (3p + 2k)(p + 1), then the problem is solved by brute force in 23P*+2K)(P+1) .
((3p + 2k)(p + 1))O%+12D time. Assume that |V(G)| > (3p + 2k)(p + 1). Then, we construct F
in 20((p+k)1og(p+K)) . nJog n time. The size of F is at most 20(P+K)1oe(@+k) . Jog n, and for every
R € F, we construct F in 20min{p.k}log(p+k)) . nlogn time. Recall that the size of ¥’ is at most
20(minip,k}log(p+k)) . 1og n. Then, we consider at most n” r-tuples of vertices v that can be listed in
n9Ue) time. Finally, for every R € 7, Y € ¥, and every v, we call FINDX(0, p + k).

Thus, it remains to evaluate the running time of FINDX(0, p + k). Notice that in each call, |Z] <
p + k. Then, we can verify in (p + k)?®) - n0) time whether depth(Z) < k — 1 using Lemma 7.
Also, we can check whether (F,v) |= ¢[x] in n@(®D by Observation 1. Simultaneously, we find an
s-tuple u of vertices of F such that (F, vu) [ ¢[xy] if this is not the case. In step 4, we perform at
most s recursive calls. In step 5, finding H can be done in polynomial time. Notice that we have at
most |Z| < p + k recursive calls in this step. The depth of the recursion is upper bounded by k + p.
This implies that the running time of FINDX(0, p + k) is (p + k)O®+k) . plel,

Summarizing, we obtain that the total running time is 20((P+K)(og(p+k)+p)) . ,O(lel), o

5 LOWER BOUND FOR II;-FORMULAS

In Section 4, we proved that for every FOL formula ¢ € X3, ELIMINATION DISTANCE—(%) TO ¢ can
be solved in f(k) - n?U?D time for each x € {conn, prop, depth}. Recall that one of the ingredients
of the proof is a recursive algorithm that exploits the following observation: Suppose that ¢ =
Axy -+ - A Yyy - - - Yys3dz; - - - dz; y and our task is, given a graph G, to obtain a graph G’ such that
G’ |= ¢ by deleting some vertices of G. We guess an r-tuple v = (vy,...,v,) of vertices of G’
such that (G’,v) |= ¢[x]. Then if there is an s-tuple u = (uy,...,us) of vertices of G such that
(G,vu) [~ ¢[xy], then at least one of the vertices uy, ..., us should be deleted to satisfy ¢. This
allows us to branch on the vertices of such s-tuples u. Notice that we cannot apply these arguments
for a formula ¢ = Vx; -+ - Vx, Ay, - - - ysVzy - - - Vz; y € Is. If there is an r-tuple v = (vy,...,0;)
of vertices of G such that (G, v) | ¢[x], then it may happen that neither of the vertices vy, ..., v,
should be deleted. In this section, we show that this is crucial and complement Theorem 1 by
proving that there are formulas in II; for which ELIMINATION DISTANCE-(%) TO ¢ is W[2]-hard.
We state now Theorem 2 formally.

THEOREM 2. For every % € {conn, prop, depth}, there is ¢ € I3 such that ELIMINATION DISTANCE—
(%) TO @ is W|[2]-hard.
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Fig. 3. Construction of G for n = 2 and m = 2 with S; = {u1, uz, u3} and Sy = {uz, u3, u4}; for simplicity, just
(») forp €{0,...,k} is shown.

one copy of each u;

Proor. The proof exploits the same idea as in the W[2]-hardness proof for DELETION TO ¢ for
¢ € Il in [16]. However, in [16], the hardness was derived from the result about the edge deletion
variant of the problem. Here, we deal only with vertices and consider elimination distances. Thus,
the reduction has to be modified. We show that the problems are W[2]-hard for the formula ¢
expressing the property that for every vertex u of a graph, there is a vertex v of degree at most one
that is at distance at most two from u. Notice that the property that a vertex v of a given graph G
has degree at most one can be written as follows: For every z;, z; € V(G), if v is adjacent to z; and
z9, then z; = z,. Thus, we define the formula

Y(v.z1,22) = [((v~ 21) A (v~ 22)) = (21 = 22)]
with three free variables and set
@ =¥xIy dy2Yz1 ¥z [P (x, 21, 22) V ((x ~ y1) A Y (Y1, 21, 22))
V((x ~y1) A (Y1 ~ y2) AP (Y2, 21, 22))]-

Clearly, ¢ € IIs.

To show W/[2]-hardness, we reduce from the SET COVER problem. The problem asks, given a
universe U, a family S of subsets of U, and a positive integer k, whether there is S’ ¢ S of size
at most k that covers U, that is, for every u € U, there is S € S’ such that u € S. It is well-known
that SET CovER is W[2]-complete when parameterized by k [13].

Let (U, S, k) be an instance of SET CoveR with U = {uy,...,u,}, S = {S1,...,Snu}. We also
assume that n > 2 and k < m. We construct the following graph G (see Figure 3):

e For every i € {1,...,n}, construct k + 2 vertices ugl), e u§k+2), and then for every i,j €
{1,....n}and all p,q € {1,...,k + 2} such that (i,p) # (j, q), make ugp) and u;q) adjacent.

e For every j € {1,...,m}, construct three vertices s;, v;, w; and edges s;v; and v;w;.

e For every i € {1,...,n} and every j € {1,...,m}, make s; adjacent to ugl),...,ugkﬂ) if
u; € §j.

We claim that G has a set cover of size at most k if and only if ed;(G) < k for x €
{conn, prop, depth}. Notice that by the definition of ¢, H |= ¢ if and only if C |= ¢ for every
component C of H. Therefore, ed,)™(G) = edzmp(G) = edgepth (G), and it is sufficient to prove
that G has a set cover of size at most k if and only if there is an elimination set X of G with
depth(G) < k — 1 such that C |= ¢ for every component C of G — X.

Suppose that sets S;,,...,S;, €S form a set cover. We define X = {wj,, ..., wj,}. Since |X| = k,
depth(X) < k — 1. Notice that H = G — X is connected. We claim that H |= ¢. Recall that H |= ¢ if
and only if for every vertex x € V(H) there is a vertex y € V(H) at distance at most two such that
du(y) < 1. This property trivially holds if x € {s;, v;, w;}\X for j € {1,...,m}. Consider a vertex
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ugp) for somei € {1,...,n} and p € {1,...,k + 2}. We have that there is h € {1, ..., k} such that
u; € Sj,. Then u;s;, € E(H). Because wj, € X, we obtain that dy(v;,) = 1. Since s;,v;, € E(H),
vj, is at distance two from ugp) as required. We conclude that H |= ¢.

For the opposite direction, assume that there is an elimination set X of G with depth(X) < k-1
such that C |= ¢ for every component C of G — X. Consider Z = {ugp) [1<i<n 1<p<k+2}.
Because Z is a clique, we have that [Z N X| < k. To see this, consider a representation (T, @)
of X with depth(T) < k — 1. Then there is a leaf x of T such that a=}(X N Z) € Ar(x). Since
depth(T) < k — 1, we conclude that |Z N X| < k. Note that the vertices of Z\X are in the same
component H of G — X. Let W = {wy, ..., wp}. By Observation 3, [INg(V(H)) N X| < k. Hence,
INc(V(H)) N (X N W)| < k as well. Let {wj,,...,wj,} = Ng(V(H)) N (X N W). We claim that the
sets 5j,,...,S;, cover U.

Consider an arbitrary i € {1, ..., n}. Because |[ZNW]| < k, there are two distinctp,q € {1,...,k+

2} such that ul(.p ), ugq) € V(H). Since H |= ¢, there is a vertex z € V(H) at distance at most two
from uﬁp) such that dg(z) < 1. Since n > 2, we have that |Z\X| > 3 and, therefore, dH(ugp)) > 2.
Moreover, for every h € {1,...,n}andr € {1,...,k + 2}, ifuglr) € V(H), then dH(uglr)) > 2. Then

the construction of G implies that there is h € {1, ..., m} such that s, € V(H) and ugp)sh € E(G)
with the property that either di(s;) < 1 or s; has a neighbor in H of degree at most one. As sy, is

adjacent to ugp), this vertex is adjacent to ugq). Hence, dy(sp) > 2. We obtain that v, € V(H) and

dg(vp) < 1 by the construction of G. This means that wy, ¢ H, that is, w, € Ng(V(H)) N (X N W).
We conclude that there is t € {1,..., ¢} such that j, = h. Finally, because u(P) is adjacent to sj,,

i
u; € §j, and this concludes the proof. o

6 DISCUSSION

We established a parameterized complexity dichotomy for the elimination problems whose aim
is to satisfy an FOL formula ¢ with respect to the quantification structure of the prefix. For
this, we considered three variants of the elimination distance to the class of graphs modelling
¢ and defined the ELIMINATION DISTANCE—(*) TO ¢ for x € {conn, prop, depth} corresponding
to the considered type of distance. In Theorem 1, we proved that for every FOL formula ¢ € X,
ELIMINATION DISTANCE—(%) TO ¢ is FPT for x € {conn, prop, depth}. In Theorem 2, we showed
that this result is tight in the sense that there are FOL formulas ¢ € II3 such that these problems
are W[2]-hard.

Notice that the above dichotomy is the same for all the considered variants of the elimination
problems. Moreover, it coincides with the structural dichotomy obtained by for DELETION TO ¢
by Fomin, Golovach, and Thilikos in [16]. This leads to the following natural question: Is there
an FOL formula ¢ such that the parameterized complexity of ELIMINATION DISTANCE—(%) TO
¢ for x € {conn, prop, depth} and DELETION TO ¢ differs? In particular, is there a formula ¢
such that DELETION TO ¢ is FPT but one of the problem ErLiMiNATION DISTANCE-(*) TO ¢ for
* € {conn, prop, depth} turns to be, say, W[1] or W[2]-hard? Note that Lemma 5 holds for every
FOL formula ¢. Thus, solving ELIMINATION DISTANCE—(%) TO ¢ for % € {conn, prop, depth} can
be reduced to solving these problems on unbreakable graphs by Theorem 3. Since ELIMINATION
DISTANCE—(%) TO ¢ for x € {conn, prop, depth} is somehow similar to DELETION TO ¢ on unbreak-
able graphs, it may happen that ELIMINATION DISTANCE-(%) TO ¢ for x € {conn, prop, depth}
are FPT whenever DELETION TO ¢ is FPT. However proving this would demand applying
different algorithmic tools, as our techniques are tailored for ¢ € 3. Also it would be interest-
ing to know whether there are FOL formulas such that ELIMINATION DISTANCE—(*) TO ¢ for
* € {conn, prop, depth} differ from the parameterized complexity viewpoint.
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In contrast with the same behavior of the elimination and deletion problems with respect to the
inclusion in FPT, we would like to point that they behave differently with respect to kernelization
(we refer to the books cited in [10, 17] for the definition of the notion). It was shown in [16] that
DELETION TO ¢ admits a polynomial kernel for ¢ € X; UII; (in fact, DELETION TO ¢ is polynomial
for ¢ € %) and there are formulas ¢ € II; and ¥, such that DELETION TO ¢ has no polynomial
kernel unless NP € coNP /poly. For the elimination problems, we can show the following lower
bound:

PROPOSITION 1. For every x € f{conn, prop,depth}, there is ¢ € Il such that ELIMINATION
DISTANCE—(%) TO ¢ does not admit a polynomial kernel unless NP C coNP /poly.

Proor. We show the claim for the formula ¢ expressing the property that a graph has no trian-
gles, that is, cycles of length three:

p=YVxVy¥z[(x =y) V([y=2)V(x=2) V(x ~y) V=(y ~2) V =(x ~ 2)].

It is straightforward to see that G |= ¢ if and only if G has no triangles.

By the classical results of Lewis and Yannakakis [23], DELETION TO ¢ is NP-complete. Then it is
easy to observe that the problem remains NP on instances (G, k), where G is a (k + 1)-connected
graph. For example, we can reduce from DELETION TO ¢ on general graphs. Let G be an n-vertex
graph. We assume that k < n — 1, as otherwise the problem is trivial. We construct the graph G’
from G by adding k + 1 copies of the complete bipartite graph K, , and making each vertex of one
part of the vertex partition to a unique vertex of G. Clearly, G’ is (k + 1)-connected and it is easy to
see that G — X is triangle-free if and only if G’ has no triangles for every X € V(G’). This proves
the NP-hardness for DELETION TO ¢ on (k + 1)-connected graphs. Then Observation 5 implies that
ELIMINATION DISTANCE—(%) TO ¢ is NP-complete for every * € {conn, prop, depth}.

Let (Gy,k),...(Gs, k) be instances of ELIMINATION DISTANCE-(x) TO ¢ for some
* € {conn, prop, depth}. Let G be the disjoint union of Gy, ..., G,. Then for x € {conn, prop}, we
have that (G, k) is a yes-instance of ELIMINATION DISTANCE—(*) TO ¢ if and only if (Gj, k) is a
yes-instance of ELIMINATION DISTANCE—-(x) TO ¢ for every j € {1,...,t}. Then by the result of
Bodlaender, Jansen, and Kratsch [3] (see also [17, Part III] for the introduction to the technique),
ELIMINATION DISTANCE—(%) TO ¢ does not admit a polynomial kernel unless NP C coNP /poly.
For ELiMINATION DisTANCE—(depth) TO ¢, consider G’ that is the disjoint union of G and Kj3.
Clearly, edd(pePth(Kk+2) = k + 1. Then by Lemma 2, (G’,k + 1) is a yes-instance of ELIMINATION
Distance-(depth) To ¢ if and only if (G}, k) is a yes-instance of ELIMINATION DiSTANCE—(depth)
TO ¢ for every j € {1,...,t}. This implies that ELiMINATION DisTANCE-(depth) To ¢ has no
polynomial kernel unless NP C coNP /poly. O

Notice that Proposition 1 does no exclude existence of Turing kernels (we again refer to Refer-
ences [10, 17] for the definition of the notion). This makes it natural to ask whether ELiMINATION
DISTANCE—(%) TO ¢ admit polynomial Turing kernels for ¢ € 5 for * € {conn, prop, depth}.

Recall that ELIMINATION D1sTANCE-(depth) TO ¢ can be stated as follows: Given a graph G and
a nonnegative integer k, is there X € V(G) whose torso has the tree-depth at most k such that
G—X = ¢? In other words, we ask whether there is a set of vertices whose torso has bounded tree-
depth such that the graph obtained by the deletion of this set models our formula. However, we
also can consider different “width-measures”” In particular, Eiben et al. [14] introduced the notion
of P-tree-width of a graph G for a graph propoerty # as the minimum tree-wdith (see, e.g, [10]
for the definition) of the torso of X C V(G) such that G — X € P. Further results in this direction
were recently obtained by Jensen, de Kroon, and Wlodarczyk [22]. We believe that Theorem 2 can
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be extended for the variant of ELIMINATION D1sTANCE-(depth) TO ¢, where the tree-width of the
torso of X should be at most k. Can the same be said about Theorem 1?

Finally, we believe that it could be interesting to consider yet another variant of the elimination
distance. Recall that in the definitions of ed; for x € {conn, prop, depth}, we considered properties
of the components. In particular,

0, ifGlEg@orG=(0,0),
edzmp(G) =11+ minyey(g) edzmp(G - ), if G |£ pand Gisconnected,
max{1, max{edzmp(C) | Cis a component of G}}, otherwise.
However, we can consider unions of components instead. We say that graphs Gy, ...,Gs form a

component-partition of G if every component of G is a component of G; for some i € {1,...,s} and
G is the disjoint union of Gy, . .., Gs. Then, we can define

0, ifG |= g or G = (0,0),
edpart(G) _ 1+ mingey () eigaart(G -v), » ifG [ pandGisconnected,
? min{max{1,ed"" (Gy),...,ed}" (G,)} | G1.....G;
is a component partition of G} otherwise.

Then, we can define the respective ELIMINATION D1STANCE—(part) TO ¢ and investigate its param-
eterized complexity depending of ¢. Note that our approach for solving the elimination problems
fails in this case. In particular, we cannot express the problem using MSOL.
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